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PREFACE 


This book has developed from a one-term course in differential geometry 
given for juniors, seniors, and graduate students at the Massachusetts 
Institute of Technology. It presents the fundamental conceptions of the 
theory of curves and surfaces and applies them to a number of examples. 
Some care is given to historical, biographical, and bibliographical material^ 
not only to keep alive the memory of the men to whom we owe the main 
structure of our present elementary differential geometry, but also to allow 

the student to go back to the sources, which still contain many precious 
ideas for further thought. 

No author on this subject is without primary obligation to the two 
standard treatises of Darboux and Bianchi, who, around the turn of the 
century, collected the result of more than a century of research, themselves 
adding greatly to it. Other fundamental works constantly consulted by 
the author are Eisenhart’s Treatise, Scheffers’ A nwendung, and Blaschke’s 
Vorlesungen. Years of teaching from Graustein’s Differential Geometry 
have also left their imprint on the presentation of the material. 

The notation used is the Gibbs form of vector analysis, which after years 
of competition with other notations seems to have won the day, not only in 
the country of its inception, but also in many other parts of the world 
Those unfamiliar with this notation may be aided by some explanatory 
remarks introduced in the text. This notation is amply sufficient for those 
more elementary aspects of differential geometry which form the subject 
of this introductory course; those who prefer to study our subject with 
tensor methods and thus to prepare themselves for more advanced research 
will find all they need in the books which Eisenhart and Hlavaty have 
devoted to this aspect of the theory. Some problems in the present book 
may serve as a preparation for this task. 

Considerable attention has been paid to the illustrations, which may be 
helpful in stimulating the student’s visual understanding of geometry. In 
the selection of his illustrations the author has occasionally taken his in¬ 
spiration from some particularly striking pictures which have appeared in 
other books, or from mathematical models in the M.I.T. collection.* The 


* In particular, the following figures have been wholly or in part suggested by 

other authors: Fig. 2-33 by Eisenhart, Introduction; Figs. 2-32, 2-33 3-3 5-14 

by Scheffers Anwendung; Figs. 2-22, 2-23, 5-7 by Hilbert-Cohn Vossen; and 

hig. 5-9 by Adams (loc. cit., Section 5-3). The models, from L. Brill, Darmstadt 

Y er ® constructed between 1877 and 1890 at the Universities of Munich (under 
A. Brill) and Gottingen (under H. A. Schwarz). 
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PREFACE 


Art Department of Addison-Wesley Publishing Company is responsible 

for the excellent graphical interpretation and technique. 

The problems in the text have been selected in such a way that most of 
them are simple enough for class use, at the same time often conveying an 
interesting geometrical fact. Some problems have been added at the end 
which are not all elementary, but reference to the literature may here be 
helpful to students ambitious enough to try those problems.. 

The author has to thank the publishers and their adviser, Dr. Eric 
Reissner, for their encouragement in writing this book and Mrs. Violet Haas 
for critical help. He owes much to the constructive criticism of his class 
in M 442 during the fall-winter term of 1949-50, which is responsible for 
many an improvement in text and in problems. He also acknowledges with 
appreciation discussions with Professor Philip Franklin, and the help of 
Mr. F. J. Navarro. 


Dirk J. Struik 
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CHAPTER 1 


CURVES 

1-1 Analytic representation. We can think of curves in space as paths 

of a point in motion. The rectangular coordinates (x, y, z) of the point 

can then be expressed as functions of a parameter u inside a certain closed 
interval: 

x = y = y( u )> z = z(w); Ml ^ u ^ U2 . (l-ia) 

It is often convenient to think of u as the time, but this is not necessary, 
since we can pass from one parameter to another by a substitution u = 
/(mi) without changing the curve itself. We select the coordinate axes in 
such a way that the sense OX —» OY —> OZ is that of a right-handed screw. 
We also denote ( x , y, z ) by (x u x 2 , x 3 ), or for short, x it i = 1, 2, 3. The 
equation of the curve then takes the form 

Xi = x { (u); u x ^ u ^ u 2 . (1-lb) 

We use the notation P(xi ) to indicate a point with coordinates x { . 

Examples. (1) Straight line. A straight line in space can be given by 
the equation 

Xi = di -\- uh i} ( 1 - 2 ) 

where a i} b { are constants and at least one of the b { ^ 0. 

This equation represents a line passing through the point (a { ) with its 
direction cosines proportional to b>. Eq. (1-2) can also be written: 

Xi Qi _ x 2 a% _ X 3 — a$ 

bi b 2 b 3 

(2) Circle. The circle is a plane 
curve. Its plane can be taken as 
2 = 0 and its equation can then be 
written in the form: 


x = a cos u, y = a sin u, z = 0; 

0 ^ u < 2tt. (1-3) 

Here a is the radius, u = /.POX 
(Fig. 1-1). 

(3) Circular helix. The equation 
is 



1 


Fig. 1-1 
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CURVES 


[CH. 1 

x = a cos u, y = a sin u , z = bu; a, b constants. (1~4) 

This curve lies on the cylinder z 2 + 2/ 2 = a 2 and winds around it in such 
a way that when u increases by 2tt the z and y return to their original value, 
while 2 increases by 2 tt 6, the pilch of the helix (French: pas; German: 
Ganghohe). When h is positive the helix is right-handed (Fig. l-2a); when 
b is negative it is left-handed (Fig. l-2b). This sense of the helix is inde- 
pendent of the choice of coordinates or parameters; it is an ititrinsic prop¬ 
erty of the helix. A left-handed helix can never be superimposed on a 
right-handed one, as everyone knows who has handled screws or ropes. 


The functions x,(w) are not all constants. If two of them are constants 
Eqs. (1-1) represent a straight line parallel to a coordinate axis. We also 
suppose that in the given interval of u the functions x f (u) are single-valued 
and continuous, with a sufficient number of continuous derivatives (first 
derivatives in all cases, seldom more than three). It is sufficient for this 
purpose to postulate that there exists at a point P of the curve, where 



Fig. l-2(a) 


Fig. l-2(b) 
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ANALYTIC REPRESENTATION 



can express! " sufficientl y large. Then we 

can express xduo + h) as follows in a Taylor development: 

x %(m o + h) = Xi(u ) 

- Xi(u a ) + - Xi(Mo) + 2] Xi(u 0 ) H-- + ^ xJ">(Wo) + 0(7l»), (1-5) 

."aTe™ r,P “ ent deriV *“ V “ ' ri,h «■>“* » “<i «<»•> 


lim 

*-0 


o(7i") 

/i n 


= 0 . 


This is always satisfied, for all values of n, n > 0, when the x(iA «r, 
complex functions of a complex w and the first derivatives x, exist The 
unctions x,(w) are then analytic. However, we usually consider the x, as rea 
functions of a real variable u. The curve (1-1) with the conditions (1-5) i< 
better called an arc of curve, but we shall continue to use the term curve s 
long as no ambiguity occurs. Points where all x,- vanish are called singular 
otherwise regular with respect to u. When speaking of points, weTiean 
regular points. When we replace the parameter u by another parameter, 


u = /(Ml), 


( 1 - 6 ) 


New York g l940 ™ < "*’“ 7lced calculi, John Wiley and Sons 

Dover Publicans, 





4 


CURVES 


[CH. 1 

we postulate that /(Ui) be differentiable; when du/dui ^ 0 regular pomts 

remain regular. ,, 

Curves can also be defined in ways different from (1-1). We can use the 

equations 

F i(x, y , z) = 0, F 2 (x, y, z) = 0, 

or 

y = 2 = fiix), 

to define a curve. The type (1-8) can be considered as a special form of 
(1-1), x being taken as parameter. We obtain it from (1-1) by eliminating 
u from y and x, and also from 2 and x. This is always possible when 
dx/du 0, so that u can be expressed in x. Type (1-8) expresses the 
curve C as the intersection of two projecting cylinders (Fig. 1-3). As to 
Eqs. (1-7), they define two implicit functions y(x) and z(x) when the 

functional determinant 

FiF*\ = dF x dF 2 dF 2 dFi ^ Q * 

y z) ~ dz dy dz dy 



(1-7) 

( 1 - 8 ) 


This brings us to (1-8) and thus to (1-1). 

The representations (1-7) and (1-8) define the space curve as the inter¬ 
section of two surfaces. But such an intersection may split into several 
curves. If, for instance, F i and F 2 represent two cones with a common 
generating line, Eqs. (1-7) define this line together with the remaining 
intersection. And if we eliminate u from the equations 


x = u, y = u 2 , z = u 3 , (1-9) 

which represent a space curve C of 
the third degree (a cubic parabola ), 
we obtain the equations 

y = x 2 , xz — y 2 = 0, 

which represent the intersection of a 
cylinder (Fig. 1-4) and a cone. This 
intersection contains not only the 
curve (1-9), but also the Z-axis. 

The complete intersection of an 
algebraic surface of degree m and an 
algebraic surface of degree n is a 
space curve of degree mn, which may 



* Franklin, loc. cit., pp. 340-341. 


Fig. 1-4 



1 arc length, tangent 5 

split into several curves, the degree of which adds up to mn. We say that a sur- 

lV S h T e ■ Wh6n 11 iS ' ntelsect, ed by a line in k points or what Ts the 

same, by a plane in a curve of degree k. A space curve is of degree / if a nlane 
intersects it in l points. The points of intersection may be real imaginary 
coincident or at infinity. In the case (1-9) we substitute x y “ in to the 

equatmn of a plane ax + by + cz + d = 0, and obtain a cubic equation for u 
which has three roots, indicating three points of intersection. 

for™? T) Pla M Why We + u ften Prefer t0 ^ a curve ^ equations of the 

L™ a " 0,vs a ready appli “ tio "° f * he 

For this purpose, let e u e 2 , e 3 , or 
for short e, (i = l, 2, 3) be unit 
vectors in the direction of the positive 
A, Y, and Z-axes. Then we can give 
a curve_C by expressing the radius 

vector OP = x of a generic point P 
as a function of u (Fig. 1-5) in the 
following way: 

x = x&i + x 2 e 2 + x 3 e 3 , (1-10) 

where the x»- are given by Eq. (1-1). 

We indicate P not only by P(xi), 
but also by P(x) or P(u); we shall 
also speak of “the curve x(u).” 

The Xi are the coordinates of x, the vectors x iei , x 2 e 2 , x 3 e 3 are the com¬ 
ponents of x along the coordinate axes. We shall often indicate a vector 
by its coordinates, as x(x, y, z), or as x(x,). 

The length of the (real) vector x is indicated by 

1*1 =Vx? + xi + x§. (1 _ n) 

, length, tangent. We suppose in this and in the next sections 

(until Sec. 1 12) that the curve C is real, with real u. Then, as shown in 
the texts on calculus,* we can express the arc length of a segment of the 
curve between points A (uo) and P(u) by means of the integral 



Fig. 1-5 


s(w) 


= f U V^ 

Jtio 


+ y 2 + i 2 du 


-■ 

Juq 


v x • x du . 


(2-1) 


* See e.g. P. Franklin, A treatise on advanced calculus, John Wiley and Sons 
ew York, i940, pp 284, 294; Ch. J. de la Valine Poussin, Cours d'analyse infini¬ 
tesimale, Dover Publications, New York, 1946, Tome I, 8th ed., p. 272. 
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The dot will always indicate differentiation with respect to u. 

x = dx/du, ±i = dxi/du. (2-2) 

The square root is positive. The expression x • x is the scalar product of x 
with itself; it is always >0 for real curves, x is assumed to be nowhere 
zero in the given interval (no singular points, see Sec. 1-1). 


We define the scalar product of two vectors v(t\) and w(u>.) by the formula: 

v • w = w • v = ViWi + vju >2 -+■ V 3 W 3 . (2-3) 


It can be shown that, <p being the angle 
between v and w (Fig. 1-0), 

v • w = |v||w| cos <p. (2-4) 

This shows that v • w = 0 means that v 
and w are perpendicular. A unit vector 
u satisfies the equations 

|u| = 1, u • u = 1. 



The arc length s increases with increasing u. The sense of increasing 
arc length is called the positive sense on the curve; a curve with a sense on 
it is called an oriented curve. Most of our reasoning in differential geom¬ 
etry is with oriented curves; our space has also been oriented by the intro¬ 
duction of a right-handed coordinate system. However, our results are 
often independent of the orientation. 

When we change the parameter on the curve from u to U\ the arc length 
retains its form, with U\ instead of u. We can express this invariance 
under parameter transformations by replacing Eq. (2-1) with the equation 

ds 2 = dx 2 + dy 2 + dz 2 = dx • dx, (2-5) 

which is independent of u. 

When we now introduce s as parameter instead of u — which is always 
legitimate, since ds/du 5 * 0 — then Eq. (2-5) shows us that 


dx dx 
ds ds 


( 2 - 6 ) 


The vector dx/ds is therefore a unit rector. It has a simple geometrical 
interpretation. The vector Ax joins two points P(x) and Q(x + Ax) on 
the curve. The vector Ax/As has the same direction as Ax and for As —* 0 



1-2] 
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passes into a tangent vector at P (Fig. 1-7). 
Since its length is 1 we call the vector 


t = dx/ds 

(2-7) 

the unit tangent vector to the 

curve at P. Its 

sense is that of increasing s. 

Since 

dx dx ds 


du ds du 1 

(2-8) 


we see that x — dx/du is also a tangent vector, 
though not necessarily a unit vector. 

We often express the fact that the tangent 
is the limiting position of a line through P 
and a point Q in the given interval of u, when 
^ ky saying that the tangent passes 

through two consecutive points on the curve . 
This mode of expression seems unsatisfactory, 
but it has considerable heuristic value and can 
still be made quite rigorous. 



Theorem. The ratio of the arc and the chord connecting two points P and 
(dona curve approaches unity when Q approaches P. 

(Fig n i-8)’ WHen AS ’ S the arC PQ an<1 C ’ S the Ch ° ld PQ ’ then for Q~>P 


lim 


As 



finite* P ' OVeS ^ the0rem ' Xt also P roves that ratio of Au and c is 

The ratios Ax/As, Ay/As, Az/As (Fig. 1-8) therefore approach, for As ^ 0 

nositiveT °F which JP oriented tan S en t at P makes with the 

form X ~’ F "’ and 2 " axes - Thls means that t can be expressed in the 

9 


t — ei cos ai + ©2 cos 0(2 4- e 3 cos « 3 , 


(2-10) 
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which is in accordance with the identity 

cos 2 ai + cos 2 0 L 2 + cos 2 «3 = 1 * ( 2 - 11 ) 

A generic point A(X) on the tangent line at P 
determined by the equation (Fig. 1-9): 

X = x -j- vt, v = PA, (2-1 

in coordinates (supposing all dxi 5 ^ 0 ) 


( 2 - 12 ) 


or 


X l -x l 

COS QTl 

Xx-Xx 
dx 1 


A2 — X2 X3 X3 


COS OC2 

A 2 X2 

dx 2 


COS OL3 
A^ 3 Xz 

dxz 


(2-13) 


(2-14) 


(2-15) 


Examples. (1) Circle (Fig. 1-10). 

x = a cos u, y = a sin u, z = 0; 
x = — a sin u, ij = a cos u ; 
s = au + const, take 5 = au; 
x = a cos (s/ fl )> V = cl sin (s/a). 

Unit tangent vector: t(— sin u, cos u). 
Equation of tangent line: 


X\ — a cos u Xo — a sin u 



Fig. 1-9 


— sin u 


cos u 



Fig. 1-10 


Fig. 1-11 



1_2 1 ARC LENGTH, TANGENT 

or, writing for ( X x X 2 ) again (xy): 


9 


x cos u + y sin u = a. 

(2) Circular helix (Fig. 1-11). 

x = a cos u, y = a sin u, z = bu; (2-16) 

x = —a sin u, y = a cos u, z = b, s = wVa 2 + b 2 = ca 

a . a b\ 

11-sin u, - cos a, - )• 

\ c c c) 

The tangent vector makes a constant angle <* 3 with the Z-axis: 

cos <* 3 = b/c , hence tan c* 3 = a/b. 

If B is the intersection of the tangent at P with the XOF-plane, and P 3 
the projection of P on this plane, then 

P^B = PP 3 tan = bu~ = au = arc AP 3 . 

The locus of B is therefore the involute of the basic circle of the cvlinder 
(see Sec. 1-11). 

(3) A space curve of degree four 
(Fig. 1-12). 

x = a( 1 + cos u), y = a sin u, 

z = 2 a sin u/2. 

For 0 < u < 2 tt we obtain the 
points above the XOF-plane; for 
— 2 tt < u < 0 those below this plane. 

The whole curve is described for—27r 
< u < 27 t. Elimination of u gives 

£ 2 + y 2 + z 2 = 4a 2 , 

(x - a) 2 + y 2 = a 2 . 

The curve is the full intersection of 
the sphere with center at O and radius 
2a, and the circular cylinder with 
radius a and axis in the XOZ- plane 



Fig. 1-12 
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at distance a from OZ. The substitution u = tan u/4 allows us to write 
the coordinates of the curve by means of rational functions: 


2 a(l — w 2 ) 2 
(1 + m 2 ) 2 ’ 


4aw(l — u 2 ) 
y ~ (1 + m 2 ) 2 ’ 


4au 

z ~ 1 + u 2 ' 


Substitution of these expressions into the equation of a plane, 

ax + by + cz + d = 0, 

gives a biquadratic equation, showing that the degree of the curve is four 
indeed. The arc length 



°fV 


u 


1 + cos 2 2 d u 


is an elliptic integral. 


The reader will recognize in Fig. 1-12 the so-called temple of Viviam (1692), 
well known in the theory of multiple integration, remarkable because both the 
area and the volume of the hemisphere x > 0 outside the cylinder is rational in a. 


1-3 Osculating plane. The tangent can be defined as the line passing 
through two consecutive points of the curve. We shall now try to find the 
plane through three consecutive points, which means the limiting position 
of a plane passing through three nearby points of the curve when two of 
these points approach the third. For this purpose let us consider a plane 

X • a = p; X generic point of the plane, a _L plane, p a constant, (3-1) 

passing through the points P, Q, R on the curve given by X = x(u<>), 
X = x(ui), X = x(w 2 ). Then the function 

/(w) = x • a — p, x = x(u) (3-2) 

satisfies the conditions 

Kuo) = 0, /(ui) = 0, /(m 2 ) = 0. 

Hence, according to Rolle’s theorem, there exist the relations 

f'(vi) = 0 , f'(v 2 ) = 0, Uo ^ Vi ^ Ml, Ml ^ t >2 ^ Mi, 

and 

f"(vs) = 0, Vi ^ v 3 ^ v 2 . 

When 0 and R approach P, mi, m 2 , v X} v 2 , v 3 —> Mo, and writing u for Mo, 
we obtain, for the limiting values of a and p, the conditions: 

/(m) = x • a — p = 0, 
f'iu) = x • a = 0, 
f(u) = x • a = 0. 


(x, x at P(m)) (3-3) 



1-3 J OSCULATING PLANE n 

Eliminating a from Eqs. (3-3) and (3-1) we obtain a linear relation 
between X — x, x, x (all _L a): 


in coordinates 


X - x + Xx + fix, X, p arbitrary constants, (3-4a) 


Xi xi X 2 — x 2 X 3 — x 3 

Xi X 2 ±3 = o 

Xi x 2 x 3 


(3-4b) 


This is the equation of the plane through three consecutive points of the 
curve to which John Bernoulli has given the pleasant name of osculating 
plane (German: Schmiegungsebene ). It passes through (at least) three con¬ 
secutive points of the curve. It also passes through the tangent line (given 

b y m - 0 m Eq. (3-4a)). The osculating plane is not determined when 
x = U or when x is proportional to x. 


W e can express Eqs. (3-4) in another way by the introduction of the vector 
-product of two vectors v and w: 


ei 

e 2 

e 3 

V X w = Vi 

v 2 

^3 

Wi 

w 2 

w z 


—w x v. 


(3-5) 


It can be shown that, <p being the angle of v and w, 


v x w = |v]|w| sin <p u, ( 3 _ 6 ) 

where u is a unit vector perpendicular to v and w in such a way that the 
sense v p w - u is the same as that of OX - OY -» OZ, hence a right-handed 
one. We always have v x v = 0. When v x w = 0, then w has the direction 
ol V, or w - \v; in this case we say that v and w are collinear. 

The triple scalar product (or parallelepiped product) of three vectors (v, w, u) is: 

Ui u 2 uz 

(v x w) • u = Vi v 2 v 3 = u • (v x w) = v • (w x u) = etc. 

w v w 2 w 3 

= (vwu) = (wuv) = (uvw) = etc. ( 3 - 7 ) 

It is zero when the three vectors (each supposedly ^ 0) are coplanar , that is 
can be moved into one plane. ’ 

The following formula is also useful : 

(a x b) • (c x d) = (a • c)(b • d) — (a • d)(b • c), (3-8) 

with the special case 

(a x b) • (a x b) = (a • a)(b • b) - (a • b) 2 . 


(3-8) 


(3-9) 
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(3-10) 


The equation of the osculating plane can also be written (comp. Eq. (3-7) 
with Eq. (3—4b)): (X _ x , *, x) = 0. 

As to the two exceptional cases, if they are valid at all points of the 

curve then they both are satisfied for straight lmes and only for those. 

x = wa + b 
x = 0 / 2(0 + d, 


(a) x = 0, 

(b) x = Xx, 


x = ce u = c/i(0i 


wbprp a b c, d are fixed vectors. .. , . . , 

If x = Xx X = or ^ 0) at one point of the curve, then we cal this point 

a point of inflection. The tangent at such a point has (at least) three con¬ 
secutive points in common with the curve (see Sec. l-O- 
Since PQ passes into the tangent at P, and 
QR into the tangent at Q, we say that the 
osculating plane contains two consecutive tangent 
lines. This indicates that we may facilitate 
our understanding of the nature of the oscu¬ 
lating planes by taking (Fig. 1-13) the points 
Pi, P2, P3, • • • on the curve and considering 
the polygonal line P1P2P3 • • • The sides 
P1P2, P2P3, ... are all very short, and repre¬ 
sent the tangent lines; the planes P1P2P3, 

P2P3P4, . • • represent the osculating planes. 

Two consecutive tangent lines P1P2, P2P3 he 
in the osculating plane P1P2P3; two consecu¬ 
tive osculating planes P1P2P3, P2P3P4 intersect 
in the tangent line P2P3, etc. 

Examples. (1) Plane curve. Since in this case the lines PQ and QR, con¬ 
sidered in Eq. (3-1), lie in the plane of the curve, the osculating plane coin¬ 
cides with the plane of the curve. This is also clear from Fig. 1-13. W hen 
the curve is a straight line the osculating plane is indeterminate and may be 

any plane through the line. 

(2) Circular helix. The equation of the osculating plane is 



Xi — a cos u X 2 — a sin u X 3 bu 

— a sin u a cos u h 1 = 0 , 

— a cos u — a sin u 0 


(3-10) 


or, writing (x, y , 2 ) for (Xi, X>, X3): 


hx sin u — by cos u + az = abu 
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This equation is satisfied by x = X cos 
u, y = X sin u, z — bu for all values of 
X, which (by fixed u) shows that the 
osculating plane at P contains the 
line PA parallel to the XOF-plane 
intersecting the Z-axis. The plane 
through PA and the tangent at P is 
the osculating plane at P (Fig. 1-14). 
The locus of the lines PA, indicated 
by P\Ai, P2A2, P3A3, . . ., is a sur¬ 
face called the right helicoid (see Sec. 
2 - 2 , 2 - 8 ). 

1-4 Curvature. The line in the 
osculating plane at P perpendicular 
to the tangent line is called the prin¬ 
cipal normal (e.g., the lines AP in 
Fig. 1-14). In its direction we place 
a unit vector n, the sense of which may 
be arbitrarily selected, provided it is 
continuous along the curve. If we 
now take the arc length as parameter: 



Fig. 1-14 


x — x(s), t = dx/ds = x', t • t = 1, (4-1) 


where the prime signifies differentiation with respect to s, then we obtain 
by differentiating t • t = 1: 


t-t' 



(4-2) 


This shows that the vector t' = dt/ds is perpendicular to t, and since 


t = x' = iu', t' = x(u') 2 + xu", (4-3) 

we see that t' lies in the plane of x and x, and hence in the osculating plane. 
We can therefore introduce a proportionality factor k such that 


k = dt/ds = ten. 


(4-4) 


The vector k = dt/ds, which expresses the rate of change of the tangent 
when we proceed along the curve, is called the curvature vector. The factor 
k is called the curvature; |k| is the length of the curvature vector. Although 
the sense of n may be arbitrarily chosen, that of dt/ds is perfectly deter¬ 
mined by the curve, independent of its orientation; when s changes sign, t 
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also changes sign. When n (as is often done) is taken in the sense of dt/ds, 
then k is always positive, but we shall not adhere to this convention (see 

below, small type). t + At 

When we compare the tangent vectors t(w) at P 
and t + At(u + h) at Q (Fig. 1-15) by moving t 
from P to Q, then t, At and t + At form an isosceles 
triangle with two sides equal to 1, enclosing the 
angle A<p, the angle of contingency. Since 

| At| = 2 sin A<p/2 

= A<p -b terms of higher order in A<p> 
we find for A<p —> 0: 

|k| = \dt/ds\ = |k| = \d<p/ds\, (4-5) 

which is the usual definition of the curvature in the case of a plane curve. 
From Eq. (4-4) follows: 

k 2 = x" • x". (4-6) 

We define R as *“ l . The absolute value of R is the radius of curvature , 
which is the radius of the circle passing through three consecutive points of the 
curve, the osculating circle. To prove it, we first observe that this circle 
lies in the osculating plane. Let a circle be determined in this plane as 
intersection of the plane and the sphere given by 

(X—c) • (X—c) —r 2 = 0 (X generic point of the sphere, c center, r radius). 

This sphere must pass through the points P y Q } R on the curve given by 
X = x(.s n ), X = x(si), X = x(s 2 ); the vector c points from O to a point in 
the osculating plane so that x — c lies in the osculating plane. Reasoning 
as in Sec. 1-3 on the function 



f(s) = (x — c) • (x — c) — r 2 , x = x($), c, r constants, 
we find, for the limiting values of c and r, the conditions 

/(*) = o, 

/'($) = 0, or (x — c) • x' = 0, (4-7) 

/"(») = °» or (x — c) • x" + x' • x' = (x — c) • x" + 1 =0. 


Since x — c lies in the osculating plane, 
x". Hence 


it is a linear combination of x' and 


x — c = Xx' + jLix", 
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where X and /i are determined by Eq. (4-7). 
so that 


15 

We find X = 0, — 1 = M x" • x", 



or, in consequence of Eqs. (4-4) and (4-6): 


c — x + kh/k 2 = x + Rn. ( 4 - 8 ) 

This shows that the center of the osculating circle lies on the vrincival 
normal at distance \R\ from P. Though R = k 1 may be positive or nega¬ 
tive, the vector ifn is independent of the sense of n, having the sense of the 
curvature vector. Its end point is also called the center of curvature 


k n 


Eq. (4-6) shows algebraically that the equation of the curve determines k 2 
but not k uniquely. So long as we consider only one radius of curvature, it does 
not make much difference what sign we attach to /c. The simplest way is to 

take k > 0, that is, to take the sense of the curvature 

vector as the sense of n. But the sign of k is of some 

importance when we consider a family of curvature 

vectors. For instance, if we take a plane curve (with 

continuous derivatives) with a point of inflection at A 

(Fig. 1—16), then the curvature vectors are pointed in 

different directions on both sides of A and it may be 

convenient to distinguish the concave and the convex 

sides of the curve by different signs of k. The field of 

unit vectors n along the curve is then continuous. We 

shall meet another example in the theory of surfaces 

where we have many curvature vectors at one point 
(Sec. 2-6). 

When the curve is plane we can remove the ambiguity in the sign of * by 
postulating that the sense of rotation from t to n is the same as that from OX to 

OY. Then * can be defined by the equation /c = d<p/ds, where *> is the angle of 
the tangent vector with the positive X-axis. 



1-5 Torsion. The curvature measures the rate of change of the tangent 
when moving along the curve. We shall now introduce a quantity measur¬ 
ing the rate of change of the osculating plane. For this purpose we intro¬ 
duce the normal at P to the osculating plane, the binormal. In it we place 
the unit binormal vector b in such a way that the sense t -> n —> b is 
the same as that of OX —» OY —> OZ\ in other words, since t, n, b are 
mutually perpendicular unit vectors, we define the vector b by the formula: 

b = t x n. 


(5-1) 
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These three vectors t, n, b can be taken as a new frame of reference. 
They satisfy the relations 


t • t = 1, n • n = 1, b • b = 1, 

t • n = 0, n • b = 0, b • t = 0. 


(5-2) 


This frame of reference, moving along the curve, forms the moving trihedron . 
The rate of change of the osculating plane is expressed by the vector 


b' = db/ds. 


This vector lies in the direction of the principal normal, since, according to 
the equation b • t = 0, 

b'. t + b • t' = 0, 
b' • t = — b • *n = 0, 

and, because b • b = 1, 

b' • b = 0, 


so that, introducing a proportionality factor r, 


db/ds = — 7-n. (5-3) 

We call r the torsion of the curve. It may be positive or negative, like 
the curvature, but where the equation of the curve defines only k 2 , it does 
define r uniquely. This can be shown by expressing r as follows: 


or 


T = 


= — n • (t x n)' = —n • (t x n') 


= - K-V' • (X' X (K-V')') 
= ac- 2 (x'x"x"'), 



(xW") 

x"-x" ’ 


x' = dx/ds. 

« 


( 5 - 4 ) 


This formula expresses r in x(s) and its derivatives independently of the 
orientation of the curve, since change of s into —s does not affect the right- 
hand member of (5-4). The sign of t has therefore a meaning for the 
nonoriented curve. We shall discuss this further below. 

The equations 


x'(s) = dx/ds = (dx/du)(du/ds) = in' = x(x • x)~ 1/2 , 

x" = *(“') 2 + Xu" = [(i • x)x - (x • x)x](x • x)- 2 , 
x'" = x(u') 3 + 3xu'u" + xw'", 

allow us to express k 2 and r in terms of an arbitrary parameter. We find 
the formulas 



1 - 5 ] 
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K 2 = 


= a x x) - (x x x) 
(x-x ) 3 




T = 



a x x) • (i X x) 


x = tfx/dw (5-5a) 

(5-5b) 


e bee tnat * and r have the dimension Z,-*. Where U-'l = l/?l 

called the radius of curvature, |r->| = \T\ is called the radius of torsion 

wever, this quantity |7’| does not admit of such a ready and elegant 
geometrical interpretation as |fl|. y gant 

Examples. (1) Circular helix. From Eq. (2-16) we derive, if Vtf+& = c , 


Hence 


X' (- - c sin u, ~ cos tt, 

X (“ ^ cos M ’ ~ % sin u < °). 
~nt (& CL \ 

x sin w, — — cos u, Oj. 

« 2 = x"-x" = a?/c\ k = ±a/c 2 , 


s parameter, u — 



= (x'x"x'") __ 6 


a 

cos w 


a . 

^3 Sln w 


a . 
sin u 


a 

cos u 


a 


Hence r is positive when 6 is positive, which is the case when (see Sec 1-lf 

that dlX H nght ^ an ^ ed 1 T is negative for a left-handed helix ( We also see 
that x and r are both constants, and from the equations 


a = 


± K 

k 2 + r 2 ’ 


b = 


« 2 + T : 


we can derive one and only one circular helix with eiven * — nn j . 

position with respect to the coordinate axes (change of aint^ ** **** 
change the helix; it only changes , into“ + °5 6 ° does ml 

(JS . Si "“ b J s „ constant, , - 0. If, conversely, , , 0 

homogeneous equ.t.on in *, which is solved by an expression of tht f"rm 

x = C]/i(s) -}- C2/2(5),* 


Book'c.Y) e fo 4 l of advanced calculus, New York: McGraw-Hill 

so that the resuh reached ^ sT/d'ff “ e . t ? u . ivalent *° three scalar equations, 
translated into vectoHanguage. dlfferent ^l equations can immediately be 
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hence 

x = Ci Fi(s) + Cz F 2 (s) + c 3 , 

where the c„ i = 1,2, 3, are constant vectors and the Fj = 1, 2, functions 
determined by the arbitrary X and /i. This shows that the curve x(s) 
lies in the plane through the end point of c 3 parallel to Ci and c 2 . This 
means that x(s) can be any plane curve. For straight lines the torsion is 
indeterminate. 

Curvature and torsion are also known as first and second curvature , and 
space curves are also known as curves of double curvature. 

The name torsion is due to L. I. Valk'e, Traite de geometric descriptive, p. 295 
of the 1825 edition. The older term was flexion. The name binormal is due to 
B. de Saint Venant, Journal Ecole Polytcchnique 18, 1845, p. 17. 

1-6 Formulas of Frenet. We have found that t' = *n and b' = — rn. 
Let us complete this information by also expressing n' = dn/ds in terms 
of the unit vectors of the moving trihedron. Since n' is perpendicular to n, 
n • n' = 0, and we can express n' linearly in terms of t and b: 


n' = out T a>b. 


Since according to Eq. (5-2) 


and 


«i = t * n' = — n • t' = — n • #cn = — k, 
«2 = b • n' = —n • b' = +n • rn = r, 


we find for dn/ds: 


n' = — *t + rb. 


The three vector formulas, 



( 6 - 1 ) 


together with dx/ds — t, describe the motion of the moving trihedron along 
the ( ui\c. 1 hey take a central position in the theory of space curves and 

are known as the formulas of Frenet, or of Scrret-Frcnet. 


1-6] 
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They were obtained in the Toulouse dissertation of F. Frenet, 1847, of which 

an abstract appeared as “Sur les courbes a double courbure,” Journal de Mathem. 

17 (1852), pp. 43/-447. The paper of J. A. Serret appeared Journal de Mathem. 

16 (1851), pp. 193-207; it appeared after Frenet’s thesis, but before Frenet made 
his results more widely known. 


The coordinates of t, n, and b are the cosines of the angles which the 
oriented tangent, principal normal, and binormal make with the positive 
coordinate axes. When we indicate this by t(cos «.•), n(cos /3,), bfcos y x ), 
*' Frenet formulas take the following coordinate form: 


d_ 

ds 


COS cti = K COS Pi, 


d_ 

ds 


cos Pi — — k COS Oti + T cos 7 t -, 


d 

— cos y i = — r cos pi. 


(6-la) 


The three planes formed by the three sides of the moving trihedron 
(Fig. 1-17) are called: 


the osculating plane , through tangent 
and principal normal, with equation 

(y — x) • b = 0, 

the normal plane , through principal 
normal and binormal, with equation 

(y — x) • t = 0, 

the rectifying plane , through binormal 
and tangent, with equation 



(y — x) • n = 0. 


If we take the moving trihedron at P as the trihedron of a set of new car¬ 
tesian coordinates x, y, z, then the behavior of the curve near P is expressed 
by the formulas (6-la) in the form (x" = ten, x"' = — K 2 t + k n + /erb): 



From these equations we deduce for s —» 0 


( 6 - 2 ) 
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n = y 


P 2 


Pa 


t=x 


b=z 



t = x 


Fig. 1-19 


I n=y 
Fig. 1-18 


hence 


lim — — 


k 2 t 2 8 


30 k 


= t 2 k - 1 = ^ r 2 


This shows that the projections of the curve on the three planes of the 
moving trihedron behave near P like the curves 


= 2 x ~ (projection on the osculating plane), 

K T 

= — a: 3 (projection on the rectifying plane), 
= g r 2 Ry* (projection on the normal plane). 


(0-4) 


Fig. 1-18 shows this behavior in an orthographic projection, taking 
k > 0, r > 0. If the sign of r is changed, the projection on the rectifying 
plane changes to that of Fig. 1-19. This again shows the geometrical 
meaning of the sign of r. 

Fig. 1-20 gives a representation of the curve and its trihedron in space. 


EXERCISES 


1. Find the curvature and the torsion of the curves: 
(‘0 x — u. u = u 2 y = 1 


(b) 


x = u, 


X = u, 

y = 

U 


y = u*. 


z = u 3 . 


2 = (Why is r = 0?) 


ITh-* ? ** % VofTrers’ty Library 
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Fig. 1-20 


y = /(*), z = g(x). 

(d) x = a(u — sin u ), y = a(l — cos u), z = bu. 

(e) x = a(3u - u 3 ), y = 3au 2 , 2 = a(3u + u 3 ) (Here k 2 = r 2 .) 


2. (a) When all the tangent lines of a curve pass through a fixed point, the 

curve is a straight line, (b) When they are parallel to a given line the curve is’ also 
a straight line. 


3. (a) Wlien all the 
the curve is plane, (b) 
plane. 


osculating planes of a curve pass through a fixed point, 
When they are parallel to a given plane the curve is also 


4. The binormal of a circular helix makes a constant angle with the axis of the 
cylinder on which the helix lies. 

5. Show that the tangents to a space curve and to the locus C of its centers of 
curvature at corresponding points are normal. 

6. The locus C of the centers of curvature of a circular helix is a coaxial helix 
of equal pitch. 

7. Show that the locus of the centers of curvature of the locus C of problem 6 is 
the original circular helix and that the product of the torsions at corresponding 
points of C and the helix is equal to k 2 , the square of the curvature of the helix. 
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8. All osculating planes to a circular helix passing through a given point not 
lying on the helix have their points of contact with the helix in the same plane. 

9. Prove that the curve 


x = a sin 2 u , y = a sin u cos u, z = a cos u 


lies on a sphere, and verify that all normal planes pass through the origin. Show 
that this curve is of degree four. 

10. When x = x(t) is the path of a moving point as a function of time, show 
that the acceleration vector lies in the osculating plane. 

11. Determine the condition that the osculating circle passes through four 
consecutive points of the curve. 


12. Show that for a plane curve, for which x = x(s), y = y(s), and the sign of k 
is determined by the assumption of p. 15, k = x'y" - x"y\ 

13. Starting with the Eq. (1-5) for the curve x(s), derive expansions for the pro¬ 
jections on the three planes of the moving trihedron, and compare with Eq. (6-4). 

14. Determine the form of the function <£>(?/) such that the principal normals of 
the curve x = a cos Uf u = a sin u, z = ^(u) are parallel to the JTO E-plane. 

15. (a) The binormal at a point P of the curve is the limiting position of the 
common perpendicular to the tangents at Pand a neighboring point Q, when Q -> P. 
Also f ,n, | 00 Oie limiting position for the common perpendicular to the binormals. 

16. Lind the unit tangent vector of the curve given by 


Ft*, V> 2 ) = 0, F,(.r, y, z) = 0. 


17. Transformation of Combescure. Two space curves are said to be obtainable 

iom each other by such a transformation if there exists a one-to-one correspondence 

between their points so that the osculating planes at corresponding points are 

parallel. Show that the tangents, principal normals, and binomials are parallel. 

(following L. Biunchi, Lezioni /, p. 50, we call such transformations after E J C 

Combescure, Annales flcole Xormale 4. 1807, though the transformations discussed 

m this paper are more specifically qualified, and deal with certain triply orthogonal 
systems of curves.) ° 

18 Cincmaticat inter,,relation of Frenet's formulas. When a rigid body rotates 
about a point there exists an axis of instantaneous rotation, that is, the locus of the 
points which stay ,n place. Show that this axis for the moving trihedron (we do 
notconaulcr the translation expressed by elx = t r Is) has the direction of the vector 
•K rt 4- Kb, so that the Fronet. formulas can be written in the form 


t' - R x t, n' = R x n , b' = R x b. 

This constitutes the approach to the theory of curves (and surfaces) typical of 

boux a ; in T v r'T' r" “ m<tthodc ‘ ll ‘ mobile." (Compare G. Dar- 

194. Paris 1935 ) " ^ " M ' 0(ic ,lu rfpire " ,o6l7 «. Aclualitts scientifiques 
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19 ' Spb*™* 1 When we move all unit tangent vectors t of a curve C to a 

point, their end points will describe a curve on the unit sphere called th* o / • / 

TT <*P,h«W indicatrix) c. Stax ,h, t th, XX 

«i. rr h ,t. ,pheri “‘-- «- * **• *■> w X 

times called the third (or total) curvature. quantity + r* is some- 

non 1 " 7 ?° ntaCt ' h f tead of statin « that figures have a certain number of 
consecutive points (or other elements) in common, we can also state that 

(l5 1-21)? 1 a C6rtain ° rder ’ The general defini tion is as follows 

Let two curves or surfaces 2„ 2 2 have a regular point P in common Take 
a point A on 2i near P and let AD be its distance to 2 Th™ y h 
tact of order n with 2, at P, when for A Z Piling J' * * “ 


lim 


AD 

(AP) 


is finite (^0) for k = n + 1, but =0 

fork = n. [AD = o((4P)‘) for A: = 1, 
2, . . n] 

When 2h is a curve x(u ) and 2 2 a 
surface (F x , F V} F z not all zero) 



F(x, y, z) = 0, 


(7-1) 


Fig. 1-21 


we make use of the fact that the distance AD of a point A( Xl , Vl 2l ) near p 

“ ° f the sa ™ order as F(x h y h Zi) . The general proof of Jhta factrequires 
some surface theory but in the case of the plane and the sphere the only 

STl-nr 0U “ " be <U 4er'„ *4 y 

,U “ li0n 0l>Ui ” d ^ »■ - the 

f(u) = F[x(u), y(u), z(u)]. (7—2) 

Ji 1 ^L P i r0C l? Ure i ® simply a generalization of the method used in Secs 1-3 

dr! ^ttuTnea? pT- ^ a * d the --TatLg 

/( ) near P(u — u Q ) have finite derivatives f (i) (u 0 ), i = 1 2 
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. . n -f 1. Then if we take u = U\ at A and write h = Ui — w 0 , then 
there exists a Taylor development of f(u) of the form (compare Eq. (1-5)): 

f ( u 0 = f( u o) + hf'(u 0 ) + 2\f"(uo) + • • • + 2 )|/ ( " +1) ( m o) + o(ft"+ l ). 

(7-3) 

Here f(u 0 ) = 0, since P lies on Z 2 , and h is of order AP (see theorem 
Sec. l-2);f(ui) is of the order of AD. Hence necessary and sufficient condi¬ 
tions that the surface has a contact of order n at P with the curve are that at P 
the relations hold: 

f(u) = f'(u) = f"(u) = • • • = /<">(u) = 0 ; /<" + 1 ) (u) 5 * 0 . ( 7 - 4 ) 

In these formulas we have replaced « 0 by u. 

In the same way we find, if Z 2 is a curve defined by 

V, z) = 0 , F 2 (x , y f z) = 0 , 

that necessary and sufficient conditions for a contact of order n at P between 
the curves are that at P 

Mu) = Mu) = • • • = f[ n) (u) = 0, (7-5) 

Mu) = fi(u) = • • • = /S»(tt) = 0, 

where 


Sliu) = F,[x(u), y(u), z(u)], f 2 ( u ) = F 2 [x(m), y(u), z ( u )] 


and at least one of the two derivatives /i n+ 1 ) (u),/f + 1 ) (u) at P does not vanish. 
We can develop similar conditions for the contact of two surfaces. 

Instead of AD we can use segments of the same order, making, for in¬ 
stance, PD = PA (then AD no longer 90°). 

If we compare these conditions with our derivation of osculating plane 
and osculating circle, then we see that they are, in these cases, identical 
wit the condition that Zi and Z 2 have n + 1 consecutive points in common. 
And so we can say that, in general: * ' 

Two figures 2 1 and 2 ,, having at P a contact of order n, have n + I consecu - 
live points in common. 


Indeed, following again a reasoning analogous to that of Secs. 1-3 and 
’ and con fi nin K ourselves to the case expressed by Eq. (7-1), let us 
define F with n + 1 independent parameters. These are just enough to let 
surface 2, pass through (n + 1) points (u„,. . ., w„). If these n + 1 
points come together in point u = then the n + 1 equations (7-1) are 
satisfied; if there were more such equations (7-4), then we could determine 
the parameters in F so that 2, would pass through more than » + 1 points. 
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tl A Slmilar re “ g 1 h ° IdS f ,° r the 0ther cases of contact. From this and 
the theorems of Secs. 1-3 and 1-4 follows: 

A tangent has a contact of (at least) order one with the curve 

An osculating plane and an osculating circle have a contact of (at least) 
order two with the curve. K ' 

The study of the contact of curves and surfaces was undertaken in considerable 
ai in Lagrange s Traite des fone lions analytiques (1797) and in Cauchy’s 
Usons sur les applications du calcul infinitesimal a. la geometrie I (1826). ^ 

We shall now apply this theory to find a sphere passing through four 

Ih/Ction CU ™' ‘ he mUlat<ng ° Pkere - L “ >» 

(X-c) • (X-c)-r* = 0, (X generic point of the sphere, c its center, r radius). 
Consider, in accordance with Eq. (7-2) : 

f(s) = (x - c) • (x - c) - r 2 , x = x(s). 

Then the Eqs. (7-4) take the form, apart from/($) = 0: 

f'(s) = 0, or (x - 
f"(s) = 0, or (x - 
f'"(s) = 0, or (x - 

or (r^ 0) 


c) • t = 0, 
c) • m + 1 =0, 

c) • ( K 'n - kH + KT b) 


= 0, 


(x c) • t 0, (x c) • n =-R, ( x - C ) - b = R K '/ KT = _ R ' T 
The center O of the osculating sphere is thus uniquely determined by 


c = x + fin + TR'b. 


(7-6) 


V • vy 

This sphere has a contact of order three with the curve Tt« JnWonf 

» r ■ -- 

the binomial, the polar axis. The radius of 
the osculating sphere is 

*■ = V ~R 2 + (TR')\ (7-7) 

When the curve is of constant curvature (not 
a circle), the center of the osculating sphere co¬ 
incides with the center of the osculating circle. 

The result expressed by Eq. (7-6) is due to 
Monge (1807), see his Applications (1850), p. 412. 

Monge s notation is quite different. p IG ^ ^ 


b 



O 


1 


TR' 

— R~ 

J- 

f V* 
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1-8 Natural equations. When a curve is defined by an equation 
x = x(s), its form depends on the choice of the coordinate system. When a 
curve is moved without change in its shape, its equation with respect to the 
coordinate system changes. It is not always immediately obvious whether 
two equations represent the same curve except for its position with respect 
to the coordinate system. Even in the simple case of equations of the 
second degree in the plane (conics) such a determination requires some 
work. The question therefore arises: Is it possible to characterize a curve 
by a relation independent of the coordinates? This can actually be ac¬ 
complished; such an equation is called natural or intrinsic. 

It is easily seen that a relation between curvature and arc length gives a 
natural equation for a plane curve. Indeed, if we give an equation of the 
form 

* = k(s), (8-1) 

then we find, using the relations 


R 1 = k = c/<p/ds , cos tp = dx/ds, sin <p = dy/ds f 


that x and y can be found by two quadratures: 



R cos <p dip , 



R sin ip dip f 



( 8 - 2 ) 


C hange of integration constant in x and y means translation, change of 
integration constant in ip means rotation of the curve, and thus we call 
obtain all possible equations in rectangular coordinates, selecting in each 
case the most convenient one for our purpose. 

This representation of a curve by means of k (or R) and s goes back to Euler, 
who used it for special curves: Comment. Acad. Pctropolit. 8, 1736, pp. 66-85. 
The choice of x and s as natural coordinates can be criticized, since s still con¬ 
tains an arbitrary constant and k is determined but for the sign. G. Scheffers 
has therefore developed a system of natural equations of a plane curve in which 
d( K )/dip is expressed as a function of k 2 . See Anwendung I, pp. 84-91. 

Examples. (1) Circle: K = a = const. 

x ~ R sin ip, y = — R cos ip, if u = ^ ^ 

x = R cos u, y = R sin u. (Fig. 1-23) 

When a — 0 we obtain a straight line. 

(2) Logarithmic spiral. 

R = as + b = s cot a + p CSC a (a, p constants), 
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__ I/- x , s cos of 4- p . . 

^ — a + ( tan a ) ln ~ -, (selecting s = 0 for <p = a), 

R = p(csc a) exp (0 cot Ct), e = <p — a . (Fig. 1-24) 
Introducing polar coordinates x iy = re 1 *, we find 

r = V exp (Q cot a) (x = p, y = 0 for s = 0, = <*). 

(3) Circle involute: 


R = a<^, 


-R 2 2as; — V2/a x/s, s = Ja^> 2 , 

d<P = a(cos y? -f- ip sin y>), 


y 


— CL^ip COS ip 

— a^p sin ip 


dip — a(sin <p — ip cos <p). (Fig. 1-25) 


(4) Epicycloid. We start with the equations in x and y: 


x 


— (a + b) cos \f/ — b cos — ^ \J/, 


y = 


s = 


R = 


(a + 6) sin ^ — b sin — 


A b(a b) a\l/ 

4 -cos 

a 2b’ 

46(a -f- b) . coj/ 

- ;—sin 7 - 7 - 

cl -j- 2b 2b 
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Hence the natural equation is: 


where 



si R? 
A 2 B 2 



(8-3) 


4 b(a + b) _ 46(g -j- b) 
a 9 a + 2b ’ 


A> B. (Fig. 1-26) (8-4) 


When A < B we obtain a hypocycloid. An epicycloid is the locus of a 
point on the circumference of a circle when rolling on a fixed circle on the 
outside; a hypocycloid when rolling on the inside. When A /B is rational, 
the curve is closed. When a -» oo, A -> 46, B -»46, and we obtain 

s 2 + R- = 16b 2 , 

the equation of a cycloid, obtained by rolling a circle of radius 6 on a 
straight line (Fig. 1-27). We now prove the 
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Fundamental Theorem for space curves i 

If two single-valued continuous functions k(s ) and t(s), s > 0, are given, 

then there exists one and only one space curve, determined hut for its position 

in space , /or wfocA s is arc length (measured from an appropriate point on 

the curve), k the curvature, and t the torsion. 

The equations « = k(s), t = t(s) are the natural or intrinsic equations of 
the space curve. 

The proof is simple when we confine ourselves to analytic functions, 
then we can write, m the neighborhood of a point s = s 0 , h = s — s 0 : 

x(s) = x(s„) + J x'(*„) + ~ x"(s„) + . . ., 

provided the series is convergent in a certain interval Sl < s 0 < s 2 Then 

substituting for x', x", etc., their values with respect to the moving tri- 
hedron at P(s 0 ), we obtain 

x' = t, x" = Acn, x"' = —K 2 t + tc'n + /crb, x"" = • • •, 
so that 


x(s) — x(s 0 ) + ht + itch 2 !! + %h 3 (— kH + k'tx + «rb) + • •( 8 - 5 ) 

where all terms can be successively found by differentiating the Frenet 

formulas, and all successive derivatives of k and r taken, as well as t n b 

at P(s o) are supposed to exist because of the analytical character of the 

functions. If we now choose at an arbitrary point x( So ) an arbitrary set 

of three mutually perpendicular unit vectors and select them as t n b 

then Eq (8-5) determines the curve uniquely (inside the interval of con- 
v ergence ) • 

It is however possible to prove the theorem under the sole assumption 
that k(s) and r(s) are continuous. In this case we apply to the svstem of 
three simultaneous differential equations of the first order in a, 0, y 


da 

ds 


= k(3, 


d(3 

ds 


= Ka -h ry, 


dy 

ds 


= — t(3, 


( 8 - 6 ) 


the theorem concerning the existence of solutions. 


This theorem is as foUows. Given a system of differential equations 

dy* t / 

dx ~ fte* * * * * 2/n), i — 1, 2, • • • • n, 

where the /< are single-valued and continuous in their n + 1 arguments inside a 
given interval (with a Lipschitz condition, satisfied in our case). Then there 
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exists a unique set of continuous solutions of this system which assumes given 
values //?, IJ 2 , . ... ijn "hen j* = j*o.* 


We deduce from this theorem that we can find in one and in only one way 
three continuous solutions «,($), /3,(s), 71 (s) which assume for s = s 0 the 
values 1, 0 , 0 respectively. We can similarly find three continuous solu¬ 
tions « 2 , # 2 , 72 , so that 

<* 2 (So) = 0, 0 2 ($o) = 1, 72 (So) = 0, 

and three more continuous solutions a 3 , 03 , 7 3 , so that 

ocz(so) = 0, Mso) = 0, 7 3 (so) = 1. 

The Eqs. ( 8 - 6 ) lead to the following relations between the a, 0 , 7 : 

2 ^ (“i + 0? + 7i) = *0K*i ~ Kocxfii + r7i/3i — r/Si7i = 0, 

or 

«? + 0? + 7? = const =1 + 0 + 0= 1. (8-7a) 

Similarly, we find two more relations of the same form: 

+ 02 + 72 = 1, a§ + 0§ + 73 = 1 , (8-7b) 

and the three additional relations: 

ttl«2 + 0102 + 7172 = 0, 

OC1CX3 + 0 , 0 3 + 7,73 = 0 , 

« 2«3 + 0203 + 7273 = 0 . ( 8 - 8 ) 

\\ e have thus found a set of mutually perpendicular unit vectors 

t(aiQr 2 a 3 ), n( 0 , 0 2 0 3 ), 6 ( 7 , 7273 ), 

where the a,-, 0 „ 7l all are functions of the parameter s (i = 1 , 2 , 3 ). 


This is the consequence of the theorem that if the relations (8-7) and (8-8) 
hold, the relations 


= 20? = 27? = 1, 



also hold This means geometrically that, when t, n, b are three mutually 

orthogonal unit vectors defined with reference to the set e,, e 2 , e 3 , then e,, e 2 , e 3 

are three mutually orthogonal unit vectors defined with reference to the set 
t, n, b. 


* Compare E. I,. Ince, Ordinary differential 
London, 1927, p. 71. 


equations , Longmans, Green and Co., 
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There are oo 1 trihedrons (t, b, n). If we now integrate t, then the 
equation 

x = f tds (8-9) 

Js 0 


determines a curve which has not only t as unit tangent vector field, but 
because of Eq. (8-6) also has (t, n, b) as its moving trihedron, k and r being 
its curvature and torsion, and s, because of Eq. (8-9), its arc length. 
Hence there exists one curve C with given k(s ) and t(s ) of which the moving 
trihedron at P(so ) coincides with the coordinate axes. 

We now must show that every other curve C which can be brought into a 
one-to-one correspondence with C such that at corresponding points, given 
by equal 5, the curvature and torsion are equal, is congruent to C. This 
means that C can be made to coincide with C by a motion in space. Let us 
move the point s = 0 of C to the point s = 0 of C (the origin) in such a way 
that the trihedron (t, n, b) of C coincides with the trihedron (t, n, b) of C 
(the system ei, e 2 , e 3 ). Let ( x if « t , (3 if y { ) and (x { , a if £», y { ) now denote the 
corresponding elements of thejmoving trihedron of C and C respectively. 
Then Eq. (8-6) holds for («,, y t ) and for («,-, (3 iy yi) with the same k(s) 
and t(s). Hence (we omit the index i for a moment): 



= + KOL& — Kpa + r{3y 


or 


— k(3<x + rpy — r y(3 — ry(3 = 0, 


oca. + + yy = const. 


This constant is 1, since it is 1 for s = 0. For the a iy , y { the equations 
hold: 


+ Mi + TiTi =1, c$ + ^ + y? = 1, 7% + + y\ = i, 

which is equivalent to the statement that the three vector pairs ( <x i} fi it yA 
(«t*> /3», Tt) make the angle zero with one another. Hence a, = a», = fi it 

7» = 7 » for all values of s, so that 

£ (x,. - x<) = 0. 

This shows that Xi — x { = const, but this constant is zero, since it is zero 
for $ = 0. The curves C and C coincide, so that the proof of the funda¬ 
mental theorem is completed. 



32 


CURVES 


[CH. 1 

All curves of given k(s ) and r(s) can thus be obtained from each other by 
a motion of space. The resulting curves are at least three times differ¬ 
entiable. 

Examples. (1) Plane curve. Here k(s) may be any function, r = 0. In 
particular, if k is constant, we find from Eq. (8-2) the circle. 

(2) Circular helix, k = const, r = const. We see this immediately 
from Example 1, Sec. (1-5), since 



K 

K 2 + T 2 


and 



T 

K 2 + T 2 


uniquely determine the curve 

x = a cos s/c, y = a sin s/c, z = bs/c, c = Va 2 + 6 2 , 

and all other curves of the same given k and r must be congruent to this 
curve. 

Another way to show this is indicated in Sec. 1-9. 

(3) Spherical curves (curves lying on a sphere). These are all curves 
which satisfy the differential equation in natural coordinates 


R 2 + ( TR') 2 = a 2 , a = any constant. (8-10) 

Indeed, when a curve is spherical, its osculating spheres all coincide with 

the sphere on which the curve lies, hence Eq. (8-10) holds, where a is the 

radius of the sphere (according to Eq. (7-7)). Conversely, if Eq. (8-10) 

holds, then the radius of the osculating sphere is constant. Moreover, 
according to Eq. (7-6): 


c ' “ * + (“ 1 + Rrh ) + ff'n + (TR')'b -R'n = {R T + (TR')'} b = 0. (8-11) 
Differentiat ion of Eq. (8-10) shows that for r ^ 0, R' 0, 


Rt+ (77?')'= 0, 


( 8 - 12 ) 


so that c - 0, and this means that the center of the osculating sphere re- 

mains in place (except for r = 0, A" = 0, the circle). Eq. (8-12) is therefore 

ic (hlfciontia 1 equation of all spherical curves. The circle fits in for 
r — 0, R = 0, provided TR' = (). 

/ n J r T D;. (8 7 11} jt folto ) vs > incidentally, that for a nonspherical curve 

has the T 10 T\ K° 10 OCUS ° f ,he centcrs of the osculating spheres 
has the direction of the binomial 


intrinsom *" na , tUra ' equations see E - C csaro, Lczioni di geometria 

(ten liber natr'r /’ c” ’ t J a . nsl “ t 1 d by G - Kowalewski under the title: Vorlesun- 

r 6 ^ e " >Zig ' 1901 ' 341 pp - See also L - Bnulde ’ !*• 

coordonnies tnlnnscgucs , collection “Scientia,” Paris, 1914, 100 pp. Other 
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forms of the natural equations of a space curve can be found in G. Scheffers, 
Anwendung /, pp. 278—287, where the fundamental theorem is proved for 

(dK/dsy = /(k 2 ), r = /(k 2 ). 


1-9 Helices. The circular helix is a special case of a larger class of 
curves called {cylindrical) helices or curves of constant slope (German: 
Boschungslinien ). They are defined by the property that the tangent makes 
a constant angle a. with a fixed line l in space (the axis ). Let a unit vector 
a be placed in the direction of l (Fig. 1-28). Then a helix is defined by 

t • a = cos a — const. 

Hence, using the Frenet formulas: 


a • n = 0. 

a is therefore parallel to the rectifying plane of the curve, and can be written 
in the form (Fig. 1-29): 


a = t cos a + b sin a , 
which, differentiated, gives 


or 


0 = kd. cos cn — rn sin a = (k cos a. — r sin a)n, 

k/t = tan a, constant. 


For curves of constant slope the ratio of curvature to torsion is constant. 
Conversely, if for a regular curve this condition is satisfied, then we can 
always find a constant angle ><x such that 


n(/c cos a — t sin a) = 0, 
(t cos a + b sin a) = 0, 



Fig. 1-28 


Fig. 1-29 
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or 

Hence: 


t cos a + b sin a 


a, constant unit vector, along the axis, 
cos a = a • t. 


The curve is therefore of constant slope. We can express this result as 
follows: 

A necessany and sufficient condition that a curve be of constant slope is that 
the ratio of curvature to torsion be constant. (Theorem of Lancret, 1802; 
first proof by B. de Saint Venant, Journal Ec. Polyt. 30, 1845, p. 26.) 


The equation of a helix can be written in the form (line l is here the 
Z-axis): 

x = x(s ), y = y(s), z = s cos a, 

which shows that this curve can be considered as a curve on a general 
cylinder making a constant angle with the generating lines (cylindrical 
loxodrome). When k/t = 0 we have a straight line, when k/t = oo, a 
plane curve. 

If we project the helix x(s) on a plane perpendicular to a, the projection 
Xi has the equation (see Fig. 1-30): 

Xi = x — (x • a)a. p 

Hence 

x! = t — (t • a)a = t — a cos a, 
and its arc length is given by 
dsj = dx i • dx i = sin 2 a ds 2 . 

Since 

dXi/dsi = esc at — cot a a, 
its curvature vector is 

d 2 Xi/ds i = k esc 2 an, 

and its curvature k\ = k esc 2 a. In words: 

7 he projection of a helix on a plane perpendicular to its axis has its prin¬ 
cipal normal parallel to the corresponding principal normal of the helix } and 
its corresponding curvature is k x = K esc 2 a. 



Examples. (1) Circular helix. If a helix has constant curvature, then 
its projection on a plane perpendicular to its axis is a plane curve of con¬ 
stant curvature, hence a circle (Section 1-8). The helix lies on a cylinder 
of revolution and is therefore a circular helix. 
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(2) Spherical helices. If a helix lies on a sphere of radius r, then Eq. 
(8-10) holds, which, together with k = t tan a , gives after elimination of r, 

r 2 = R 2 [ 1 + R' 2 tan 2 a], 
or 

RdR . . . 

7 = = ±as cot a, 

W 2 - /e 2 

which, integrated for /£, and by suitable choice of | | -O 

the additive constant in s, gives 

jR 2 + $ 2 cot 2 a = r 2 . 

The projection of the helix on a plane perpen¬ 
dicular to its axis is therefore a plane curve with Fig. i_ 3 i 

the natural equation 

R\ -j- Si cos 2 a = r 2 sin 4 a. 

This type of curve is discussed in Sec. 1-8, and since cos 2 a < 1, represents 
an epicycloid (compare Eq. (8-3)): 

A spherical helix projects on a plane perpendicular to its axis in an arc of 
an epicycloid. 

This projection is a closed curve 
when the ratio a/h of Eq. (8-4) is 
rational. Using the notation of this 

formula and of Eq. (8-3), we obtain \ 

that in this case 

B a n y x 

cos a. — —r — -\ -O 

A a + 2b x 

is rational. 

From v ^ z 

d 4 b(a -f~ h) . 0 

& = - , 07 = r sin 2 a, 

a -f- 2b 

A 4b (a -f- 6) . 2 _ 

A — -- = r sin a. tan a, 

a Fig. 1-32. Only three of the six arcs 

we are drawn. 

a — r cos a, 6 = - (1 — cos a) = r sin 2 a/2, (a + 2b = r) 



for the radius of the fixed and of the rolling circle. When cos a = ^ we 
find as projection an epicycloid of three cusps (Fig. 1—31); each of the 
three arcs represents part of a helix on the sphere (Fig. 1—32). 

This case has been investigated by W. Blaschke, MoiuUshefte fur Maihematik 
und Physik 19, 1908, pp. 188-204; see also his Differentialgeometrie, p. 41. 
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1-10 General solution of the natural equations. We have seen that 
the natural equation of a plane curve can be solved (that is, the cartesian 
coordinates can be found) by means of two quadratures. In the case of a 
space curve we can try to solve the third order differential equation in a(s) 
obtained from Eq. ( 8 - 6 ) by eliminating /3 and y. The solution can, how¬ 
ever, be reduced to that of a first order differential equation, a so-called 
Riccati equation , which is a thoroughly studied type, but not a type which 
can be solved by quadratures only. This method, due to S. Lie and G. Dar- 
boux, is based on the remark that 


« 2 + / 3 2 + 7 2 = 1 


( 10 - 1 ) 


can be decomposed as follows: 


(a + - iP) = (1 + 7 )(1 “ 7). 

Let us now introduce the conjugate imaginary functions w and — z~ l 


w = 


Ot + ip _ 1+7 

1 — 7 a — i(3’ 


_ 1 _ a — iP _ 1+7 

2 1 — 7 a + ip 


( 10 - 2 ) 


Then it is possible to express a , 0, y in terms of w and z: 


1 — wz 




. 1 + wz 

w — z 



w + z 
w — z 


(10-3) 


These expressions are equivalent to the equations of the sphere 

(Eq. ( 10 - 1 )) in terms of two parameters wand 2 . We shall return to this 
in Sec. 2-3, Exercise 2 . 

With the aid of the Eqs. ( 8 - 6 ) we find for w': 


dw _ + iff , a + jp , 

ds I -7 + (!-7 y y 


k(3 — in a + iry 




wy 

1 - = — IKW + 

1 — 7 


r (iy — Pw) 
1-7 


Because of Eq. ( 10 - 2 ) we find for 0 : 



1 +7 — w 2 + 7 m 2 
2 w 


The elimination of 0 from 
7 also has disappeared: 


these two equations gives an equation from which 



~ ixw + ~ w 2 . 


(10-4) 
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Performing the same type of elimination for dz/ds, we find that 2 satis¬ 
fies the same equation as w. This equation has the form 

£ = A + Bf + Cp, where A(s) = - B(s ) =-i K , C(s) = (10-5) 


This is a so-called Riccati equation. It can be shown that its general solu¬ 
tion is of the form 


r __ c fi -\r f 2 

J tfz+f* 


( 10 - 6 ) 


where c is an arbitrary constant and the/, are functions of 5 . 


The fundamental properties of a Riccati equation are: 

(1) When one particular integral is known, the general integral can be obtained 
by two quadratures. 

(2) When two particular integrals are known, the general integral can be found 
by one quadrature. 

(3) When three particular integrals f 1} / 2 , / 3 are known, every other integral/ 
satisfies the equation 


f ~~ f 1 . /3 — /1 
/-/ 2 '/.-/* 


c = constant. 


In words: The cross ratio of four particular integrals is constant.* 
is a direct consequence of Eq. (10-7). 


(10-7) 
Eq. (10-6) 


Let / 1 , / 2 , fz, f\ be such functions of s that Eq. (10-6) is the general 
integral of Eq. (10-4). In order to find a,-, /3„ y if i — 1, 2, 3, we need 
three integrals Wi and three integrals z iy to be characterized by constants 
c u c 2) c 3 for the w iy and three constants d\, d 2 , d$ for the 



1 — W\Zi 

vh — zi y 


„ . 1 + WiZi 

Pi = ^-, 

Wi — Zi 



Wi + z\ 
U)i — Z\ 


etc. 


The nine functions a», /3., 7 * must satisfy the orthogonality conditions 


0 % + ft 2 + 7? = 1, i = 1, 2, 3; 

oLiCLj + $i$j + yeti = 0, i, j = 1, 2, 3pV j. 

The first three are automatically satisfied by virtue of Eq. (10-1), and there¬ 
fore we have to find the c., di in such a way that the last three conditions 


* Proofs in L. P. Eisenhart, Differential geometry , p. 26, or E. L. Ince, Ordinary 
differential equations (1927), p. 23. 
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are also satisfied. One choice of c„ d,- is sufficient, since all other choices 
will give curves congruent to the first choice. Now aia 2 4- PA 4- 7172 = 0 
can be written as follows: 


or 


(wi — w 2 )(zi — z 2 ) = — (w 1 — z 2 )(zi — w 2 ), 


2 (w 1 z l + w&f) = wiz 2 + W 2 Z 1 + WiW 2 Z\z 2i 


and if we substitute for w u w 2 , z u z 2 their values (see Eq. (10-6)), with the 
constants ci, c 2t d 1, d 2 respectively, we obtain the same relation for the 
constants: 

2{c\d\ + 0 ^ 2 ) = C\d 2 + C2</i + CiC 2 + dis¬ 
similarly: 

2 (c 2 d 2 -f- c^df) = c 2 d% -j- C3S "b C2C3 -f fW 3 , 

2(c 3 d 3 + CiS) = Czdi 4* C\d$ + C 3 C 1 dzd\. 


Every solution of these three equations in six unknowns c», d, will give a 
coordinate expression for the curve. A simple solution is the following: 

ci = 1, c 2 = i f c 3 = 00 ; d\ =— 1, d 2 =— i, d 3 = 0. 

To verify this, substitute into the three equations the values of 
Ci, c 2) di, d 2 , which gives C3S = — 1 as well as C3S = +1 which is compatible 
with C3 = 00, S = 0. The c and d form three pairs of numbers, each 
pair of which is harmonic with respect to each other pair. This is a direct 
result of the properties of the general solution of the Riccati equation. 
Hence Wi = (/1 4- ff)/U^ 4- fi), etc. We thus obtain for the a,-: 


= j_ - Mi* = (/r ~ fl) - (fl - fi) 

z i 2(/i/ 4 fifz) ’ 

a2 = j— w 2 z 2 = [( /?_- fl) + (fl - fi) ~] . 

^2-22 L 2(/,/ 4 -/ 2 / 3 ) 

a3 = _ /■•< /-< ~ / 1/2 

^3 2 3 /l/ 4 fiflf 

which results in the following theorem. 

If the general solution of the Riccati equation 


ds 



+ %P 


( 10 - 8 ) 


is found in the form (/1, f 2t / 3 , f.\ functions of s) 


f _ g/ 1 + /z 

cf 3 4- fi 


(c arbitrary constant) 
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ds, z =J or 3 ds, 

where the on are given by Eq. (10-8), has k(s) and t(s) as curvature and torsion. 

This reduction to a Riccati equation goes in principle back to Sophus Lie 
(1882, Werke III , p. 531) and was fully established by G. Darboux, Legons I, 
Ch. 2. We find Eq. (10-8) in G. Scheffers, Anwendung /, p. 298. 

Examples. Plane curve. When r = 0: 





ce i,p , ip = J k ds, 
f 2 = 0 , f 3 = 0, 



which lead to the Eqs. (8—2) of the plane curve. 

Cylindrical helix. In this case the Riccati equation (10-4) can be written 
in the form 

w ' = — \ri(\ + 2 cw — w 2 ). ( c constant) 

Two integrals can immediately be found by taking w 2 — 2 cw -f- 1 = 0. 
The general solution of this equation can now be found by means of one 
quadrature. For the details of this problem we may refer to Eisenhart, 
Differential geometry, p. 28. 


1-11 Evolutes and involutes. 

generate a surface, 
ating tangent lines at right 
French: developpantes) of the curve. 
(Fig. 1-33): 

y = x + Xt. (X a function of s) 

( 11 - 1 ) 

t 

The vector dy/ds is a tangent vector 
to the involute. Hence: 

t • dy/ds = 0, 

t.( , + X I n + l f)-0, 

‘ + 1 - 0 ' 

X = const — s = c — s. 


x(s) 
gener- 
Evolvente; 
Their equation is of the form 



The tangents to a space curve 
The curves on this surface which intersect the 
angles form the involutes (German: 
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The equation of the involutes is therefore 

y = x + (c — s)t. (11-2) 

For each value of c there is an involute; they can be obtained by unwinding 
a thread originally stretched along the curve, keeping the thread taut all 
the time. 

The converse problem is somewhat more complicated: Find the curves 
which admit a given curve C as involute. Such curves are called evolutes of 
C (German: Evolute; French: devcloppees). Their tangents are normal to 
C(x) and we can therefore write for the equation of the evolute y (Fig. 1-34): 


Hence 


y = x + cqn + 02 b. 


- Oik) + n (g - ra 2 ) 


+ b «’S+«* 


must have the direction of ain + a 2 b, the 
tangent to the evolute: 


and 


k = 1/ai, R = cq, 


day 

ds 


— TOL-i 


da• 
ds 


+ ray 



d\ a 2 

which can be written in the form 

dR 


_ n dOj 

2 ds ds 


Fig. 1-34 
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This equation shows that a point of the evolute lies on the polar axis of the 
corresponding point of the curve , and the angle under which two different 
evolutes are seen from the given curve is constant (Fig. 1-35). 

For plane curves: 

y = x + Rn + XPb. (X a constant) 

For X = 0 we obtain the plane evolute. The other evolutes lie on the 
cylinder erected on this plane evolute as base and with generating lines 
perpendicular to the plane. They are helices on this cylinder. 


The theory of space evolutes is due to Monge (1771, published in 1785, the 
paper is reprinted in the Applications). Further studies were published by 
Lancret, Memoires presentees a VInstitut, Paris, 1, 1805, and 2, 1811. Lancret 
discussed the “developpoides” of a curve, which are the curves of which the 
tangents intersect the curve at constant angle not = 90°. 


The locus of the polar axes is a surface called the polar developable 
(see Sec. 2-4). On this surface lie the oo 1 evolutes of the curve and also 
the locus of the osculating spheres. This locus cannot be one of the 
evolutes, since its tangent has the direction of the binormal b (see Eq. 
(8-11)), while the tangent to the evolute has the direction Rn + afb. 


EXERCISES 

1* The perpendicular distance d of a point Q( y) to a line passing through P(x) 
m the direction of the unit vector u is d = |(y — x) x u| (Fig. 1-36). Using this 
formula, show that the tangent has a contact of order one with the curve. 



Fig. 1-36 


y 



2. The perpendicular distance D of a point Q( y) to a plane passing through 
P(x) and perpendicular to the unit vector u is D = |(y — x) • u| (Fig. 1-37). 
Using this formula, show that a plane through the tangent has a contact of order 
one, but for the osculating plane which has a contact of order two with the curve. 

3. Show (a) that the tangent has a contact of order n with the curve, if x' x" 
x'", . . . x (n) , but not x (n+1) , have the direction of the tangent; and (b) that the 
osculating plane has such a contact, if x', x", x'", . . . x (n) , but not x (n+1) lie in the 
osculating plane. 
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4. Show that the distance of a point P(x i) to the plane a*x + p = 0isof the 
order of a • x x p, and that of P to the sphere (x — a) • (x — a) — r 2 = 0 is of 
order (xi — a) • (Xi — a) — r 2 . 

5. Osculating helix. This is the circular helix passing through a point P of the 
curve C, having the same tangent, curvature vector, and torsion. Show that its 
contact with the curve is of order two. Is it the only circular helix which has a 
contact of order two with C at P? (T. Olivier, Journal fJcole Polytechn., cah. 24, 
tome 15, 1835, pp. 61-91, 252-263.) Also show that the axis of the osculating helix 
is the limiting position of the common perpendicular of two consecutive principal 
normals. 

6. Starting with the common coordinate equations, find the natural equations of 

(a) logarithmic spiral: 

r = ce 10 . 

(b) cycloid: 

x = a{6 — sin 9 ), y = a(l — cos 9). 

(c) circle involute: 

x = a (cos 0 + 9 sin 9 ), y = a(sin 9 — 9 cos 9). 

(d) catenary: 

y = (a/2)(e T,a + e~*' a ). 

7. Find from Eq. (8-6), in the case of constant k and r, the third order equation 
for a, and by integration obtain the circular helix. 

8. Prove that when the twisted cubic 


x = at, y = bt 2 , z — P 

satisfies the equation 2 b 2 = 3a, it. is a helix on a cylinder with generating line parallel 
to the AOZ-plane, making with the A-axis an angle of 45°. Determine the equa¬ 
tion of the cylinder. 

9. The spherical indicatrix of a curve is a circle if and only if the curve is a helix. 

10. The tangent to the locus of the centers of the osculating circles C of a plane 

curve has the direction of the principal normal of the curve; its arc length between 

two of its points is equal to the difference of the radii of curvature of the curve at 
these points. 

11. Curves of Bertrand. \\ hen a curve Pi can be brought into a point-to-point 
correspondence with another curve C so that at corresponding points Pi, P the curves 
have the same principal normal, then 

(a) PiP is constant = a, 

(b) the tangent to ( at P and tlie tangent to Pi at Pi make a constant angle a, 

(c) there exists for ( (and similarly for Pi) a linear relation between curvature 
and torsion 


k + t cot a = 1 a 


( 


take 


5 * 0, a ^ 0, a ^ 


(A) 


These curves were first investigated by J. Bertrand (Journal dc Mat Mm. 16, 
1850, pp. 332-350). 
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12. Show that a curve C for which there exists a linear relation between curva¬ 
ture and torsion: 

Pk + Qt = R, (P, Q, R constants ^ 0) 

admits a Bertrand mate, that is, a curve of which the points can be brought into a 
one-to-one correspondence with the points of C such that at corresponding points 
the curves have the same principal normal. 

13. Special cases of Bertrand curves. Show: 

(a) When r = 0 every curve has an infinity of Bertrand mates, a = 0. 

(b) When r ^ 0, a = tt/ 2, we have curves of constant curvature. Each of the 
curves C and C\ is the locus of the centers of curvature of the other curve. 

(c) When k and r are both constant, hence in the case of a circular helix, there 
are an infinite number of Bertrand mates, all circular helices. 

14. Show that the equation of a Bertrand curve (that is, a curve for which (A), 
Exercise 11, holds) can be written in the form 


x = aJuda + acot« 

j u x du, (a, a constants) 

Here u = u(o-) is an arbitrary curve on the unit sphere referred to its arc length 
(hence u • u = 1, u' • u' = 1, u' = du/da). (Darboux, Leqons I, pp. 42-45.) 
Show that the first term alone on the right-hand side gives curves of constant curva¬ 
ture, the second term alone curves of constant torsion. 

15. Mannheim’s theorem. If P and Pi are corresponding points on two Bertrand 
mates, and C and C x their centers of curvature, then the cross ratio (CC h PP X ) = 
sec 2 a. = const. 

16. Investigate the pahs of curves C\ and C which can be brought into a point- 
to-point correspondence such that at corresponding points (a) the tangents are the 
same, (b) the binormals are the same. 

See E. Salkowski, Math. Annalen 66, 1909, pp. 517-557, A. Voss, Sitzungsher. 

AJcad. Munchen , 1909, 106 pp., where also other pairs of corresponding curves are 
discussed. 

17. Show that when the curve x = x(«) has constant torsion r, the curve 


y = -Tn+ Jbds 

has constant curvature ±r. 

18. Show that if in Sec. 1-10 we split ol 2 -f (P + y 2 = 1 into ( a -f iy)(ct — iy) = 

(1 + 0)(1 — P) and follow the method indicated by Eq. (10-2), we are led to the 
Riccati equation 

w ' = ~i( K — tr) -j- %(k + ir)w 2 . 

19. Loxodromes. These can be defined as curves which intersect a pencil of 
planes at constant angle ct. Show that their equation can be brought into the form 

x — r cos 6 , y = r sin 0, z = /(r), where r = x 2 -}- y 2 



6 = tan a | VI + (/') 


dr 

V—• 

r 


and 
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20. The tangents to a helix intersect a plane perpendicular to its projecting 
cylinder in the points of the involute of the base of the cylinder. 

21. Find the involutes of a helix. 

22. Show that the helices on a cone of revolution project on a plane perpendicu¬ 
lar to their axes (the base) as logarithmic spirals and then show that the intrinsic 
equations of these conical helices are 

R = as, T = bs, (a, b constants) 

23. Show that the helices on a paraboloid of revolution project on a plane per¬ 
pendicular to the axis as circle involutes. 

24. A necessary and sufficient condition that a curve be a helix is that 

= -^ 4 - ( L ) = o. 

ds \ k] 


25. Differential equation of space curves. If, instead of using the method of the 
Riccati equation, we attempt to obtain the x(s) directly as the solution of the 
Frenet equation for given k and r, we obtain the equation (k, tt* 0) 





X'" + (« 2 + T 2 



26. The parabolas y = x 1 and y = y/x can be obtained from each other by a 
rotation of 90°. They must therefore satisfy the same natural equation. Obtain 
this equation in the form 



27. Verify by using Eq. (8-12) that the curve of Exercise 9, Section 1-6: 

x = a sin 2 u, y = a sin u cos u, z = a cos u, 

lies on a sphere. 


1-12 Imaginary curves. We have so far admitted only real curves, de¬ 
fined by real functions of a real variable. When we admit complex 
analytic functions r, of a complex variable u, then we obtain structures 
of oo 2 points, called imaginary curves. The formulas for the arc length, 
tangent, osculating plane, curvature, and torsion retain a formal meaning 
foi those curves, but now they serve as definition of these concepts. Cer¬ 
tain theorems require modification, notably those based on the assumption 
that ds 2 > 0. We have to admit, in particular, curves for which ds 2 = 0, 
the isotropic curves. And it we define planes as structures for which a 
linear relation exists between the x it or — what amounts to the same — as 
plane curves, curves for which (x x x) = 0, then we have to admit planes 
such as the plane with equation x 2 = ix h for which ds 2 can no longer be 
\\ i it ton as t he sum of the squares of two differentials, but as the square of 
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a single differential such as ds 2 = dxi in the case of x 2 = ix We therefore 
distinguish between regular planes, of which the equation by proper choice 
of the coordinates can be reduced to x 3 = 0, and isotropic planes, of which 
the equation can be reduced to x 2 = ix\. By planes we mean regular 
planes. There are no planes for which ds 2 = 0. (Such planes do exist in 
four-space; e.g., those for which x Y = ix 2 , x 3 = ix 4 .) 

Isotropic curves in the regular plane x 3 = 0 are defined by 


ds 2 = dxl + dxi = 0; dx 2 = ±i dx i, (12-1) 

which equation gives, by integration: 


x 2 — b = ±i(x i — a). (12-2) 

In an isotropic plane we obtain by integration of ds 2 = dx\ = 0 that x z = c , 
£2 = ix i. Hence: 

PZane isotropic curves are straight lines. Through every point of a regular 
plane pass two isotropic lines; through every point of an isotropic plane passes 
one isotropic line. The isotropic lines in a regular plane form two sets of 
parallel lines, those in an isotropic plane form one set of parallel lines. 

Isotropic lines were introduced by V. Poncelet in his Traite des propriety 
projectives des figures (1822). They are also called minimal curves or null curves. 

Isotropic curves in space x = x(u) satisfy the differential equation 


or 


dx- dx = dx\ + dx\ + dxi = 0, 


(12-3) 


x • X = 0, x = dx/du. (12-4) 

One solution of this differential equation consists of the isotropic straight 
lines 

X = x -f- ua., x, a constant vectors, a • a = 0, (12-5) 

for which, as we see by differentiation, dX • dX = a • a du 2 = 0. These 
lines generate, at each point P(x), a quadratic cone 


(X - x) • (X - x) = 0, (12-6) 

the isotropic cone with vertex P. The tangent plane to this cone along the 
generator (12—5) has the equation 


(X — x) • a = 0, a • a = 0. (12-7) 

This is easily verified if we remember that the tangent plane to the cone 
x" -f i/ 2 + z 2 = ° at Or,, y h z x ) is xxx + yy x -f 2 ^ = 0, and that this plane remains 
the same when we multiply x lf y h z x by a factor X, so that this plane is tangent 
along the generator x :y : z = x x :y x : z x = a x : : a 3 . 
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By selecting x = 0 and taking the XOF-plane through a, the equation of 
plane (12-7) becomes x x = ±ix 2 , so that (12-7) is an isotropic plane. 
Eq. (12-7) is, at the same time, the most general form of the equation of an 
isotropic plane, since a • a = 0 for the planes x\ = ±ix 2 and therefore also 
zero for all positions of a rectangular cartesian coordinate system. 

Substitution of the X of Eq. (12-5) into Eq. (12-7) shows that isotropic 
line (12-5) lies in the plane (12-7). Hence: 

The tangent planes to the isotropic cones are isotropic planes, tangent along 
isotropic lines, and also, although it seems strange at first: 

The normal to an isotropic plane at a point in this plane lies in this plane 
and is tangent to the isotropic cone at that point. 

Isotropic straight lines do not form the only solution of Eq. (12^4). 
We shall now derive the general solution by a method reminiscent of that 
used to pass from Eq. (10-1) to Eq. (10-2). For this purpose we write 
Eq. (12-3) in the form 


dx i -f i dx 2 _ 
dx 3 

This leads to the equations 

dx i . . dx 2 

+ i — = u, 


dx 


dx i — i dx 2 


= u 


dx 


dx 


dx i . dx 2 

— i 


dx 


dxz 


1 

u 


Solving these two equations for dx\/dx 3 and dx 2 /dxz, we obtain the solu¬ 
tion of Eq. (12-4) in the form 


dx i 


dx 2 


do* 3 


u 2 - 1 


i(u- + 1) 2 u Fdu • 


Writing/'"(a) for F(u), we then obtain by partial integration the equation of 
the isotropic curves in the form: 


Xy = (u* - 1)/" - 2 uf + 2/, 

*2 = [(u 2 + 1)/" - 2 uf' + 2 f]i, 

x 3 = 2 uf" - 2f, (12-8) 

where/( m) is an arbitrary analytic function of a parameter u. This repre¬ 
sentation contains, as we see, no integration. It does not give the 
(straight) isotropic lines. 

The tangent line to an isotropic curve at P(x) is given by 

y = x + Xx, (12-9) 

the osculating plane by 

y = x + Xx + M x, or (y - x, x, x) = 0. 


( 12 - 10 ) 



1 - 13 ] 

From Eq. (12-4) follows 
Since 
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x • x = 0. 


(x X x) • (x x x) = (x • x)(x • x) - (x • x) 2 , 

we see that 
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( 12 - 12 ) 


(x X x) • (x X x) = 0. (12-13) 

Hence, comparing with Eq. (12-7), we find that the osculating plane of an 
isotropic curve (not a straight line ) is tangent to the isotropic cone. 

However, all curves whose osculating planes are tangent to the isotropic 
cone are not all isotropic curves. Such curves are characterized by 
Eq. (12-13). In this case we apply the identity 

(a • a)(abc ) 2 = [(a X b) • (a x b)][(a x c) • (a x c)] - [(a x b) • (ax c)] 2 . 

(12-14) 


Identity (12-14) is obtained by substituting p = a x b q 
identity 

(P x q) • (p x q) = (p . p)(q . q) - (p . q)*, 
and applying to p x q the identity 

(u x v) x w = (u - w)v - (v . w)u, 
or 

(a x b) x (a x c) = —[b • (a x c)]a = (abc)a. 


axe into the 


When in this identit}' a = x, b = x, c 
that Eq. (12-13) is satisfied, 


— x, then we obtain for the case 


(x • x)(x x x) 2 = [(x X x) • (x x x)] 2 = 0, (12-15) 

since differentiation of Eq. (12-13) gives 


(x x x) • (x x x) = 0. 

Eq. (12-15) expresses the theorem of E. Study: 

When at every point of a curve the osculating plane is an isotropic plane 
the curve is either an isotropic curve or a curve in an isotropic plane . 


1-13 Ovals. We shall now present some material which no longer 
belongs to local differential geometry, but to differential geometry in the large. 
Theorems in this field do not deal with the exclusive behavior of curves and 
surfaces in the immediate neighborhood of a point, such as the curvature or 
torsion “at” a point, but describe characteristics of a finite arc or segment 
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of the curve or surface. Such theorems are often obtained by means of the 
integral calculus, where local differential geometry is based on the applica¬ 
tion of the differential calculus. For this reason we sometimes oppose 
integral geometry to differential geometry. Classical integration of arc 
lengths, areas, and volumes can be considered as part of integral geometry. 
Although there is no reason to attempt a specific distinction between inte¬ 
gral geometry and differential geometry in the large, we are inclined to use 
the latter term when dealing with such conceptions as curvature and tor¬ 
sion, defined in “local” differential geometry. 

A section of differential geometry in the large which has been rather well 
investigated deals with ovals. An oval is a real, plane , closed, twice differen¬ 
tiable curve of which the curvature vector always points to the interior. Then 
the tangent turns continuously to the left when we proceed counterclock¬ 
wise along the curve. The points can be paired into sets of opposite points, 
at which the tangents are parallel (Fig. 1-38). If t is the unit tangent vec¬ 
tor at P, then ti = —t is the unit tangent vector at the opposite point Pi. 
Then the curvature k = d<p/ds cannot change its sign, since <p is a monotoni- 
cally increasing (decreasing) function of $. 

It will be remembered that in the case of plane curves it is possible to deter¬ 
mine the sign of * by postulating that the sense of rotation t —»n is that of 
OX* OY. When, therefore, k maintains the same sign along the curve, 
the spherical image of the curve is a circle traversed once in the same sense. 


We shall assume the curvature k(s) to be differentiable and > 0. A 
point where k has an extreme value is called a vertex. We now prove the 
following theorem. 

Four-vertex theorem. An oval has at least four vertices. 

lo prove this theorem we observe that when the oval is not a circle it 


has at least two vertices A and B. 


Suppose that there are no more, that 



Fig. 1-39 


Fig. 1-38 
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dn > 0 on one side of AB and dtc < 0 
take dR along the curve (R = K ~ l 


on the other side (Fig. 1-39). 

): 
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This means that i: n dR has the same value when 

taken along the arc AB where dR > 0 and along the 
arc AB where dR < 0. If we take the spherical 
image of n (Fig. 1-10), in which A, and B, corre¬ 
spond to A and B, then we see that the two in¬ 
tegrals give vectors lying in segments of the plane 
in which they cannot add up to zero. Therefore 
there are more than two vertices, and since the 
curve is closed, their number is even. Four is pos¬ 
sible, since an ellipse has four vertices. 



n Jnm ^ e ° rem was found b y S - Mukhopadhyaya, Bull. Calcutta Math. Soc. I 
(1909), CM. geom. papers I, pp. 13-20; here a cyclic point is defined as a point 
where the circle of curvature passes through four consecutive points, a sextactic 
point where the osculating conic passes through six consecutive points etc 

iVn ,^?° rem W ? redlscovered b y A. Kneser, II. Weber Festschrift 1912, pp. 
170-180; several proofs have since been given, e.g., one in W. Blaschke Dif- 

ferentzalgeornetru i p. 31; see also S. B. Jackson, Bull. Amer. Math. Soc. 50, 
Jp 97-102 ^ P ' SCherk ’ Pr ° C ' ^ Canadian Math - Congress, 1945, 


A convenient set of formulas for ovals can 
be obtained by associating two points P(x ) 
and Pi( Xl ) of the oval with parallel tangents 

or opposite points by means of the equations 
(Fig. 1-41); 


x i — x + Xt. + fin, 


x = x(s), (13-1) 


where fi is the width of the curve at p; that 
is, the distance between the two parallel 
tangents at P. Then, denoting the quantities 
at Pi by index 1, we have 
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ti dsi/ds = t + X't -f* X*n + u'n — p«t, 
or, equating the coefficients of t and n on both sides of this equation: 

1 -f- dsi/ds = —A' + fiK, 

0 = A* + m', (13-2a) 

or, in terms of differentials, using the equation k ds = d<p: 

ds + ds t =-d\ + vd<p, 0 = X d<p + dp. (13-2b) 

These equations lead to some simple results in the case of curves of con¬ 
stant width, or orbiform curves , characterized by the property that the dis¬ 
tance between two parallel tangents is always constant. Then dfi = 0. 
Then Eqs. (13-2) give X = 0, and integration from <p = 0 to <p = t shows 
that the perimeter of the curve P is equal to /nr: 



V>- W 


(ds -f dsi) 



/ITT 


In words: 

The chord connecting opposite points of a curve of constant width is per¬ 
pendicular to the tangents at these points. And 

Theorem of Barbier. All curves of constant width /t have the same per¬ 
imeter /I7T. 

The first of these theorems establishes not only a necessary but also a 
sufficient condition. 

A circle is a curve of constant 
width, but there are some curves 
of constant width which are not 
circles. This can be shown by 
following a method indicated by 
Euler. If we wish to construct a 
curve of constant width with 2 n 
vertices, we take a closed differ¬ 
entiable curve with n cusps having 
one tangent in every direction 
(such curves may be called curves 
of zero width). Any involute of 
such a curve is a curve of constant 
width. Let us, for instance take 
n = 3 and let us start with a point 

!l on the tangent at point P (Fig. 1-42). Then, developing the involute 
rom / via B, A , C back to P, we obtain a closed curve with two tangents 



Fig. 1-42 
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in every direction; the distance between two opposite points Q, R is 
QR = PQ + PR = arc PB + DB -f- DB + arc AB — arc AC + arc CP = 
arc BC + arc AB — arc AC + 2 DB. The curvature vector of the involute, 
which at Q is along AP, always points to the interior. 

Curves of constant width were introduced by L. Euler, De curvis triangu- 
laribus, Acta Acad. Petropol. 1778 (1780) II, pp. 3-30, who called them orbiform 
curves, and the curve ABC of Fig. 1-42 a triangular curve. E. Barbier, Journal 
de mathem. (I?) 5 (1860), pp. 2/2—286, connected the theory of these curves with 
that of the needle problem in probability. (See further C. Jordan and R. 
Fiedler, Contribution a Vetude des courbes convexes fermees (1912).) The Eqs. 
(13-2) were first established by A. P. Mellish, Annals of Mathem. 32, 1931, 
pp. 181-190. For more information on differential geometiy in the large see 
W. Blaschke, Differentialgeometrie and Einfuhrung ; also D. J. Struik, Bulletin 
Amer. Mathem. Soc. 37, 1931, pp. 49-62. 


EXERCISES 

1. The limit of the ratio of arc to chord at a point P of a curve is, for chord —> 0, 
unity only when the tangent at P is not isotropic. Prove for the case of a plane 
curve that this limit is 

2 Vk 

k + 1’ 

when A: — 1 is the order of contact of the curve with the isotropic tangent. (E. 
Kasner, Bull. Am. Math. Soc. 20, 1913-1914, pp. 524-531; Proc. Nat. Ac. Sc. 18, 
1932, pp. 267-274.) 

2. Show that the angle of an isotropic straight line with itself is indeterminate. 

3. When a • a = 0, and a • b = 0, (a) show that b lies in the isotropic plane 
through a, (b) that every vector c for which c • a = 0 lies in this plane. 

4. Isotropic curves are helices on all cylinders passing through them. 

5. The equation 

(Xt - Xl )[L=^j - i(X 2 - Z2)(Mp- 2 ) + (X, - x 3 )u = 0, 
represents an isotropic plane. 

6 . By means of the expressions x • x, (x x x), x x x, (x x x) • (x x x) charac¬ 
terize: (a) regular straight lines, (b) regular plane curves, (c) isotropic straight 
lines, (d) isotropic curves, (e) curves in isotropic planes. 

(E. Study, Transactions Am. Mathem. Soc. 10, 1909, p. 1.) 

What is k and r in each case? 

( Example: For a regular straight line x • x 5 ^ 0, x x x = 0, (x x x) • (x x x) = 0; 
(xxx) = 0.) 
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7. By using the identity 
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show that a plane isotropic curve is a straight line (E. Study, foe. cit.). 

8. The sum of the radii of curvature at opposite points of a curve of constant 
width is equal to the width. 


9. The statements: 

(a) an oval is of constant width, 

(b) an oval has the property that PPi is constant (constant diameter ), 

(c) all normals of an oval are double (i.e., are normals at two points), 

(d) for an oval the sum of the radii of curvature at opposite points is constant, 
are equivalent, in the sense that, whenever one of the statements (a), (b), (c), (d) 
holds true, all other statements are true (A. P. Mellish). 

10. The perimeter of an oval is equal to 7r times its mean width, the mean taken 
with respect to the angle <p. 


11. Show that for a general oval the width p satisfies an equation of the form 


where f((p) = R -f R x . 


(Pji 

d<p 2 


+ M = /(*>)> 


12. The curves with equation 


x 4 + y 4 = 1 , 

have eight vertices, situated on the lines x = 0, y = 0, x ± y = 0. 


13. Curvature centroid. This is the center of gravity of a curve if its arc is 
loaded with a mass density proportional to its curvature. Show that the curvature 
centroid of an oval and of its evolute are identical. 


14. Pedal curve. The locus of the points of intersection of the tangents to a 

curve ( and the perpendiculars through a point A on these tangents is the pedal 

curve of C with respect to A. Find the pedal curve of a circle with respect to a point 
on its circumference. 


15. If P is a point on a curve C and Q is the corresponding point of the pedal 
cui\(* of C with respect to a point A (see Exercise 14), then AQ makes the same 
angles with the pedal curve which AP makes with C. Hint: If C is given by x = 
x (s), write the pedal curve as y = (x • n)n. 




MONGE 



y = x - Inx 




Fig. 1-43 

16. The curves y = x — lnx, y = x + lnx are not congruent (Fig. 1-43). Show 
that nevertheless both equations have the same natural equation. The reason is 

that the two curves can pass into each other by an imaginary motion (G. Scheffers, 
Anwendung I, p. 17). 

1-14 Monge. We have already had an opportunity to mention some 
of the contributions of this mathematician, who, with Gauss, can be con¬ 
sidered the founder of differential geometry of curves and surfaces. Gas - 
pard Monge (1746-1818) started his career as a professor at the military 
academy in M6zi&res (on the Meuse, in N. France), where he developed 
our present descriptive geometry. During the Revolution he was an 
active Jacobin and occupied leading political and scientific positions; as 
temporary head of the government on the day of the King’s execution he 
incurred lasting royalist resentment as the chief regicide. After 1795 he 
became the principal organizer of the Polytechnical School in Paris, the 
prototype of all our technical institutes and even of West Point. Many 
leading mathematicians and physicists such as Lagrange and Ampere were 
connected with this School. Monge was a great teacher, and his lessons in 
algebraic and differential geometry inspired many younger men; among 
them were V. Poncelet, who established projective geometry, and C. Dupin , 
who contributed greatly to the geometry of surfaces. Other pupils of 
Monge were J. B. Meusnier , E. L. Malus , M . A . Lancret , and O. Rodrigues , 
who all have theorems in differential geometry named after them. Monge’s 
most important papers on the geometry of curves and surfaces have been 
collected in his Applications de VAnalyse a la Geometrie (1807), of which the 
fifth edition appeared in 1850, with notes of J. Liouville. Monge enjoyed 
the confidence of Napoleon, and was discharged as director of the Poly¬ 
technical School after the fall of the emperor. He died soon afterwards. 
The main ideas of Chapter 2 are due to Monge and his pupils. Those of 
Chapter 1 were in part also developed by these men, and in part by a later 
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school of French mathematicians, who associated themselves with the 
Journal de M athematiques pures et appliquees , continuously published since 
1836, when it was founded by Joseph Liouville (1809-1882). These authors 
included A.J. C. Barre de Saint Venant (1796-1886), who became interested 
in the theory of curves through his work in elasticity, and a group of 
younger men, notably F. Frenet (1816-1888), J. A. Serret (1819-1885), 
V. Puiseux (1820-1883) and J. Bertrand (1822-1900), whose principal 
papers in this field were written in the period 1840-1850; J. Liouville gave 
a comprehensive report on these investigations in Note I to the 1850 edition 
of Monge’s Applications. 



CHAPTER 2 


ELEMENTARY THEORY OF SURFACES 

2-1 Analytical representation. We shall give a surface, in most cases, 
by expressing its rectangular coordinates x t - as functions of two parameters 
u, v in a certain closed interval: 

Xi = Xi(u , v), U! ^ u ^ u 2) Vi ^ v ^ v 2 . (1-1) 

The conditions imposed on these functions are analogous to those im¬ 
posed on the conditions for curves in Section 1-1. We consider the func¬ 
tions Xi to be real functions of the real variables u, v , unless imaginaries are 
explicitly introduced. When the functions are differentiable to the order 
n — 1, and the nth derivatives exist, we can establish the Taylor formula: 

Xi(u ’ v) = x ' {Ua> Vo) + h (tr) 0 + k (?;i + h{ h £ + k £) 0 Xi+ "' 

xi+ h{ h ~L +k £) 0 Xi( - u ° +eh ’ v ° +9k) ’ 

o < e < i. (i- 2 ) 

The parameters u and v must enter independently, which means that 
the matrix 

dx dy dz 

du du du x u y u z u 

dx dy dz ’ x v y v z v 

dv dv dv 

has rank 2. Points where this rank is 1 or 0 are singular points ; when the 
rank at all points is 1 the Eqs. (1-1) represent a curve, as in the case 

x = u + v, y = ( M + v y, z = ( M + y )3_ (1-4) 

When two determinants of the matrix (1-3) vanish, all three vanish (un¬ 
less one column contains two zeros), but the vanishing of only one determi¬ 
nant does not mean that the point is singular. If, for example, the surface 
is given by 

x = u + v > V = u + v, z — uVj (1-5) 

then x u y v x v y u 0, but x u z v x v z u 5*^ 0, and the surface is a plane 
through the .Z-axis. Another example is 

x = V = fi(u ), z = v, (l-(5) 

which represents a cylinder. 
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Singular points may appear because 
of the nature of the surface and also 
because of the particular choice of the 
coordinates. An example of the second 
case is the sphere referred to latitude 6 
and longitude <p: 

x = a cos 6 cos <p, 

y = a cos 6 sin <p, (1-7) 

z = a sin 0, 




— a sin 0 cos <p 

— a cos 0 sin <p 


— a sin 0 sin <p 
-\-a cos 0 cos (p 


a cos 0 
0 


(a = const), 


which has a singular point at 0 = - (the North Pole if the A'OF-plane is 
the equator, Fig. 2-1). This is clearly due to the choice of parameters. 


For a circular cone, with coordinate representation (Fig. 2-2): 

x = u sin a cos <p, y — u sin a sin <^>, z — u cos a, (1-8) 



sin a cos ^ sin a sin cos a 

— u sin a sin <p u sin a cos <p 0 


(a = const), 


we find a singular point at u = 0, which 
is the vertex, a particular point of the 
surface. 

When we write the equation of the 
surface in vector form: 

X = x(u, v) = Tie! + T>e> + T 3 e 3 , (1-9) 

the condition that the rank of matrix 
M be 2 can be written in the form 

x„ Xx^O (1-10) 

(x u = dx/du, x v = dx/dv). 

This equation allows a simple geometri¬ 
cal interpretation. When we keep v 
constant in Eq. (1-1) or Eq. (1-9), 
the x depends on only one parameter a 
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and thus determines a curve on the surface, a parametric curve , v = con¬ 
stant. Similarly, u = constant represents another parametric curve. 
When the constants vary, the surface is covered with a net of parametric 
curves, two of which pass through every point P, forming the family of oo 1 
curves v = constant and the family 
of oo 1 curves u = constant. At P 
the vector x u is tangent to the curve 
v = constant, and x v is tangent to 
the curve u = constant (see Section 
1~2). Condition (1-10) means that 
at P the vectors x u and x* do not 
vanish and have different directions. 

(See Fig. 2-3.) 

We also call ( u , v) the curvilinear coordinates of a point on the surface. 
As curvilinear coordinates of a point on the sphere we may select latitude 
and longitude, a familiar procedure in geography; polar coordinates are 
an example of curvilinear coordinates in the plane (rectilinear coordinates 
can be considered as a special case of curvilinear coordinates). The para¬ 
metric curves are also called coordinate curves . 

When we pass from one system of curvilinear coordinates to another 

u = u(u, v), v = v(u, v), (1-11) 

we obtain the equation of the surface in the new form 





x = x(u , v). 


The tangent vectors to the new parametric lines x a and x e are expressed 
as follows in terms of x tt , x v : 


so that 



( 1 - 12 ) 


x 5 X x E 


( u v\, x 

u vP" X x ”>- 


(1-13) 


We see that the inequality (1-10) continues to hold for the new system of 
coordinates, provided the functional determinant 



du 

dv 

du 

du 

du 

dv 

dv 

dv 


7 * 0 . 


(1-14) 
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We shall consider only coordinate transformations of this kind, which 
change systems in which x u and x v have different directions into systems in 
which x Q and x- v have different directions, or at any rate restrict our study 
of the surface to regions where (1-14) holds. Eq. (1-14) can also be inter¬ 
preted by saying that we consider only those transformations by which 
independent parameters pass into independent ones in accordance with 
formula (1-10). 


2-2 First fundamental form. A relation <p(u, v) = 0 between the curvi¬ 
linear coordinates determines a curve on the surface. Such a curve can 
also be given in parametric form: 

u = u(t ), v = v{t). (2-1) 

The vector dx/dt = x, at a point P of the surface, given by 

x = x u u -j- x v i>, (2-2) 

is tangent to the curve and therefore to the surface. Eq. (2-2) can be 
written in a form independent of the choice of parameter: 


dx = x u du + x„ dv. 


(2-3) 


When the curve is given by <p(u, v) = 0, the dxi and dv are connected by 
the relation 

ip u du + *p 0 dv = 0. (2-4) 


The ratio dv/du = — <p u /<p v is sufficient to determine the direction of the 
tangent to the surface. 

The distance of two points P and Q on a curve is found by integrating 

3 

ds 2 = ^ dxi dx i = dx • dx (2-5) 

t- i 

along the curve; and substituting for dx the values (2-2), we find 


ds 2 = (x u du + x v dv) • (x u du + x p dv) = E du 2 -f 2 F du dv + G dv 2 , (2-6) 


where 


E x u • x u , F — x u • x v , 


G = x p • x r . 


(2-7) 


The E, F , G are functions of u and v. 
the curve u = u(t), v = v(t) can now be 


The distance between P and Q on 
expressed as follows: 
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The expression (2-6) for ds* is called the first fundamental form of the 
surface. It is a quadratic differential form; its square root ds can be taken 
as the length \dx\ of the vector differential dx on the surface, and is called 
the element of arc. Since ds is a length, 


E du 2 -f- 2F du dv + G dv 2 

is always positive (except zero for du = dv = 0), as long as we study real 
surfaces; such a form is called positive definite. Since 


and 

we see that 


ds 2 = | (E du + F dv) 2 + ^ F * dv 2 


E = x u • x„ > 0, 
EG — F 2 > 0. 


This also follows from Eq. (1-10), because x a x x, ^ 0, so that 

(x u x x„) • (x u x x„) = (x u • x u )(x„ • x„) — (x u • x v ) 2 = EG — F 2 . (2-8) 

This inequality continues to hold under a change_of_curvilinear coor¬ 
dinates, since according to Eq. (1-13) for the new E, F, G the equation 
holds 

EG-F 2 = (“ l)\ EG - F 2 ). (2-8a) 

With the aid of E, F , G we can express the angle a of two tangent direc¬ 
tions to the surface given by du/dv } 8u/8v. Then 


and 


cos <x — 


dx * 8x 

|dx||$x 


dx x u du — f - x v dv } 8x — x u 8u ~j~ x r 8v 

= du 8u + (x u • x v ) (du 8v + dv 8u) + (x„ • x v ) dv 8v 

|dx||5x| 



/du 8v dv 8u 


du 8u . 

ds 8s \ds 8s ds 8s 


) + G 


dv 8v 
ds 8s 


(2-9) 


The following cases of Eq. (2-9) are particularly important: 

1. When a = tt/ 2 we obtain the condition of orthogonality o 
tions on the surface: 


E du 8u + F(du 8v + dv 8u) -j- G dv 8v = 0. 


(2-10) 
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2. The angle 0 of the parametric lines u = constant (hence du = 0, 


dv arbitrary) and v = constant (hence bu arbitrary, bv = 0), is given by 


cos 0 


sin 0 


F dv bu _ F 

VG dv- Ve bu 2 ~~ 

VEG - F 2 

Veg 


( 2 - 11 ) 


3. The 'parametric curves are orthogonal if F — 0. 

Examples. (1) Sphere (coordinates in Eqs. (1-7)). Squaring of the ele¬ 
ments of the first row in M gives E = a 2 , and similarly F = 0, G = a 2 cos 2 0: 

ds 2 = a 2 dd 2 + a 2 cos 2 0 dtp 2 . (2-12) 


Since F = 0, meridians and parallels are shown to be orthogonal. 

The loxodromes on the sphere (see Exercise 19, Section 1-11) are the 
curves which intersect the planes through a diameter, and hence the merid¬ 
ians, at a given angle a. Let the meridians be the curves tp = const. 
Then, in Eq. (2-9), dv = d<p = 0, and therefore 


COS a = 


E du bu 
dsVE bu 2 




dO 
ds' 


cos 2 a (dd 2 + cos 2 0 dtp 2 ) = d0 2 f 
dO /cos 6 = + cot a dtp, 


± (<P + c) cot a = In tan 



The ± indicates that the loxodromes can wind around the sphere in a right- 
handed or a left-handed sense. When for given c and a (and the + sign) 

the angle increases from — oo via — c to +oo, tan ^ increases from 0 

This shows that the loxodromes 


via 1 to co, and 6 from — ^ via 0 to ^ 

A Z 


wind in spiral-like fashion around the poles as asymptotic points. Loxo¬ 
dromes on the sphere (and in particular on the globe) are also called rhumb 
lines. 

(2) Surface of revolution. W hen the Z-axis is taken as the axis of revolu¬ 
tion of the curve z — f(x) in the plane y = 0 (this curve is the profile of the 
surface), the resulting surface (Fig. 2-4) can be given by the equations 


x = r cos tp t 


y = r sin tp , 


2 = /(r). 


(2-13) 



2-2] 


FIRST FUNDAMENTAL FORM 


61 



Fig. 2-4 Fig. 2-5 


The curves r = constant are the parallels, and the curves <p = constant are 
the meridians of the surface. Here 


M = 


and 


— r sin <p r cos <p 


When 


ds 2 = (1 + p) dr 2 + r 2 d*> 2 . 


(2-14) 


r = m sin a, /(r) = r cot a = w cos a (a = constant), (2-15) 

we have a cone of revolution (see Eq. (1-8)) with the first fundamental 
form: 


ds 2 = esc 2 a dr 2 + r 2 = dw 2 + u 2 sin 2 a d^) 2 . 


(2-16) 


Meridians and parallels are again orthogonal. 

(3) Right conoid. Such a surface is generated by a straight line moving 
parallel to a plane (here the plane 2 = 0) and intersecting a line perpendicu¬ 
lar to this plane (here the Z-axis, Fig. 2-5). Then its equation is 


x — r cos <p, y = r sin <p, z = f(<p). 


(2-17) 


The curves r = constant are the loci of the points at fixed distance r from 
the Z-axis, and the curves <p = constant are straight lines. Here 


M = 


and 


cos <p sin (p 0 
r sin <p r cos <p /' 


ds 2 = dr 2 + ( r 2 + p) d<p 2 . 


(2-18) 


The coordinate curves r = constant and <p = constant are orthogonal. 
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When f(<p) = a<p + b (a, b constants) we have the right helicoid (see Section 
1-3), for which 

ds 2 = dr 2 + (r 2 + a 2 ) d<p 2 . (2-19) 

The curves r = constant are circular helices of equal pitch. Surfaces ob¬ 
tained by the motion of a straight line in space are called ruled surfaces; 
the right conoids are special cases of ruled surfaces, as are cones and 
cylinders. 


2-3 Normal, tangent plane. All vectors dx/dt through P tangent to 
the surface satisfy the Eq. (2-2) and therefore lie in the plane of the vectors 
x u and x p , uniquely determined at all points where x u X x t ^ 0 (compare 
with Eq. (1-10)). This plane is the tangent plane at P to the surface. Its 

equation is 

X = x -f Xx u + fix v , X, m parameters, (3-la) 

or 

X\ — X\ X2 X2 X3 r 3 
dx\ dx 2 dxs 

du du du 

dx\ 8x2 dr 3 

dv dv dv 

where the derivatives are taken at Fig. 2-6 

P (xi, r 2 , r 3 ). 

The surface normal, normal for short, is the line at P perpendicular to 
the tangent plane. As unit vector in this normal we take (Fig. 2-6): 




X X IL _x„ X Xp 

x Xp| VEG — F 2 



We also might have taken — N as unit normal vector, since the sense of N 
depends on the labeling of the coordinate curves. 

Since 

x„ • N = 0, Xp • N = 0, (3-3) 


we conclude from Eq. (1-2), using the theory of contact presented in Sec¬ 
tion 1-7: 

The tangent plane has , of all planes through P, the highest contact with the 
surface. This contact is (at least) of order one. 


* VEG — F- will always mean T VEG — F*, 
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In the texts on the calculus * it is shown that the area of a region R on 
the surface is given by 



V EG — F 2 du dv. 


The formula can be made plausible by the consideration that the 
area of a small parallelogram bounded by the two vectors dx and <5x is 
dA = |dx x Sx| = V EG — F 2 | du 8v — 8u dv |. Taking for dx and 8x vec¬ 
tors tangent to the coordinate lines ( 8u = 0 , dv = 0 ), and writing dv for 8v (in 
accordance with the established custom of integration theory), we obtain 


dA = V EG — F 2 du dv. 


(3-4) 


Examples. (1) 
Eq. (2-14) with 

we have 


Circular cone. Here, according to Eq. (1-8) and 
f(r) = r cot a, r = u sin or, 

V EG — F 2 = u sin a, 


and the coordinates of N are 

N(ATi =-cosacosy?, N 2 = — cos a. sin (p, N 3 = sin a). 

N is independent of r (or u ), which means that at all points along a gener¬ 
ating line the tangent plane is the same. 

(2) Right helicoid. According to Eq. (2-19): 

VEG — F 2 = Vr 2 4- a 2 , 

and according to Eq. (2-18): 

a sin <p —a cos <p r 

\vV 2 -j- a 2 ’ Vr 2 -f- ~a 2 ' y/r 2 Fig. 2-7 

If we call 7 the angle that N makes with the Z-axis, we have 





T 

COS 7 = N 3 , cot 7 = “* 

CL 

This shows that when a point P moves along a generating line the tangent 
plane turns about this line such that its angle with the central axis changes 
from 0 ° on this axis to 90°, the tangent of this angle changing proportionally 
to r (Fig. 2-7). This will be more explicitly discussed in Section 5-5. 


* e.g. P. Franklin, loc. cit. f Section 1-1. 
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(3) Tangential developable. This is the surface gener¬ 
ated by the tangent lines to a space curve. If this 
curve C is given by the equation 

x = x(s), with unit tangent vector t = t(s), 

then the equation of the surface is (Fig. 2-8) 

y(s, v) = x(s) 4- vt(s), (3-5) 

where v is the distance from a point P on a generating 
line of the surface to its tangent point A on C. Here 

y„ = t + vki i, y„ = t, y« X y„ = vku x t = — web, 

N = b(or -b). 

The tangent plane along a generator coincides with the oscu¬ 
lating plane of the point on C through which the generator 
passes. It is therefore the same along a generator. 



Fig. 2-8 


EXERCISES 

1. The following surfaces are given in parametric form. 

(a) Ellipsoid: 

x = a sin u cos v, y = b sin u sin v , z = c cos u. 

(b) Hyperboloid of two sheets: 

x = a si nh u cos v, y = 6 sinh u sin v , z — c cosh u. 

(c) Cone: 

x = a sinh u sinh v, y = b sinh u cosh t>, z — c sinh u. 

(d) Elliptic paraboloid: 

x = au cos v, y = bu sin v, z = u*. 

(e) Hyperbolic paraboloid: 


z = u\ 


X = au cosh v, y = bu sinh c, z = u\ 

Find the equations of these surfaces in the form F(x t y, z) = 0. What kind of 
curves are the coordinate curves u = constant, v = constant in each case? 

2. Show that (a) the hyperbolic paraboloid can also be given by the equations: 

x = a(u + v), y = b(u — v), z = tw, 

and (b) the hyperboloid of one sheet is given by 


z = uv. 


u — v 
u -f v 



u + v’ 



uv — 1 

c --— 

u 4 - v 


^’hat. are the curves u = constant, v = constant? 

(c) Also study the surface x = u } y = v, z = U v. 
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3. Given a surface by the equation 2 = fix, y). (a) Find the first fundamental 

form and N. (b) Do the same if the equation is F(x, y, z) = 0. 

4. Show that the element of area of the surface with equation z = f(x, y) is 

dA = V1 p 2 q 2 dx dy, p = dz/dx, q = dz/dy. 

5. Show that the orthogonal trajectories of the family of curves given by 

M du + N dv = 0 

are given by 

(EN - FM) du + (FN - GM) dv = 0, 

and use this formula to find the orthogonal trajectories of the circles r =a cos 6 in 
the plane for all values of a (use polar coordinates). 

6. Show that the necessaiy and sufficient condition that the curves 

A du 2 + 2 B du dv C dv 2 = 0, A, B, C functions of u, v , 

form an orthogonal net is 

EC - 2 FB + GA = 0. 

7. Show that the curves dr 2 — (r 2 + a 2 ) dip 1 = 0 on the right helicoid (see Eq. 
(2-19)) form an orthogonal net. 

8. When the first fundamental form of a surface can be written in the form 

ds 2 = du 2 + G(u , v) dv 2 , 

the curves u = constant cut equal segments from all curves v = constant. Since 
the curves u = constant, v = constant are also orthogonal, we call the curves 
u = constant parallel. 

9. Assume the parametric curves to be orthogonal. Show that the differential 
equation of the curves bisecting the angles of the parametric curves is 

Edu 2 - G dv 2 = 0. 

10. Show that the curves on the cone (1-8) given by 

u — c exp (ip sin a cot /3), 

cut the generating lines at constant angle /3. Show that they project on the XOY- 
plane as logarithmic spirals. 

11. What is the length of a loxodrome on a sphere which starts at the equator 
at an angle a. with the meridian and ends up by winding around a pole? 

12. The locus of the mid-points of the chords of a circular helix is a right helicoid. 

13. Show that the locus of the projections of the center of an ellipsoid 

?! + £ + ?! = i 

a 2 'b 2 '^ c 2 

on its tangent planes has the equation 

(x 2 + V 1 + z 2 ) 2 = a 2 x 2 + bhf + c 2 z\ 

This is the pedal surface (compare with Section 1—13, Exercise 14) of the ellipsoid 
with respect to its center. It is called Fresnel's elasticity surface. 
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2-4 Developable surfaces. Tangent developables share with cones 
and cylinders the property that they have a constant tangent plane along 
a generating line. Their tangent planes therefore depend on only one 
parameter. Such surfaces can be considered as the envelope of a one- 
parameter family of planes. We shall show that they are the only sur¬ 
faces that can be considered as the envelope of such a family of oo 1 planes. 
Such a family can be given by the equation 

x • a + p = 0, (4-1) 

where the a and p depend on a parameter u. We exclude the case that 

a' = da./du = 0, 

which gives a family of parallel planes, as does the case that a and a' are 
collinear. The planes determined by the parameters u = U\ and 
u = Ui(ui < u 2 ) then intersect in a straight line, which also lies in the plane 

x • (a(w,) — a(u 2 )j + p(wi) — p(iq) = 0, 

or, applying Rollers theorem, 

X\a[(v\) -f *202(^2) + ^303(^3) + p'(wi) = 0, U\ ^ Vi ^ u 2 , U\ ^ Wi ^ u 2 . 

When no —* iq we find that this line takes a limiting position given by 

x • a + p = 0, x • a' + p' = 0, p' = dp/du, (4-2) 

This line is called the characteristic of the plane (4-1). 

The planes determined by the parameters ?/ = tq, u — u 2 , and 
u = w 3 (m 1 < u 2 < w 3 ) intersect in a point, which also lies in the planes 

x • a'(^i) + p'(wi) =0, x • a'(c 2 ) + p'(w 2 ) = 0, x • a”(r 3 ) + p"(u>s) = 0; 
Ui^vi ^ m 2 , u 2 ^c 2 ^w 3 , tq^i> 3 ^t> 2 , ?q W\ ^ u 2 , w 2 ^ie 2 ^M 3 , 

When w 3 —» m 2 —► iq we find that this point takes a limiting position 
given by 


x • a + p = 0, x • a' + p' = 0, 


a" 4- p" = 0. (4-3) 


I his point is called the characteristic point of the plane (4-1). It lies on 
the characteristic line. It does not exist when (a a'a") = 0, in which 
case the vector field a(u) is plane. But the vector a is perpendicular to plane 
(4-1). When the vectors a(n) are parallel to a plane 7 r, the planes (4-1) 
are all parallel to the direction perpendicular t 0 7 i\ In this case the envelope 
of the planes (4-1) is therefore a cylinder with generating lines perpendicular 
to the plane 7r (except in the case that the planes form a pencil and the 
“envelope” is a straight line). 
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When the characteristic point is the same for all planes the envelope is a 
cone generated by all characteristic lines. 

In the general case there exists a locus of characteristic points, which is a 
curve C. We shall show that the characteristic line is tangent to C at its 
characteristic point. For this purpose let us consider Eq. (4-3) solved for 
x, which then becomes a function of u. Differentiation of the first two 
equations of (4-3) shows that 

x' • a + x • a' + p' = 0, x' • a' + x • a" + p" = 0, 

which, when compared with Eq. (4-3), gives 

x' • a = 0, x' • a' = 0. (4-4) 

This means that the tangent vector x' to C has the direction of line (4-2). 
Since it passes through the characteristic point, x' must lie in the character¬ 
istic fine. Similarly, differentiating the first equation of (4—4), we obtain 

x' • a' + x" • a = 0. 

Comparing this with the second equation of (4-4) we find that x" • a = 0, 
which with x' • a = 0 means that the vector x' X x" is parallel to a. The 
osculating plane of the curve C at the characteristic point is therefore 
identical with the plane (4-1). We have thus found the following theorem. 

A family of oo 1 planes, which are not all parallel and which do not form a 
pencil, has as its envelope either a cylinder, a cone, or a tangential developable. 
This envelope is generated by the characteristic lines of the planes, which in the 
case of a cone all pass through the one characteristic point and in the case of a 
tangential developable are all tangent to the locus of the characteristic points. 

The locus of the characteristic points is called the edge of regression 
(French: arete de rebroussement ; German: Riickkehrkante). It reduces to a 
point in the case of a cone. Its name is due to the fact that the intersection 
of a tangential developable with the normal plane to this edge of regression at 

one of its points P has a cusp at that point. 

This property expresses the fact that the developable consists of two 
sheets which are tangent at the edge of regression along a sharp edge. We 
show this property analytically by taking the trihedron (t, n, b) at P as the 
coordinate tetrahedron (t/i, 2 / 2 , 2 / 3 ) t<o which the surface is referred. 

y = x + M t = st + | 2 Kn + ^ (-« 2 t + <c'n + Krb) + o(s 3 ) 

+ u ft + sku + |- (— « 2 t + x'n + Krb) + o(s 2 )J- 
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The intersection with the normal plane at P is determined by y x 
or by 

s — s 3 + o(s 3 ) + u £l — s 2 + o(s 2 )J = 0, 

hence 

u = — s — s 3 4- o(s 3 ). 


[ch. 2 
= 0 , 


Substituting this value of u into the expressions for y 2 and t/ 3 , we obtain 


2/2 = ^ s 2 4- o(s 2 ) 4- u{ks 4- o(s)} = — ^ s 2 4" o(s 2 ), 

2/ 3 = s 3 4- o(s 3 ) 4- u | ~ s 2 + o(s 2 ) J = — y s 3 4- o(s 3 ). 

We thus obtain for the required intersection in first approximation 

yl =-%r 2 Ryl (4-6) 

which shows that the intersection of the surface with the normal plane to 
the curve has a cusp with the principal normal as tangent (Fig. 2-9). The 
edge of regression appears as a sharp edge on the surface (Fig. 2-10). 
For this reason it is sometimes called the cuspidal edge. Comparison of 
(4-6) with Chapter 1, Eq. (6-4) shows that the cusp of this normal section 
has a sense opposite to that of the projection of the cuspidal edge on the 
normal plane at P. 

Cylinders, cones, and tan¬ 
gential devclopablesare called 
developable surfaces , or simply 
developables (German, some¬ 
times: Torscn). If we let one 

b 


Fig. 2-9 Fig. 2-10 




> 
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tangent plane coincide with a plane 7 r, we can turn the “next” tangent 
plane about the characteristic line into 7 r, then the “next” plane, etc., and 
in this way develop the surface into the plane. Conversely, we can obtain 
a developable surface by bending a plane, without stretching or shrinking, 
so that the metrical properties of the plane are unchanged. This can be 
demonstrated with a piece of paper, which can be bent without stretching 
around a cylinder. A piece of paper in the form of a circular sector can be 
bent around a cone; the radius of the sector becomes the slant height of the 
cone (Fig. 2-11). A tangent developable of a circular helix can be ob¬ 
tained by cutting a circle out of a piece of paper and twisting the remaining 
part of the paper along an appropriate circular helix on a cylinder 
(Fig. 2-12); the tangents to the circle become the generating lines of the 
developable (Fig. 2-13). We shall later give an exact proof of this property 
of a developable. 

The two sheets of the developable are characterized by v > 0 and v < 0 
in Eq. (3-5); v = 0 gives the edge of regression. 

Examples. (1) Developable helicoid (Fig. 2-13). This is the surface gen¬ 
erated by the tangents to a circular helix. Since 

X\ = a cos u, 0*2 = a sin u, X 3 = bu, 
the surface has the equations: 

7/1 = a cos u — av sin u, y 2 — a sin u -f- av cos a y y 3 = bu + bv . 

The parameters are u and v. This surface intersects the A'OT-plane in the 
curve for which y 3 = 0 or y = — u: 

y 1 = a cos u + au sin u t 
7/2 = a sin u — au cos u f 

which is a circle involute. This also follows 
from the fact that the projection of the tan¬ 
gent to the helix between the point P on the 
helix and the intersection with the XOY - 
plane is bu tan 7 = au. (Compare with 
Sections 1-2 and 1-11.) 

The circle involute intersects itself in an 
infinity of points (only one of these points is 
constructed in Fig. 2-14). As the tangent 
surface participates in the helicoidal motion 
by which the circular helix is generated, we 
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see that the developable helicoid has an infinity of double lines where the sur¬ 
face intersects itself. These double lines are also helices. 

(2) Polar developable. This is the surface enveloped by the normal 
planes of a space curve, the equations of which have the form 


(X — x) • t = 0, (4-7) 

where x and t are functions of the arc length s of the curve, and X is a 
generic point, independent of s. The parameter is $. The characteristics 
are given by Eq. (4-7) and 

— t • t + (X — x) • m = 0, (4-8a) 

or 

(X — x) • n = k~ 1 = R; (4-8) 

the characteristic points are given by Eqs. (4-7), (4-8), and 

-t • n + (X - x) • (-Kt + rb) = R\ 
obtained by differentiating either Eq. (4-8) or (4-8a). Hence 

(X - x) • b = TR'. (4-9) 

The edge of regression of the polar developable is the curve 

X = x + Rn + TR’ b, 

which according to Chapter 1, Eq. (7-5) is the locus of the centers of the 
osculating spheres; the generating lines of the developable are the polar 
axes. This polar developable can be taken as the space analog of the 
evolute of a plane curve, which is the envelope of the normal lines. This 
can be seen by interpreting Eqs. (4-7) and (4-8) for plane curves. We can 
also say that just as two consecutive normals of a plane curve intersect 
in a point of the evolute, so do three consecutive normal planes of a space 
curve intersect in a point of the locus of the centers of the osculating spheres. 

(3) Tangential developable. The envelope of the osculating planes of a 
space curve is the tangential developable, since 

(X - x) • b = 0, 

— t • b — (X — x) • rn = 0, or (X — x) • n = 0, 

—t • n + (X — x) • (— Kt -f- rb) =0, or (X — x) • t = 0 

gives the curve itself as the edge of regression and its tangents as the char¬ 
acteristic lines. 
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(4) Rectifying developable. The envelope of the rectifying planes of a 
space curve is determined by 

(X — x) • n = 0, (X — x) • (— Kt + rb) = 0 

as the locus of lines in the rectifying plane passing through the point P of 

the curve and making an angle tan -1 ^ with the positive tangent direction. 

We shall meet this developable later, where the name will be explained. 

A space curve is the locus of oo 1 points, a developable the envelope of oo 1 
planes. This leads to a duality between space curves and developables 
which can be indicated as follows: 


Curves 

2 points determine a line. 

3 points determine a plane. 

2 consecutive points on a curve de¬ 

termine a tangent line. 

3 consecutive points on a curve de¬ 

termine an osculating plane. 

The curve is the envelope of oo 1 tan¬ 
gents. 

The curve is the edge of regression of 
the developable enveloped by the 
osculating planes. 

Plane curve. 


Developables 

2 planes determine a line. 

3 planes determine a point. 

2 consecutive planes of the family of 

oo 1 planes determine a character¬ 
istic line. 

3 consecutive planes of the family of 

oo 1 planes determine a character¬ 
istic point. 

The developable is generated by oo 1 
characteristic lines. 

The developable is the envelope of 
the osculating planes of the curve 
generated by the characteristic 
points. 

C one. 


The analogy is not complete. Two points, for instance, always determine 
a straight line, but two planes may be parallel. To extend the analogy to cases 
which involve elements at infinity and metrical relationships involves a deeper 
study of affine and non-Kuclidean geometry in terms of projective geometry. 


Developable surfaces are generated by straight lines, but not all surfaces 
generated by straight lines, the so-called ruled surfaces y are developable. 
An example is the hyperboloid of one sheet, which is a ruled surface, but 
not developable, since the tangent plane varies when the point of tangency 
moves along a generating line. We discuss this further in Section 5-5. 
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SECOND FUNDAMENTAL FORM 



EXERCISES 

1. Find the envelope of the planes 

(a) u 3 — 3u 2 X\ -b 3uxo — xz — 0. 

(b) Xi sin u — x -2 cos u + .1*3 tan 9 — au = 0. (9, a are constants) 

2. Show that the tangent developable of the cubic parabola 


is the surface 


X\ = u, X2 = u 2 , x 3 = u 3 


4 ( 2*2 — X?)(XiX 3 — x\) — (. X1X2 — Xz ) 2 = 0 . 


3. The rectifying developable of a curve is the polar developable of all its 
involutes. 

4. When the polar developable of a curve is a cone the curve lies on a sphere. 

5. When the envelope of the rectifying planes of a curve is a cone the curve 
satisfies the condition r /k = as + b, where a and b are constants. Can the en¬ 
velope of the osculating planes be a cone? 

6. Show that the envelope of the planes which form with the three coordinate 
planes a tetrahedron of constant volume, is the surface x y z = constant. 

7. The osculating plane of the edge of regression at a point P of a curve cuts 
the developable in a generating line (counted twice) and in a curve of which the 
curvature at P is -|k, k being the curvature of the edge of regression at P. 

8. The rectifying plane of the edge of regression cuts the developable in a gen¬ 
erating line (counted once) and in a curve with a point of inflection at P, the generat¬ 
ing line being the inflectional tangent. 

9. Envelopes of straight lines in the plane. If a family of 00 1 lines in the plane 
is given by a • x -+- p = 0 (Eq. (4—1), Section 2-4), where a = a(s), p = p(s) then 
its envelope, if it exists, is given by 

a • x -b p = 0, a' • x -b p' = 0. 

Prove that the lines of the family are tangent to the envelope. When is there no 
envelope? 

10. Find the envelope of a line of constant length a which moves with its ends 
on two perpendicular lines. This curve is a hypocycloid of four cusps. 

11. Have the principal normals of a curve an envelope? 

12. Have the binormals of a curve an envelope? 


2-5 Second fundamental form. Meusnier’s theorem. The geometry 
of surfaces depends on two quadratic differential forms. We have already 
introduced the first of them, which represents ds 2 . The second fundamental 
form can be obtained by taking on the surface a curve C passing through 
a point P, and considering the curvature vector of C at P (see Chapter 1, 
Eq. (4-4)) . When t is the unit tangent vector of C t this curvature vector k 



74 


ELEMENTARY THEORY OF SURFACES 


[CH. 2 


is equal to dt/ds. We now decompose k into a com¬ 
ponent k n normal and a component k y tangential to 
the surface (Fig. 2-15): 

dt/ds = k = k„ + k y . (5-1) 

The vector k„ is called the normal curvature vector 
and can be expressed in terms of the unit surface 
normal vector N: 

k n = K n N, (5-2) 

where * n is the normal curvature. The vector k n is determined by C alone 
(not by any choice of the sense of t or N), the scalar K n depends for its sign 
on the sense of N. The vector k y is called the tangential curvature vector or 
geodesic curvature vector. We shall deal in this chapter with the properties 
of k„; those of k y belong to the subject matter of Chapter 4. 

From the equation N • t = 0 we obtain by differentiation along C: 


k n k 



dt ' „_. . r/N _ _ dx dN 

ds ~ ds ds ds 9 
or 

dx • dN 
Kn “ dx • dx * 


(5-3) 

(5-4) 


Let us study first the right-hand side of this equation. 

Both N and x are surface functions of u and v (which in their turn depend 

on C). With the aid of the resulting identities 

</N = N u du -j- N v dv y dx = x u du + dv y (5-5) 


we can write Ecp (5-4) in the form: 




(x„ - N„) d u' 1 + ( x„ • N „ -j- x v • N M ) du dv + (x r » N ff ) dt g 

E du 2 + 2 F du dv + Gdi 


e du 2 + 2/ du dv + g dt? 
E du- + 2 F du dv + G dv 2 ' 


(5-6) 


In this equation 


c 



2/ = — (x u • N r + x„ • N u ), g =— x v *N w (5-7) 


are functions of u and v f which depend on the second derivatives of the x 
with respect to u and v, in this respect differing from E y F y G y which depend 
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on first derivatives only. We write the denominator and numerator of 
Eq. (5-6) in the following form: 


I = E du 2 H- 2 F du dv -f- G dv 2 = dx • dx, 

II = e du 2 + 2/ du dv -f- g dv 2 — — dx • dN. 


(5-8) 


I is the first fundamental form, II the second fundamental form. Since 
x u • N = 0 and x v • N = 0, we can also write for e y f, and g: 


e = x u 


N 


/ = Xuv • N, g = x vv • N, 


or, using the expression (3-2) for N 


e = 


Similarly, 


/ = 


(x uu x u x v ) 

VEG - F 2 

VEG - F 2 ’ 


Xuu puu Zuu 

Vu 2u 
Vv Z v 


VEG - F 2 


9 = 


(x vv x u x t ) 

VEG — F 2 



(5-10a) 
(5-10b) 


These formulas (5-10) allow ready computation of e, /, g when the equation 
of the surface is given. 

Incidentally, we can derive from Eq. (3-3) that 



= x v -N 




so that Eq. (5-7) can be rewritten in the simpler form 

e = —Xu • N u , / = —x u • N v = —x v • N u , g = —x v • N v . (5-7a) 

Returning now to Eq. (5-^1) or, what is its equivalent, Eq. (5-6), we see 
that the right-hand side depends only on u , v , and dv/du. The coefficients 

e, /, g , E , F, G are constants at P, so 
that K n is fully determined, at P, 
by the direction dv/du. All curves 
through P tangent to the same direc¬ 
tion have therefore the same normal 
curvature (if the sense of N is the 
same for all these curves). Ex¬ 
pressed in vector language (Fig. 2-16): 

All curves through P tangent to the 
same direction have the same normal 
curvature vector. 
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When we momentarily give to N the sense of k and to n the sense of 
dt/ds, then we can express this theorem in the form obtained from Eq. (5-3). 

K COS <P = Kn, 

where *>(0 ^ <p ^ */2) is the angle between N and n (Fig. 2-16). This 
equation can be cast into another form for directions t for which «, * 0 
hence also k * 0. Such directions are called nonasymptot^ direction 

For curves in such directions we can write R - « - «» “ *■ • in ® 
quantities R and /?„ are here positive, R„ represents the radius of curvatu e 

of a curve with tangent t and <p = 0. One such curve is the intersection of 

the surface with the plane at P through t and the surface normal, this 

curve is called the normal section of the surface at P in the direction of C. 

Eq. (5-11) now takes the form 


R n cos tp = P- 


(5-12) 


We can thus cast our previous theorem into the form: 

The center of curvature C\ of a curve C 
in a nonasymptolic direction at P is the 
projection on the principal normal of the 
center of curvature Co of the normal section 
which is tangent to C at P (Fig. 2-17). 

And in still other words: 

If a set of planes be drawn through a 
tangent to a surface in a nonasymptolic 
direction , then the osculating circles of the 
intersections with the surface lie upon a 
sphere. 

This theorem is known as Mcusnicr's 
theorem. 



Jean Baptiste Meusnier (1754-1793), a pupil of Monge at the school in M£- 
zicres, published the theorem in his AUmoire sur la eourbure dcs surfaces , Alt- 
moires des savans Grangers 10 (lu 1770), 17S5, pp. 477-510, which he 1 * cl 

Monge had shown him Euler’s paper (see Section 2-G). In 17S3-17S4, after 
Montgolfier’s ascent in a balloon, he did fundamental research on “aerostation, 
and in this same period collaborated with Lavoisier in his work on the decoin 
position of water into its elements. lie died as a revolutionary general during 
the siege of Mayence. See G. Darboux’ account in Eloges acadtmiques (Paris, 

1912), pp. 218-262. 
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The last two versions of Meusnier’s theorem do not hold for directions 
for which the second fundamental form II is zero, since in those directions, 
according to Eq. (5—6), k„ = 0. We have seen that there are no (real) 
directions for which the first fundamental form I is zero. However, it may 
happen that there are real directions for which II is zero: 


e du 2 + 2 f dudv g dv 2 = 0. 


(5-13) 


This happens, for instance, when there are straight lines on the surface. 
Directions satisfying Eq. (5—13) are called asymptotic directions. Curves 
having these directions are called asymptotic curves (German: Haupttangen - 
tenkurven). When Eq. (5-13) is satisfied, Eqs. (5-6) and (5-11) indicate 
that a normal section in an asymptotic direction has a point of inflection. 


2-6 Euler’s theorem. We shall now investigate the behavior of the 
normal curvature vector when the tangent direction at P varies. Its 
direction always remains that of the surface normal, but its length may vary 
for different directions. When the sense of N has been agreed upon, the 
sign of K n will express whether k n has the sense of N or the opposite sense. 
Since I > 0 the sign of k depends only on II. There are three cases: 

(1) II maintains the same sign whatever the direction may be. In 
this case II is a definite quadratic form; this is expressed by the condition 
that 

eg — / 2 > 0. 

(See the reasoning used for the case of I in Section 2—2.) The centers of 
curvature of the normal sections are all on the same side of the surface 
normal; the normal sections are all concave (or all convex). The point is 
called an elliptic point of the surface; an example is any point on the ellip¬ 
soid. 

(2) II is a perfect square: 

eg — f 2 = 0. 

The surface behaves at the point like an elliptic point, except in one direc¬ 
tion, where K n = 0; the curves in this direction have a point of inflection. 
The point is called parabolic; an example is any point on a cylinder. 

(3) II does not maintain the same sign for all directions du/dv. In this 

case II is indefinite; the condition is 

eg — f 2 < 0. 

The normal sections are concave when they are cut out by planes in direc¬ 
tions lying in one section of the tangent plane, convex when outside this 
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section. The sections are separated 
by the directions in which k„ = 0 , the 
asymptotic directions (see Eq. (5-13) 
and Fig. 2-18). The point is called 
hyperbolic (saddle point)) an example 
is any point on a hyperbolic paraboloid 
(Fig. 2-19). 



Fig. 2-19 


The conditions eg — p ^ 0 do not depend on the choice of curvilinear 

coordinates on the surface. This is geometrically evident, since these 
formulas express geometrical properties of the surface. It follows analyti¬ 
cally from Eq. (1-12) and 




+ N r 


dv 

dv y 


so that according to the definitions (5-7) and the resulting equation 

eg — p = (x u x x v ) • (N u x N v ) 

for the e,f } g defined in the new coordinate system, the equation holds 
(compare Eq. (1-13)): 

>>-r- (;; ')’w - /■). 


Now we take the equation of the surface in the form (1-2); n = 3 
the index 0 for the derivatives): 

x = x 0 + hx u + kx v + l(h 2 x uu + 2 hkx uv -f fc 2 x w ) 




-f k x(u + eh y v + Ok). (6-1) 
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Then the distance D of a point Q(x) on the surface near P(x 0 ) to the tan¬ 
gent plane is (Fig. 2-20): 

D = (x — x 0 ) • N = %[h 2 (x uu • N) + 2 hJc(x U v • N) + k 2 (x vv • N)] 

+ b. (* £ + ‘ l)' H • *<“ + *■ ’ + 

of which the principal part is (compare 
with Eq. (5-9)): 

D p = \{eh 2 + 2 fhk + gk 2 ) = \ II, 

(h = du, k = dv) t (6-2) 

where D p is positive or negative depend¬ 
ing on whether Q lies on one or the other 
side of the tangent plane. Eq. (6-2) 
gives a geometrical illustration of II, 
comparable to the identification of ds 2 

with I: F IG . 2-20 

When the second fundamental form 
does not vanish , it is equal to 2 D p , where 

D p is the principal part of the distance of the point Q(u -\- du, v + dv) to tht, 
tangent plane at P(u , v). 

When eg —f 2 > 0, D p (as well as D) retains its sign; when eg — f 2 < 0, 
it changes sign: 

At an elliptic point the surface lies entirely on one side of the tangent plane, 
at a hyperbolic point it passes through the tangent plane in the asymptotic 

directions . 

At a parabolic point there is one (asymptotic) direction, in which the 
contact is of higher order. 

All types of points are illustrated on a torus (a surface obtained by 

rotating a circle about a line in its plane outside of the circle). The outside 

points (obtained by rotating BCA) 

are elliptic; the inside points ( BDA) 
are hyperbolic; the circles obtained 
by rotating B and A have parabolic 
points (Fig. 2-21). 

C We can now ask for the directions 
in which the normal curvature is a 
maximum or minimum. We shall 
from now on write k instead of k„, 
Iig. 2-21 all through Chapter 2. 
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The normal curvature in direction du/dv is given by Eqs. (5 6) 


where 

d*/dX 


Since 


e du 2 + 2 f du dv + q dv 2 e + 2/X 4~ A!_ = ^ ( 6 _qx 

K “ E du 2 4- 2F du dv -\- G dv 2 E + 2FX + GX 2 

X = c/y/c/u. The extreme values of k can be characterized by 
= 0 : 

(E + 2 F\ + GX 2 ) (/ + g\) — (e + 2/X + A 2 ) (F + GX) = 0. 

E + 2FX + GX 2 = (F + FX) + X(F 4- GX), 
c 4- 2/X 4- ^X 2 = (c 4- A) + M/ 4- A)> 


we can, in this case, cast Eq. (6-3) into the simpler form: 

_ II _ / 4~ flX _ H-/X 




F 4- GX E 4- FX 


(6-4) 


Hence k satisfies the equations 

(e - kE) du 4- (/ - kF) dv = 0, (/ — kF) du 4- (<7 ~ *G) dy = 0. (6-4a) 

Elimination of k gives a quadratic equation for X with real roots: 

(Fg - G/)X 2 4- (F {7 - Gc)X 4- (F/ - Fc) = 0 (6-oa) 


or 


dv 2 
F 
e 


—du dy 

F 




(6-5b) 


This equation determines two directions dy/du, in which k obtains an 
extreme value, unless II vanishes or unless II and I are proportional. One 
value must be a maximum, the other a minimum. These directions are 
called the directions of principal curvature , or curvature directions. They 
are determined either by Eqs. (6—la), (6-5a), or (6-5b). Since the roots 
Xi, X 2 satisfy the equation (compare with Eq. (6-5a)): 


GX 1 X 2 4" h (Xi 4~ X>) 4~ E 

= gfJ G f ]G{rF ~ Ef) ~ F(CG ~ Eg) ~ E{3F ~ G/)1 = 0 ’ 

the curvature directions arc orthogonal (according to Eq. (2-10)). This also 
holds for the case that gF — Gf = 0, when, according to Eq. (6-5b), one 
of the directions is du = 0. We call the normal curvatures in the curvature 
directions the principal curvatures , and denote them by k\ and k%. 

Integration of Eq. (6-5) gives us the lines of curvature on the surface, 
which form two sets of curves intersecting at right angles, or an orthogonal 


euleh’s theorem 


81 


2—g] 


family of curves on the surface. From the existence theorem of ordinary 
differential equations, we can conclude that these curves cover the surface 
simply and without gaps in the neighborhood of every point where the 
coefficients of the first and second fundamental forms are continuous, except 
at the points where these coefficients are proportional. Such points are 
called navel points or umbilics , and we exclude them for the moment. 
Now let us take the lines of curvature as the parametric lines. Then 
Eqs. (6-5a, b) must be satisfied for du = 0, dv arbitrary, and for dv = 0, du 
arbitrary. Hence: 

gF - Qf = 0, eF - Ef = 0. 


In these equations F = 0 because the parametric lines are orthogonal; 
moreover, neither E nor G can be zero (EG — F~ > 0). We therefore 
find that when the parametric lines are lines of curvature: 


F = 0, / = 0. 


( 6 - 6 ) 


This condition is necessary and, because of Eq. (6-5b), also sufficient. 
Now Eq. (6-3) takes the form: 


_ edu 2 -f- g dv 2 / du\ 2 , (dvY. 

E du 2 + G dv 2 \ds / . \dsj 


(6-7) 


This formula can be cast into a simple form. We find by substituting 
first dv = 0, then du = 0, into Eq. (6-7), that 



( 6 - 8 ) 


and if we introduce the angle a. between the direction dv/du and the curva* 
ture direction 8 v = 0, we find from Eq. (2-9) that 


cos a 


E du 8u 
dsVE 8u 2 



sin a 




dv 

ds 


(6-9) 


Eq. (6-7) therefore takes the form: 


k = ki cos 2 oi T K 2 sin 2 a. 


( 6 - 10 ) 


This relation, which expresses the normal curvature in an arbitrary 
direction in terms of /ci, * 2 , is known as Euler s theoiem. Together with 
Meusnier’s formula it gives full information concerning the curvature of 

any curve through P on the surface. 
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This theorem is one of the contributions to the theory of surfaces due to 
Leonard Euler (1707-1783), who enriched mathematics in an endless number 
of ways It was published, with a proof different from ours, in the Recherches 
sur la courbure des surfaces, Memoires <le l'Aeademie des Sciences de Berlin 16 
(1760) published 1767, pp. 119-143, one of the first papers on the theory of 
surfaces Our proof follows that given by C. Dupin (see Section 2-7). Euler 
also made a start with the theory of developable surfaces in De solidus, quorum 
superficiem in planum cxplicare licet, Novi Comment. Acad. Petropol., 16, 1771, 
pp 3_34 Here Euler introduced x, y, and z as functions of two parameters. 
This is the first, or one of the first, papers where curvilinear coordinates on a 

surface are used. 

At an umbilic the coefficients of I and II are proportional, so that 
Eq. (6-8) gives *, = k 2 , which means that all normal curvature vectors coin¬ 
cide (this certainly holds for real surfaces; see, however. Section 5-6). At 
an umbilic the directions of curvature are no longer given by Eq. (6-5), 
and we have to study the behavior of the surface with the aid of derivatives 
of higher order than the second. The number of umbilics on a surface is in 
general finite; on an ellipsoid, for instance, there are four (real) umbilics (see 
Exercise 12, Section 2-8), provided the axes are unequal. On a sphere all 
points are umbilics (see Section 3-5 for the converse theorem). 


The behavior of the lines 
of curvature near an um- 
bilic can be studied in 
Darboux, Surfaces IV, 
Note VII. There are 
several possibilities. An 
example is offered by the 
lines of curvature on an 
ellipsoid, where they curve 
around an umbilic like con- 
focal conics (Fig. 2-22). 
Sec also A. Gullstrand, 
Ada mathematica 29, 
1905, i). 59. 



A special case of um- Fig. 2-22 

bilic is the umbilic at a 

parabolic point, or parabolic umbilic, where the coefficients c, f , and g all 
vanish. All points of the plane are parabolic umbilics (sec Section 3-5 for 
the converse theorem). An example ol an isolated umbilic of this kind can 
be constructed by taking a saddle point (Section 2-6), not with two upward 
and two downward slopes on the “height of land/’ but with three of them. 
In this ease we can descend in directions at an angle of 120°, and ascend in 
the bisect ing direct ions. Here every normal section has a point of inflection, 
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so that k = 0 in all directions. Such 
a point has been called a monkey 
saddle, since there are two downward 
slopes for the legs, leaving one slope 
for the tail (Fig. 2-23). 

This monkey saddle (Affensattel) 
is described in D. Hilbert-S. Colm 
Vossen, Anscliauliche Geometrie, Ber¬ 
lin: Springer, 1932, which in Chapter 
IV, pp. 152-239, contains a highly 
original approach to the study of 
curves and surfaces, stressing the 
visual and imaginative side. 

2-7 Dupin’s indicatrix. The 

principal curvatures *i and k 2 can 



be found from Eq. (6—4) by sub¬ 
stituting the values for X found by 
solving Eq. (6-5a). A short cut is found by observing that these values of 

satisfy the two equations 


(Ek - e) + (Fk - f)\ = 0, (Fk - f) + (Gk - g)\ = 0, 
which can be simultaneously satisfied if and only if 


Ek — e Fk — f 
Fk— f Gk — g 



(7-1) 


This quadratic equation in « has *1 and k 2 as roots. From this equation we 
derive 


and 


M _ 1 /„ 1 „ \ = Ei. - 2 -^ , the mean curvature, 

eg — p the Gaussian curvature (.sometimes 
K = ki« 2 = _ p V called total curvature ). 


(7-2) 

(7-3) 


Eq. (7-3) shows that k u k 2 have the same sign at an elliptic point, and 
different signs at a hyperbolic point. The total curvature is zero at a 

parabolic point. „ , , ,. T , 

We can now give a simple diagram to illustrate Euler s theorem. Let 

us take an elliptic point and take both k u k 2 > 0. Consider the ellipse 
(Fig. 2-24) 




84 


elementary theory of surfaces 


[CH. 2 


kix 2 -f- *2 y 2 = 1, Ri — K i l > 

R2 — K Z 1 y 

with principal semi-axes y/lfi, y/Tt*. 
A line y = x tan a through the 
center intersects the ellipse in the 
points 

4- cos a 


y = x tan a 


x = 


V K\ cos 2 a -j- K 2 sin 2 a 
-f sin a 



y = 


Vk 


Fig. 2-24 


ki cos 2 a + k 2 sin* a 
The distance 0/1 intercepted by the ellipse on this line is 


OA = Vx- + if = 


1 


VKj cos 2 ct -f- *2 sin 2 a 


Hence 


= x/k, or 0/1 =y/R. 
OA 


Here R is the radius of (normal) curvature in the direction which makes 
an angle a with the X-axis. 

This ellipse is called the indicatrix of Dupin. If the A'-axis represents 
one of the directions of curvature, then the distance of any point on the 
ellipse to the center is the square root of the radius of curvature in the cor- 

responding direction on the surface. 

When the point is hyperbolic, 
we can take ki > 0 , *2 < 0. The 
indicatrix of Dupin in this case is 
the set of conjugate hyperbolas 
(Fig. 2-25): 

K\X 2 + Ktff = ± 1, R\ = K 1 

R 2 = k 2 - 1 . 

The length OA on a line making 
an angle a with the X-axis (corre¬ 
sponding to a direction of curvature) 
is now equal to ^\R\- The two 
asymptotes of the hyperbolas repre¬ 
sent- the directions with k = 0, or 
the asymptotic directions (hence 
the name). They are real for hyperbolic 
points. 



1 


•IQ. 2-25 


points , imaginary for elliptic 
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The indicatrix of a parabolic point, where 

K2 = 0, K — Ki cos 2 <p, Ri = «f 1 

is a pair of parallel lines in the direction of the single asymptotic line 
(Fig. 2-26). 

We now intersect the surface with a plane, parallel to the tangent plane 
at an elliptic point, but only a small distance e away from it. We project 
the intersection on the tangent plane. Then the principal part of the 
intersection, according to Eq. (6-2), will be given by the equation: 

— x 2 _|_ xy _|_ JZ y 2 — 2e (x =VE h = yfE du f y =VG k = VGdv). 

E a /EG G 

If we measure x and y in the directions of curvature, this quadratic 
equation becomes (see Eq. (6-6)), after a similarity transformation x -* 

xV2e, y —» t/V2e: 


Jx 2 + Jy 2 = 1, Kl* 2 + K 2 2/ 2 = 1* 


We thus have shown for an elliptic point: 

The intersection of the surface with a plane close to the tangent plane and 

parallel to it is in a first approximation similar to the Dupin indicatrix. 

In the case of a hyperbolic point we must intersect the surface with two 
planes close to the tangent plane, parallel to it, and one on each side. The 
projection of the intersections of these planes with the surface on the tangent 
plane is again, in a first approximation, similar to the Dupm indicatrix 
In the case of a parabolic point we need only one plane parallel to the 
tangent plane to get , in a first approximation , the two paia e mes of e 

indicatrix 

This theory has a meaning only at points where the second fundamental 

form does not vanish identically, that is, at points w eie t e P ane 

has ordinary contact with the surface. At a monkey sa e e in ica nx, 

constructed according to the preceding rule, is given y ig- • 




Fig. 2-26 
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The asymptotes of the Dupin indicatrix correspond to the asymptotic 
directions on the surface, the axes of the indicatrix to the directions of 
curvature. Hence: 

The directions of curvature bisect the asymptotic directions. 


Charles Dupin (1784-1873), a pupil of Monge at the Paris Ecole Polytech- 
nique, wrote the Developpements de geometrie (1813), in which he published a 
number of results which carry his name, as well as the treatment of lines of curva¬ 
ture and asymptotic lines which now is usually presented. The subtitle of his 
book Avcc des applications a la stability dcs vaisseaux, aux deblais et remblais, au 
defilement , a Voptique , etc. shows how the author never lost contact with engi¬ 
neering practice. This is also evident in his second book, Applications de 
geometric (1822). Entering the Napoleonic navy as an engineer, Dupin lived 
to he a promoter of science and industry, a peer of France and a senator under 
Napoleon III. The notion of mean curvature was introduced by Sophie Ger¬ 
main, Crelle’s Journal fur Mathem. 7, 1831, pp. 1-29. 


2-8 Some surfaces. 1. Sphere. Here (see Eq. (2-12)): 


c = 


Similarly, 


ds 2 = 

Xuu(~ 

x uv ( 

x vv (- 


a 2 dO 2 -h a 2 cos 2 0 d*p 2 > u = 0 , 

■ a cos 0 cos (p , — a cos 0 sin ip, 

a sin 6 sin <p } —a sin 0 cos *p y 

■a cos 0 cos —a cos 0 sin ip, 


v = <P, 
a sin 0), 

0 ), 

0 ), 


VEG - F 2 = a 2 cos 0, 


a cos 0 cos ip —a cos 0 sin ip —a sin 0 
a sin 0 cos tp —a sin 0 sin ip a cos 0 
a cos 0 sin ip -fa cos 0 cos ip 0 


a 2 cos 0 

f = 0, g = a cos 2 6 , 

II = a (dO 2 + cos 2 0 dip 2 ), 

11 a. 1 

K= T =+ a 


o 3 cos 0 
a 2 cos 0 


= a 


( 8 - 1 ) 


This is the case mentioned at the end of Section 2-6, where I and II are 
proportional. All points on the sphere are umbilics , and since the principal 
directions are undetermined at all points all curves on the sphere may be 
laken as lines of curvature. The -f- sign of k is due to the choice of 

N(—cos 0 cos ip, —cos 0 sin ip, —sin 0), 

which means that N is directed toward the center of the sphere. This is 
also the sense ot kN, the curvature vector of a normal section. 


SOME SURFACES 


87 


2-8] 

The asymptotic lines of the sphere satisfy the equation 


dd 2 -f- cos 2 9 d<p 2 = 0, (8-2) 

and are therefore imaginary curves; since I and II are proportional they 
are also isotropic curves. Conversely, all isotropic curves on the sphere 
are at the same time asymptotic curves. Waiving for a moment our re¬ 
striction to real figures only, we find the integral of Eq. (8-2) in the form 



which in the case of the -f- sign leads to 


(8-3) 


sin 6 = 


1 

c 2 e 2Uf> -f 1 ’ 



cos 9 = 


2 ce i<fi 

c 2 e 2Up + 1’ 



Inserting these values into the Eqs. (1-7) for x, y, z, we obtain 


x + iy = a 


2 cu 

c 2 u + V 


z 


c 2 u — 1 
c 2 u + 1 


Elimination of u shows that these curves are plane, and since they are 
isotropic, they must be straight lines (Section 1-12). 

We obtain a similar result when in Eq. (8-3) we take the — sign: 
Through every point of the sphere pass two isotropic straight lines lying on 
the sphere. They are the asymptotic lines of the sphere. 

The Dupin indicatrix at a point of the sphere is a circle. 

2. Surface of revolution. Here (see Eq. (2-14)): 


We find 


ds 2 = (1 -{- f' 2 ) dr 2 + t 2 d<p- 


e = 


/" 


Vi + /'*’ 


/= o, 


g = 


rf 


Vi + p 


We conclude that because of / = F = 0 the coordinate lines are lines of 
curvature (see Eq. (6-6)). 

The lines of curvature of a surface of revolution are its meridians and par¬ 
allels. 

The asymptotic lines are the integral curves of the equation 


/" dr 2 + rf' d^p 2 = 0 


* The reader will have little trouble to distinguish between the / of the second 
fundamental form and the / of /(r). 
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ten 


eg — 5 2 = 


rj 7 


i + r 


the points of a real surface are elliptic or hyperbolic, depending on whether 
/'/" > 0 or < 0 respectively. The circles of parabolic points are given by 
/' = 0, which gives the points which in the profile have tangents _L Z-axis 
and /" = 0, which gives the points of inflection of the profile. Between 
these circles the asymptotic lines are alternately real or imaginary 
(when/' = 0 and/" = 0 are not satisfied at the same point of the profile). 

When /" = 0 at all points of the surface we have / = ar + b: a circular 
cone (Eqs. (1-8, 2-16)). All points are parabolic except the vertex r = 0, 
where e = f = g = 0 (this point is singular, not umbilie). 

As soon as/" contains a factor r, the point r = 0 has also e = / = g = 0. 
This happens, for example, when / = ar 4 . The profile at the point r = 0 
has a tangent line with a contact of order 3 in r. 

The asymptotic lines are orthogonal 
when (see Exercise 6, Section 2-3): 

E(rf') + G(f ff ) 

= r/'( 1 + P)+ rT = 0. 

When we integrate this equation, we 
obtain: 

/' = - =, or / = a cosh~ 1 - + c, 

V? - a 2 a 

(a, c integration constants), 

which means that the profile curve is 
a catenary. This surface, obtained 
by rotating the curve 

y = a cosh -1 - 

a 



Fig. 2-28 


or 


.?/ a ( v. , -ifN 
x = a cosh - = ^ \c« + c a ) 

(l Si 

about the F-axis, is called a catenoid (Fig. 2-2S). Surfaces on which the 
asymptotic lines form an orthogonal net are called minim 4 surfaces . We 
have thus found that the only surfaces of revolution which arc also minimal 
surfaces arc catcnoids. 
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3. Right conoid. Here (Section 2-2): 


We find 


ds 2 = dr 2 + (r 2 + /' 2 ) dv\ f = /(*>). 


« - 0 , / = 




W 2 + /' 2 ’ 


0 = 


f" r 


Vr 2 + f' 2 


The asymptotic lines are given by 


-2 f' dr d<p+f"r d<p 2 = 0. 

Since eg — P < 0, all points are hyperbolic and the asymptotic lines 
are real. One set is given by d<p = 0, which means that the straight lines 
are asymptotic lines. The other set is the solution of 


- 2/' dr + rf" dap = 0, 7=^^’ «•’ = /' 

and can therefore always be found in finite form. The two sets are orthog¬ 
onal when /" = 0 or / = acp + b , which characterizes the right helicoid 
(Eq. (2-19)). 

The right helicoid is the only right conoid which is also a minimal surface. 
In this case the curved asymptotic lines are given by r = constant; they 
are circular helices (Fig. 2-29). Bisecting the angle of these curves 
(Section 2-3, Exercise 9) are the lines of curvature: 


— a dr 2 -}- a{r 2 + a 2 ) d<p 2 = 0; «^ + c x = ±a sinh -1 — 

a 



I 

Fig. 2-29 




90 


ELEMENTARY THEORY OF SURFACES 


[CH. 


Since r and <p are the polar coordinates of the projection of a point of the 
conoid on the XO E-plane, the lines of curvature are projected on the XOY - 

plane in the curves (Fig. 2-30): 


r = 4- a sinh — (v? + Ci). 

a 


Here 


4. Developable surfaces. For a tangent developable 

y(s, v ) = x(s) 4- vt (s). 

y* = t + vKn, y v = t, 
y„ = *n + v(kd)', y*v — y»p 


(8-4) 


= 0 , 


N = 


— web 


Vay; - f 2 


= —b, 


jE = 1 + VV, 
e = — CK'T 


F = 1, 
/= 0 , 


G = 1, 

3 = 0 . 


We conclude that eg — p = 0, so that there are only parabolic points. 
The asymptotic lines are the solution of eds 2 = 0, hence they are the 
straight lines of the surface. The lines of curvature are the integral curves 

of the equation 


dv 1 — ds dv ds 2 

E 1 1 

e 0 0 


= o, 


or 


ds 2 4- ds dv = 0, 



Fig. 2-31 


hence they are the straight lines and 
the curves 6* 4- v = c., which are the 
involutes of the edge of regression (Sec¬ 
tion 1-11). 

When, in Eq. (8-4), x(s) reduces to 
a constant vector a, then Eq. (8-4) 
represents a cone of which the vertex is 
the end point of a: 

y = a 4- vt 00, 

where t is now a given unit vector field, determined for instance by a curve 
on a unit sphere (Fig. 2-31). Here again we find that eg — p = 0> 
that the lines of curvature are formed by the generating lines and their 
orthogonal t rajectorics. 
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A cylinder is given by the equation 

y = x(s) + va 

where a is a constant vector. Here we also find that eg — f 2 = 0. 

We shall now prove that eg — f 2 = 0 is not only a necessary , hut also a 
sufficient condition that a surface he developable. 

We prove this by means of the identity 

eg ~ f 2 = (x u • N u )(x v • N w ) — (x u • N„)(x„ • N u ) = (x„ X x v ) • (N tt x N v ) 

= (NN U N v )VEG - F 2 , (8-5) 

which shows that eg — p = 0 is identical with (NN U N„) = 0. This can 
happen either (a) when N u or N v vanishes, or (b) when N u is collinear with 
N v (N is perpendicular to N u and N v ). In case (a) N depends on only one 
parameter and the surface is the envelope of a family of oo 1 planes, and 
hence (see Section 2-4) a developable. In case (b) we take as one set of 
coordinate curves on the surface the asymptotic curves with equation 

e du 2 + 2 f dudv -\- g dv 2 = ( y/e du + y/~g dv) 2 = 0. 

If these curves are taken as the curves v = constant in the new coordinate 
system, then e = f = 0 or x u • N u = x v • N u = 0, hence N u = 0, which 
brings us back to case (a). The theorem can also be stated as follows 
(see Eq. (7-3)): 

A necessary and sufficient condition that a surface he developable is that the 
Gaussian curvature vanish. 


EXERCISES 

1. What is the second fundamental form when the surface is given by the 
equation z = /(x, y)? 

2. The differential equation of the developable surfaces z = f(x, y ) is rt — s 2 = 0. 
(Here and in the following text we often use the notation 

p = dz/dx, q = dz/dy, r = d 2 z/dx 2 , s = d 2 z/dxdy, t = d 2 z/dy 2 .) 

3. The differential equation of all minimal surfaces z = f(x, y) is 

£(1 + p 2 ) — 2 pqs + r(l + g 2 ) = 0. 

4. What is the geometrical meaning of the general integral of the partial dif¬ 
ferential equations 

(a) xp + yq = 0, (b) yp — xq = 0? 

5. Find the equation of the lines of curvature in the case that the equation of 
the surface is z = f(x, y). 
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6. Show that the surface 

•N 

z = a + bx + CIJ +2 Q »(P X + 

n = 2 

where the coefficients of x and ,j are all constants, is developable. 

7. The sum of the normal curvatures at a point of a surface in any pair of or- 

thogonal directions is constant. . . . . .. 

8 Find the radii of principal curvature at a point of a surface of revolution 

x = u cos v f y — u sin v, z = /(u), and interpret the answer geometrically. 

9. Find the radii of principal curvature at a point of a developable surface. 

10. The asymptotic lines on the surface 

. _ ^ _ y* 

a 4 6 4 

are the curves in which the surface is met by the two families of cylinders 

— + ^ = constant, ^ ^ = constant. 

a 1 b 2 a- to¬ 

ll. Asymptotic lines on surfaces of revolution. Show that the surface of revo¬ 
lution with the profile 2 = /(r), given in Table A, has asymptotic lines of which 
the projection on the XO F-plane has the equation r = r(v>), given in Table B, 
where r, <^> are polar coordinates. 


Table A 

(a) 2 = y/r 

(b) 2 = Gr- 1 

(c) 2 = G In r 

(d) 2 = (r - a) 2 

(e) z = [rVa 2 — r' 2 — 




Table B 

(a) <p + c = 4 v 7 2 In r 

(b) <p + c = v^2 In r 

(c) <p + c = In r 

(d) r = a cos 2 (^>/2 -p c) 

(e) -p c = cos -1 -■ 


Plaster models of these surfaces and of some others (twelve in all) were con¬ 
structed in 1885 at the University of Munich under the supervision of A. Brill and 
can be inspected in many cabinets of mathematical models. 

12. Find the umbilics of the ellipsoid and prove that the tangent planes at these 
points are parallel to the circular sections of the ellipsoid (that is, to those planes 
which intersect the ellipsoid in circles). 

13. Find the parabolic curves on a torus (Fig. 2-21) by computation. 

14. Show that the asymptotic directions of a surface, given by F(x, y f z) = 0, 
are given by 

dx dF x -p dy dF v -p dz dF e = 0, F x dx -p F y dy + F, dz = 0. 

15. Show that the directions of curvature in the case of Exercise 14 are given by 


F x 

dF x 

dx 



F„ 

dF y 

dy 

= 0, 

F x dx + F.dy + F. dz = 0 

F. 

dF 3 

dz 
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16. Show that a surface F(x, y, z) = 0 is 
developable if 


F xx F xy F xl F x 

F\/X Fyy Fy Z Fy _ W — AW / ft Y A 

F» F„ F« F z -0, F *~ dF / dx ’ etc - 

F x F„ F 2 0 


17. Cylindroid. The locus of the end 
points of the curvature vectors at a point 
P of a surface belonging to all curves pass¬ 
ing through P is a right conoid with the 
equation 


z(x 2 + y 2 ) = kiX 2 + K 2 y 2 . 

This surface is called conoid of Pliicker or 
cylindroid; the surface normal is its double 
line (Fig. 2-32). 



2-9 A geometrical interpretation of asymptotic and curvature lines. 

The lines of curvature can be characterized by the following property, due 
to Monge. 

A necessary and sufficient condition that a curve on a surface be a line of cur¬ 
vature is that the surface normals along this curve form a developable surface . 
To prove this theorem, let the curve be given by x = x($). Then 

(dx/ds) . N = t • N = 0. 

A point on the ruled surface formed by the surface normals can be given 

by 

y = x(s) + uN(s), (9-1) 

where u is the distance of point y to point x. Then 

y, = t + uN„ y u = N, y stt = N s , y uu = 0, 

hence g = 0, and the condition of developability eg — P = 0 requires that 
/ = 0 or 

(t N N.) = 0. 

N is perpendicular to t and N s , so that the only ways in which this condition 
can be satisfied is (a) N s = 0, (b) t is collinear with N s . In the case (a) the 
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surface normals form a cylinder or a plane, which are developable surfaces. 
Case (b) can be expressed as follows: 

t/N = X dx (along the curve); (a) X = 0, (b) X^O. (9-2) 


Eq. (9-2) is equivalent to 

N u du + N u dv = X(x u du + x v dv), 


which vector equation is equivalent to the two following scalar equations, 
obtained by scalar multiplication with x u and x„ respectively. 


(c + \E) du+(J+ \F) dv = 0, 
(/ + \F) du + (g + XG) dv = 0, 


which in turn are equivalent to Eq. (6—4a), with X — k; conversely, 
Eq. (6-4a) is equivalent to Eq. (9-2). The curves are therefore lines of 
curvature and only these; moreover, we have found a new equation to 
characterize these lines: 


dN -f- k dx = 0, 


(9-3) 


where k is the normal curvature in the direction dx of the line of curvature. 
This is the formula of Rodrigues . 

Olindc Rodrigues (1794-1851), another of Monge’s pupils, published his re¬ 
sults in the Correspondance sur I'Ecole Polytechnique 3 (1815) and in the Bull. 
Soc. Philomatique 2 (1815). His name is also attached to a theorem in Legendre 
functions. He became a follower of St. Simon, and was an editor of the col¬ 
lected works of this reformer. 


Eq. (9-2) with k = 0 represents a cylinder or a plane, and with k 
constant a cone. This can be verified by differentiating Eq. (9-1): 

dy = dx -f- f/(— k dx) + N du = dx( 1 — ku) + N du, 

which is zero when u = k -1 , du = 0, and only in this case. The surface 
normals along a line of curvature, in all other cases, form a tangential 
developable, so that they are tangent to a space curve, the edge of regres¬ 
sion. Each surface normal is tangent to two edges of regression; the points 
of tangency are at distances 1 and kV 1 from P; they are the centers of 
principal curvature. The two families of lines of curvature on the surface, 
forming an orthogonal net , thus determine two sets of developable surfaces 
intersecting at right angles along the surface normals. The center surfaces 
are the loci of the centers of principal curvature of the surface. A simple 
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md parallels of a surface of revolution 


example is offered by the meridians 
which are lines of curvature because along the meridians the surface normals 
form planes, and along the parallels form cones. The cones and planes are 
developable surfaces. They are orthogonal to each other; one of the center 
surfaces here degenerates into the axis. The general case is illustrated by 
Fig. 2-33, where Ci and C 2 are the lines of curvature through P, and Q and 
R are the points on the center surfaces. The edges of regression of the 
developable surfaces lie on the center surfaces. 


Monge was led to the lines of curvature of a surface in his Alemoire sur la 
theorie des deblais et des rernblais, M£moires de l’Acad. des Sciences. 1/81, pp. 666- 

the following engineering problem: To decompose 


704, which was based on 
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t W o given equivalent volumes into infinitely small particles which correspond 
to each other in such a way that the sum of the products of the paths described 
by the transportation of each particle of the first volume (the d£blai ) to its 
corresponding particle of the second volume (the “remblai”) and the volume 
of the particle is a minimum. The orbits were supposed to be straight lines. 
This led to rectilinear congruences; that is, to families of straight lines with 
the property that through one point of a region of space one and only one line 
passes. These lines can always be arranged in two sets of developable surfaces; 
when these surfaces are normal, the lines of the congruence aie noimal to a set 
of surfaces on which the developable surfaces cut out the lines of cuivature. See 
the monograph of P. Appell, Le problems geometrique des dcblais ct des remblais, 
Memorial des sciences math<5matiques, 29, 1928, 34 pp. 


The asymptotic lines are characterized by the equation II = 0 or, 


according to Eq. (5-8): 

dx • dN = 0. 


(9-4) 


This equation can be written in the form t • dN — 0, and since t • N — 0, 
also in the form N • dt = C, or 


kN • n = 0, 


which is satisfied either by k = 0 or by N • n = 0. This leads to the fol¬ 
lowing characterization of asymptotic lines: 

All straight lines on a surface are asymptotic lines. Along a curved asymp¬ 
totic line the osculating plane coincides with the tangent plane. 

The converse is also t rue, and when we consider that any plane through a 
straight line may be considered as an osculating plane of the line, we can 
summarize our results as follows: 

A necessary and sufficient condition that a curve on a surface be asymptotic 
is that the tangent plane of the surface coincide with the osculating plane of the 


curve. 


As an example we can take the straight lines of a ruled surface, which 
here form one family of asymptotic lines (see our example of the developable 
surfaces and of the right conoids, Section 2-8). The hyperboloid of one 
sheet has two sets of straight lines, which are its asymptotic lines. The 
isotropic lines on the sphere are its asymptotic lines (Section 2-8). 


2-10 Conjugate directions. In his study of the indicatrix which carries 
his name, Dupin pointed out that the directions on the surface correspond¬ 
ing to conjugate diameters in the indicat rix lead to curves with interesting 
properties. lie called these directions conjugate; they determine conjugate 

families of curves. 
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The diameters y = m\X and y = m^x in the ellipse (Fig. 2 34) 


* 2 + £ = 1 
a 2 b 2 


are called conjugate if one diameter d\ is parallel to the tangents at the end points 
B h B 2 of the other diameter. Since the tangent at Bi(x\, mix i) has the equation 


xxi , m 2 yxi _ . 
„ -h 62 


a 


we have 


rri\ = —b 2 /a 2 m 2 , 


y = m ix 


or 


rri\m 2 = — b 2 /a 2 . 

The relation between two conjugate 
diameters is reciprocal: the tangents at 
the end points Ai, A 2 of di are parallel 
to <2 2 . For the hyperbolas 



Fig. 2-34 


a 


2 


y 

b 2 


°L - 1 


the condition is m.\m 2 = b 2 /a 2 . 


Conjugate directions with respect to the indicatrix, both in the elliptic 
and in the hyperbolic case, are related by the equation 


K 1 

raira 2 = — ~ 


M (see Eq. (6-9)) and ® = | f (see Eq. (6-8)), 


Kl _ 

-’■ ' " . ** . E f 

we find for the equation determining conjugate directions: 


IG dv jO bv __ 

\ E du \ E 8u 


G e 
E g 


or 


e du 8u + g dv 8v — 0. 


( 10 - 1 ) 


This equation for conjugate directions is obtained for the specia ca 
that / = 0. To obtain expressions valid for the general case m winch 
f * 0, we substitute for e,f, g, their values (5-7a). Eq (10 D then 
be written (adding f 8u dv and / du 8v, which are ere zero 

x tt • N u du 8u + x„ • N V dv 8v + *u- N v du 8v + x v • N u dv 8u = 0, 


or 


(x u du + dv) • (N u 5 u + N* 8v) = 0, 
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or 


dx • 5N = 0. 


(10-2a) 


This equation may also be written 


5x • dN = 0. 


(10-2b) 


In an arbitrary curvilinear coordinate system this equation takes the form 


e du 8u + /(du dv + dv 5u) + g dv dv — 0. 


(10-3) 


Since asymptotic lines are defined by dx • dN = 0 we see that asymptotic 
lines are self-conjug ate . This agrees with the fact that the asymptotes of 
the indicatrix are self-conjugate diameters. One family of curves may be 
selected arbitrarily; it determines the conjugate family. 

Eqs. (10-2a, b) allow a simple geometrical interpretation. The tangent 
planes along a curve C(x(s)) on the surface form a developable surface. 
Let the equation 

X = x + «p 


indicate the generators of this surface. Along the generator the unit sur¬ 
face normal vector is N, so that from N • dX = 0, where 


dX = dx + u dp + p du 


it follows that 0 = N • dx + uN • dp + N • p du. 
N • p = 0, we conclude that 


which leads to 


N • dp = 0, 


dN • p = 0. 


Since N • dx = 0 and 


If we denote the direction of p by dx } we find that 


5x • dN = 0, 

which means that the directions of dx and dx are conjugate. In other 
words: 

The generating lines of the developable surface enveloped by the tangent 
planes to a surface along a curve C on the surface have along C a direction 
conjugate to the direction of C. In simpler, but less exact, words: 

The line of intersection of two tangent planes at consecutive points in a dirco 
tion on a surface has the conjugate direction. This relation is reciprocal. 
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The lines of curvature form a conjugate set. This follows from the 
properties of the indicatrix (its axes are conjugate). It also follows from 
the orthogonality relation dx • 5x = 0, if we take dx and 5x to be in the 
directions of curvature. In this case, we obtain from Rodrigues’ formula 
dx = —/cf 1 5N that dx • 5N = 0. 

When the parametric lines are conjugate, Eq. (10-3) is satisfied for 
du = 0, bv = 0, which means that 

/= 0. 

Conversely , when f = 0, the parametric lines are conjugate. 

Since the lines of curvature are both orthogonal and conjugate, we have 
returned to Eq. (6-6), expressing that the necessary and sufficient condition 
that the parametric lines are lines of curvature is: 

F = 0, / = 0. 

Example. Let us find the curves conjugate to the parallels 0 = u = 
constant on the sphere (Section 2-2). They satisfy the equation 

g dv bv = g d<p 8<p = 0, or 8<p = 0, 

which means that the meridians are conjugate to the parallels. Indeed, 
the planes tangent along the parallels envelop cones whose generating lines 
are tangent to the meridians; the planes tangent along the meridians 
envelop cylinders whose generating lines are tangent to the parallels. 

It is convenient to combine in a table the conditions satisfied by E , F, G , 
e, f) 9 when the parametric curves belong to one or another of the specific 
types of curves which we have discussed. These curves are 

orthogonal , when F = 0, 

lines of curvature , when F = 0, / = 0, 

conjugate , when / = 0, 

isotropic , when E = 0, G = 0 (since in this case I = F dudv), 

asymptotic , when e = 0, g = 0 (since in this case II = f du dv). 

2-11 Triply orthogonal systems of surfaces. A point on a surface or in 
the plane is determined by two parameters, which form a curvilinear sys¬ 
tem of coordinates; sometimes this system may be rectilinear as in the case 
of cartesian coordinates in the plane. We can in a similar way determine a 
point in space by means of three parameters, or curvilinear coordinates. 
For this purpose we transform the cartesian coordinates (x, y, z) of a point 
P by means of the equations 

x = x(u, v, w), y = y(u , v, w), z = z(u, v, w), or x = x(u, v, w) for short. 

(H-1) 
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The surfaces u = constant, v = constant, w — constant are the coordinate 
surfaces; they intersect in the coordinate lines. Examples aie the trans¬ 
formations to cylindrical or spherical coordinates, which can be written as 

follows: 

(a) x = u cos v , y = u sin y, 2 = u>, 

( 5 ) x = u cos u cos u;, y = u cos v sin w, z = u sin v. (11-2) 


Since 


dx = x u du + x v dv + dw , 


the square of its length takes the form 

ds 2 = dx- dx = x u -x u du 2 + 2x u • x v du dv + 2x u • x w du dw + x v • x v dv 2 

+ 2xu • x«, dv dw-\- x w • x w dw 2 . (11-3) 


Of particular interest are 


those curvilinear coordinates for which 



Xy — X v • X|p Xw 



(11-4) 


The coordinate lines, and therefore also the coordinate surfaces, are per¬ 
pendicular. This orthogonality can be proved in the same way as in the 
two-dimensional case (Eq. (2-10)). Examples of orthogonal systems of 
curvilinear coordinates are (a) the cartesian, (b) the cylindrical, and (c) the 
spherical system of coordinates, where the respective coordinate surfaces 
are (a) planes, (b) planes and cylinders, and (c) planes, spheres, and cones. 
The coordinate surfaces, in this case, form a triply orthogonal system of 
surfaces. Every transformation (11-1), subject to the conditions (11-4) 
determines such a system. There exists no simple way of finding such 
systems, since it requires the solution of three partial differential equations 
(11-4) in three dependent and three independent variables. We shall 
therefore content ourselves with a few examples, of which the simplest 
have already been presented. Another example is the system expressed 
by the equation 



a 2 < h 2 < c 2 , 


(H-5) 


which is a system of quadric surfaces with the origin as center. When 
X < a 2 it represents ellipsoids, when a 2 < X < b 2 it represents hyperbo¬ 
loids of one sheet, and when b 2 < X < c 2 , hyperboloids of two sheets. 
When X > c 2 the surfaces are imaginary. For given (.r, »/, z) Eq. (11-5) 
represents a cubic equation in X, which, as can be shown (see Exercise 7, 
Section 2-11), has three real roots, one < a 2 , one between a 2 and 5 2 , and 
another bet ween b- and c 2 . Through every point of space passes one ellipsoid , 
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one hyperboloid of one sheet, and one hyperboloid of two sheets. When z = 0 
they cut out of the XOF-plane a set of conics with the same foci, since 
b 2 — X — (a 2 — X) = b 2 — a 2 is independent of X. Such a system of conics 
is called a confocal system. For this reason we call Eq. (11-5) a system of 

confocal quadrics, although there are no points which can he called common 
foci. 

The tangent plane at a point P(x i, y i} zf) to a quadric with the origin as 
its center has the equation 

, Wi , zz\ _ , 
a 2 — X ' b 2 — X ' c 2 — X 


When two quadrics passing through P are given by X u X 2 , Xi ^ X 2 , then 
they form an angle a. of which the cosine is given by a fraction with the 
numerator: * 



But xnjiZi satisfy also Eq. (11-5) for X = Xi and X = X 2 , hence we find that 



W’M 





Fig. 2-35 
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6 2 


1 _" 

— X2_ 


+ 2 ? 


~ 1 
_c 2 - Xi 



which shows that a. = 90°. In words: 

The quadrics of a confocal system form a triply orthogonal system (Fig. 2- 

35 ). 

When we express x, y, z in terms of the Xi, X 2 , X 3 determining the three 
orthogonal quadrics passing through the point (x, y, z ): 

x = x(Xi, X 2 , X 3 ), (11-6) 


we obtain a system of elliptic coordinates in space. 

We thus have established the existence of other triply orthogonal sys¬ 
tems than the trivial ones determined by Eqs. (11-2). This lends interest 
to the following theorem, also due to Dupin: 

The surfaces of a triply orthogonal system intersect in the lines of curvature . 
To prove it let us define the system by means of Eq. (11-1) and Eq. 
(11-4). From Eq. (11-4) we find by differentiation 


hence 







Xyyj * X U Xi0u 




(11-7) 


Let us single out for consideration the surface w = 0. Its surface 
normal is in the direction of Xu,; the vectors x u and x p are tangent vectors, 
functions of the curvilinear coordinates (a, v) on the surface. 

The equation x u • x v = 0 means that the F on this surface vanishes; the 
equation x w • x uv = 0 means, according to Eq. (5-9) that / vanishes. 
Coordinate systems for which / = F = 0, are formed by lines of curvature. 
Instead of w = constant we could take any surface of the set and reason in 
a similar way. The lines of intersection are therefore all lines of curvature. 

This theorem does not give us much valuable information for the cases 
( 11 - 2 ), but it gives us a simple way of finding the lines of curvature on an 
ellipsoid, a hyperboloid of one sheet, or a hyperboloid of two sheets. If, for 
instance, we wish to find the lines of curvature on the ellipsoid 



( 11 - 8 ) 


we “ imbed ” this ellipsoid in the triply orthogonal system ( 1 1-5). Then we 
see immediately: 

The lines of curvature on the ellipsoid (11-8) are the curves in which the 
ellipsoid is intersected by the two sets of hyperboloids in the triply orthogonal 
system (11-6) to which the ellipsoid belongs. 
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The lines of curvature on the ellipsoid are therefore space curves of the 
fourth degree. 

We have been able to see immediately that an ellipsoid can be “im¬ 
bedded” in a triply orthogonal system, and so can the system of ellipsoids 
(Eq. (11-5), X < a 2 ) to which it belongs. It can be shown, however, that 
not every single infinity of surfaces can thus be made part of a triply orthog¬ 
onal system. For instance, a system of quadrics (11-8), in which a 2 , b 2 , c 2 
depend on a parameter u, can be part of a triply orthogonal system only if 

a 3 (b 2 - c 2 )a' + b 3 (c 2 - a 2 )b' + c 3 (a 2 - b 2 )c' = 0,* a' = da/du, etc. 

This is not satisfied, for instance, for a family of ellipsoids which are similar 
with respect to their common center. It can be shown that a single in¬ 
finity of surfaces must satisfy a partial differential equation of the third order 
to be “imbeddable” in a triply orthogonal system. 

Several textbooks (Forsyth, Eisenhart, et al.) have chapters on triply or¬ 
thogonal surfaces. A full treatment is given in G. Darboux, Leqons sur les 
systemes orthogonaux et les coordonnees curvilignes (Paris, 1910). Gaston Darboux 
(1842-1917), to whose works we must often refer, in 1880 succeeded Chasles as 
professor of higher geometry at the Paris Sorbonne and in 1900 succeeded 
Bertrand as secretaire perp£tuel of the Acad6mie des Sciences. In his many 
papers and books he combined geometrical intuition with a mastery of algebra 
and analysis. His Leqvns are not only a great source of information on surface 
theory, but also belong to the best written mathematical books of the nineteenth 
century. 


EXERCISES 

1. Show that the coordinate lines of the surfaces 

y = Xi(u) + x 2 (v), 

where xfu) and x 2 (v) are arbitrary vector functions, are conjugate lines. These 
surfaces are called translation surfaces. 

2. Find the family of curves on a right conoid conjugate to the orthogonal 
trajectories of the generating lines. 

3. If two surfaces intersect each other along a curve at a constant angle, and 
if the curve is a line of curvature on one surface, then it is also a line of curvature 
on the other. Also prove the converse theorem (O. Bonnet, Journ. Ec. Polyt. 35, 
1853, a special case by Joachimsthal, Journal fur Mathem. 30, 1846, pp. 347-350). 

4. Third Fundamental form. Apart from I = dx • dx and II = —dx • dN a 
third fundamental form III = dN • dN is occasionally introduced. Prove that 
if K is the total curvature and M the mean curvature 

Kl - 2M II + III = 0. 


* See e.g. A. R. Forsyth, Differential Geometry , p. 453. 
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5. Theorem of Beltrami-Enneper. The torsion of the asymptotic lines through 
a point of the surface is +\^-K (E. Beltrami, 1866, Opere matem. I, p. 301). 
Hint: Use the result of Exercise 4. 

6 . Spherical linage. When through a point unit vectors are drawn parallel 
to the surface normals along a curve C on a surface, the end points describe the 
spherical image of C on the unit sphere. Show that III (Exercise 4) is the square 
of the element of arc of the spherical image. Also show that at corresponding 
points the spherical image (a) of the lines of curvature is parallel to the lines of 
curvature, (b) of the asymptotic lines is perpendicular to the asymptotic lines. 

7. Show that the spherical image of a family of curves of a surface S is orthogonal 
to its conjugate family on S. 

8 . Show that the systems of surfaces 

(a) x 2 + if -f z 2 = u } y = vx, x 2 + if = wz, 

(b) X 2 -f y 2 + z 2 = UX, X 2 + y 2 4- z 2 = vy , x 2 + y 2 + z 2 = wz, 

form a triply orthogonal set. 

9. Prove that the conics of the confocal system in the plane 



(X variable) 


form an orthogonal set (Fig. 2-36): (a) by following a method similar to that of 
Section (2-11), (b) by considering the transformation w = sin z of one complex 
plane on the other. 

10. Prove that Eq. (11-5) in X, with fixed x, y, z, has three real roots. Hint: 
Show that the roots of Eq. (11-5) are separated by the roots of the equation of 
Exercise 9. 



Fig. 2-36 



CHAPTER 3 


THE FUNDAMENTAL EQUATIONS 

3-1 Gauss. The material of Chapters 1 and 2 bears the strong imprint 
of the methods of Monge. In this chapter and in the next we discuss 
another approach, connected with the name of the great German mathe¬ 
matician, Gauss. 

For both men, theory and practice were intimately related. Monge, 
as a craftsman and engineer, saw in a surface primarily the boundary of a 
solid body, and consequently stressed the properties of a surface in relation 
to the surrounding space. He selected his topics, in the main, by their 
visual or engineering appeal, often finding his theoretical guidance in their 
possible relationship to the theory of partial differential equations. Gauss 
approached the theory of surfaces primarily as a result of his work on tri¬ 
angulation, where the emphasis is on measurements between points on the 
surface of the earth. Consequently he saw in a surface not so much the 
boundary of a solid body, as a fleece or film, a two-dimensional entity not 
necessarily attached to a three-dimensional body. A piece of such a sur¬ 
face can be bent and we can ask for the properties of the fleece which do 
not change under bending. A two-dimensional being, living on this sur¬ 
face and unaware of any outside space — like the beings of Abbott’s 
Flatland* which live in the plane unaware of any space of which the 
plane may be a part — would not be able to find out what asymptotic 
lines or lines of curvature are. But he would be able to find the road of 
shortest distance between two points measured along the surface, or the 
angle of two directions on the surface, that is, the intrinsic properties of 
the surface. Thus, with his characteristic understanding of theory and 
practice alike, Gauss drew from his work as a surveyor the inspiration for 
his profound reappraisal of the general theory of surfaces. 

Carl Friedrich Gauss (1777-1855) was director of the astronomical 
observatory at Gottingen from 1807 to his death. One of the greatest 
scientists of all times, his work combined the fertility and particular 
originality of the eighteenth century mathematicians with the critical 
spirit of modern times. 

The fields of his activity ranged from the theory of numbers to complex 
variable theory, and from celestial mechanics to the electric telegraph, of 


* E. A. Abbott, Flatland — a romance of many dimensions — by a square (1884). 
Several editions; among others, Boston, Little, Brown & Co., 1941, xiii -f- 155 pp. 
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which he is one of the inventors. His fundamental work on surface theoiy, 
the Disquisiiioncs generates circa superficies curvas of 1827 (Werke 4, 
pp. 217-258) was, like much of Gauss’ work, written in Latin, but there 
exists an English translation, General investigations on curved surfaces , 
Princeton, 1902, 127 pages. Gauss published other works on questions 
pertaining to geometry, such as his paper on conformal representation 
(1822), but he kept some of his boldest ideas to himself, notably his ideas 
on non-Euclidean geometry (see Section 4-7). 

3-2 The equations of Gauss-Weingarten. We can penetrate into 
Gauss’ mode of thinking by asking whether there exist any relations be¬ 
tween the coefficients of the first and of the second fundamental form. It 
is clear that such relations cannot be purely algebraic, since E, F y G depend 
on only x u and x v , whereas c, /, g depend also on x„„, x U p, and x pp (algebraic 
relations can, of course, exist in special cases to characterize special sur¬ 
faces or the nature of the surface at certain points, such as umbilics). The 
general relations between E } F, G f e, f, g must be differential relations. 
We shall now show how these relations can be found. 

This demonstration can be accomplished by means of certain formulas 
which were used by Gauss himself in his paper of 1827. We shall derive 
them by introducing, at a point P of a surface, a moving tnhedron f now com¬ 
posed, not of three mutually orthogonal unit vectors, as in the case of space 
curves, but of the three linearly independent vectors x u , x p , N, of which x u 
and x v lie in the tangent plane normal to N (Fig. 3-1). These vectors 
satisfy the equations for scalar multiplication: 



Fig. 3-1 


This moving trihedron depends on two parameters (u, v) y whereas in the 
case of space curves it depends on only one parameter. 

Every vector can be linearly expressed in the three basic vectors of the 
moving trihedron. When we do this for x MU , x up , and x vr , we obtain equa¬ 
tions of the form 

x U u == «ix u -j - c*2X,, + CV3N, 

x uc = ftx u + ft>x p + ftiN, 

x n> = 7i x u 4" Y2X* 4~ 73N, 


( 2 - 2 ) 
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where the coefficients on ... ya have to be determined. We immediately 
find, by using Table 2-1 and Section 2-5, that 

<23 = x uu • N = e, j3 3 = x uv • N = /, 73 = x,™ • N = g. (2-3) 

Moreover, using again Table 2-1 and introducing the notation 

[11, 1] = x uu • x u , [11,2] = x uu • x v , (2-4) 

we find 


[11, 1] = Ecu i -j- Fa 2 , [11,2] = Fai + Ga 2 , 


or, solving these equations for a\ and a 2> 


_ G[11, 1] - F[ 11,2] 
ai EG - F 2 


a 2 — 


E[ll,2] - E[ll, 1] 
EG - E 2 


(2-5) 


The bracket symbols [11, 1] and [11,2] can be expressed in terms of deriva¬ 
tives of E, E, G, because 


2x 


u A uu 


— Euy 2x u • x uv -E’uj 


u 


I x^u • Xv - Fn • 


Hence: 


[ 11 , 1 ] = \E U> [ 11 , 2 ] = F u - iE„ 


and, if we introduce these expressions into Eq. (2-5), we see that the coef¬ 
ficients «i and ct 2 can be expressed in terms of E, F, G and their first deriva¬ 
tives. A similar reasoning gives us ft, ft and 71 , 72 . 

Changing the notation, we denote on by and a 2 by rf,. If we change 
the ft and 7 ;(i = 1 , 2 ) similarly, we obtain the formulas 



+ eN, 

r[ 2 x„ + r( 2 x„ + /n, 
rj 2 x u + rf 2 x„ + yN, 


( 2 - 6 ) 


where the rj t (i, j, k = 1,2) are defined as follows: 



GE U - 2 FF U + FE„ 
2 (EG - F 2 ) 

_ GE V - FG U 
~ 2 (EG - F 2 )’ 

_ 2 GF V - GG U - FG V 
~ 2 (EG - F' 2 ) ’ 


2 _ 2FF U — FF, — FE U 
r ' 1 _ 2(EG - F 2 ) 
EG U - FF, 

12 2 (EG-F 2 )’ 

2 _ FG„ - 2FF„ + FGu 
122 " 2 (EG - F 2 ) 


(2-7) 


The rj t are called the Christoffel symbols. It is convenient to introduce not 
only rjt but also Ttj by the definition 



(hence Tjj 




( 2 - 8 ) 
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The [ij, k] are often called Christoffel symbols of the first kind; in that case 
we call the rj* Christoffel symbols of the second kind. They depend exclusively 
on the coefficients of the first fundamental form and their first derivatives. 

Eqs. (2-6) are the Gauss equations which we intend to derive. They have 
also been called the partial differential equations of surface theory. 


The Christoffel symbols are called after Erwin Bruno Christoffel (1829-1901), 
who taught first at Zurich and after the Franco-Prussian war of 1870-1871 at 
Strassbourg. Christoffel introduced his symbols in a paper on differential forms 
in n variables, published in Crelle’s Journal fur Mathem. 70, 1869 ( Gesamm. 
Abhandlungen 7, 1910, p. 352), denoting our T' Jk by \ J *\. The change to our 
present notation has been made under the influence of tensor theory. 


It will be found useful to complement the Gauss Eqs. (2-6) by the two 
equations which express the derivatives N„ and N„ in terms of the moving 
trihedron. Since N u and N„ lie in the tangent plane, the expressions will be 

of the form 

N u = piX u -f P2X V , N„ = qiX u + 52 X p . 

With the aid of Table 2-1 and Section 2-5, we obtain 


or 


— e = p\E + p 2 F y —f = q\E + Q 2 F , 

—/ = piF + p 2 G } —g = qiF + q 2 G } 


N u 

N„ 


fF - cG c F -JE 
EG - F- X “ + EG - F- 



IlF-JG 
EG - F- 


Xu 4 - 


fF-gE 
EG - E- 



(2-9) 


It is customary to call these equations after J. JVeingarten (Crelle’s Journal 
fur Mathem. 59, 1861). 

An interesting application of the Gauss equations is obtained by referring 
the surface to a conjugate set of curvilinear coordinates. Then / = 0, and 
the second of the Eqs. (2-6) becomes 






(2-10) 


This is a set of three differential equations for the rectangular coordinates 
Xi of the surface. Conversely, when the second of the Eqs. (2-6) takes the 
form (2-10), the curvilinear coordinates (*/, v) on the surface are conjugate. 
The rj 2 , r? 2 may be any functions of u and v, since their expressions in 
terms of t he E , F, G and their derivatives of the corresponding surface are 
determined by Eq. (2-10) itself. We thus have found the theorem: 
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Three functionally independent solutions of the partial differential equa¬ 
tion 

<p uv — A<p u — B<p v = 0, A = A(u , v), B = B(u, v) (2-11) 

determine a surface on which the curves u = constant , v = constant are a 
conjugate set of curves. 

When the curves v = constant are asymptotic, e = 0, and we find in a 
similar way: 

Three functionally independent solutions of the partial differential equation 

<p uu — Aipu. — Bip v = 0, A = A(u, v ), B = B(u , v ) (2—12) 

determine a surface on which the curves v = constant are asymptotic lines. 
These conditions are necessary and sufficient. 

The importance of these theorems lies in the fact that the more general 
linear partial differential equation of the second order, 

A(p U u + B(p uv -f- Cipw + B>(p u + E<p v = 0, 

where A, ... E are functions of u and v } can always be transformed into 
either form (2-11) or form (2-12) by a real or imaginary substitution of the 
independent variables. For further information we refer to Darboux’ 
Surfaces I, pp. 102-145, where many applications are made connecting the 
theory of partial differential equations, and their theory of characteristics, 
with that of surfaces. We confine ourselves to a very simple special case, 
obtained by taking A = 0, B = 0 in Eq. (2-11). Then we obtain 

*«„ = 0, (2-13) 

of which the general solution is <p = fi(u) + fziv), where fi and f 2 are arbi¬ 
trary functions. Hence: 

The surfaces 

x t = Ui(u) + Vi(p), i = 1, 2, 3, (2-14) 

where the Ui and V { are arbitrary func¬ 
tions of u and v respectively , have a con¬ 
jugate set of parametric lines. These 
surfaces are called translation surfaces 
(see Exercise 1, Section 2-11), since 
they can be obtained by moving the 
space curve x = U(w) parallel to itself 
in such a way that one point of the 
curve moves along the space curve 
x = V(v). The curves U(w) and V(y) 



Fig. 3-2 
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may be interchanged and still yield the same surface. An example is a 
cylinder obtained by moving a straight line l parallel to itself along a 
circle c (Fig. 3-2); it can also be obtained by moving the circle c parallel to 
itself along the line l (that is, moving the plane of circle c with c in it parallel 
to itself such that c continues to intersect l). Straight lines and circles 
form a conjugate set of curves. 

3-3 The theorem of Gauss and the equations of Codazzi. The equa¬ 
tions of Gauss define the coordinates x, of a surface as functions of u and v 
by means of a set of differential equations. These equations are not inde¬ 
pendent, but certain compatibility conditions are satisfied. They are 
expressed by the equations: 

(X uu )t> = (Xuv) u ; (Xuv)v = (x v i>)u* 

We have therefore for any surface: 

| y (r!,x„ + rf,x„ + <N) = £ (r! 2 x„ + rj 2 x„ +/N), 

(ri 2 x„ + r? 2 x„ +/N) = £ (rj 2 x„ + ri 2 x„ + gN). 


(3-i) 


dv 


The terms in x uu , x ur , and x vv can again be expressed in terms of x u , x r , and 
N, by means of the Gauss equations, while the terms in N u and N P can be 
expressed in terms of x u and x„ by means of the Weingarten equation. 
In this way we obtain two identities between the vectors x u , x,., N, which 
can be satisfied only if the coefficients of x u , x„, and N are identically zero. 
In this way we obtain six scalar equations. We shall study in detail the 
three resulting from the first equation of (3-1): 

(a) coeff. Of x„: |- r!, + r!,r ! 2 + rf, rk. + <■ 


= £ ri 2 + r| 2 ri, + r? 2 r } 2 + / eG 


EG - F- 


(h) coeff. of x..: £ rf, + r{ , rf a + I'T.rL + c f J a 


(3-2) 


= £ rf, + ri 2 rr. + r? 2 r ? 2 + / 

(c) coeff. of N:/n, + gTU + £ = c-ri 2 + /rf 2 + £• 

Three other equations can be derived from the second equation in (3-1) 
The Fqs. (3-2) can be written in the form: 


00 


/ 


, <v 


_ f _ pi — r 1 4- r 2 r 1 r 2 r* 

EG - F-‘ ” du 112 dr 111 + 112112 111122 ‘ 
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(b) ~ E Z- P r- = t rL “ dv r “ + ri * r " - r! > r - + r - r - 

(c) %~&u = erla + /(r?2 ~ r!l) ~ « ,rfl - 


p 2 t -'2 
1 111 22 * 


(3-3) 


The Eqs. (3-3a) and (3-3b) have in common that they contain the 
coefficients of the second fundamental form only in the combination 
eg — f 2 . Moreover, this combination appears as numerator of the fraction 
(eg — p)/(EG — F 2 ), which is (see Section 2-7) the Gaussian curvature of 
the surface. Eqs. (3-3a) and (3-3b) both express the property that this 
Gaussian curvature depends only on E, F, G and their first and second 
derivatives. We call an expression which depends only on E , F, G and 
its derivatives a bending invariant , and thus have found Gauss’ theorem: 

The Gaussian curvature of a surface is a bending invariant. (This is a 
“ Theorema egregium ,” “a most excellent theorem,” wrote Gauss.) 

This same result is expressed, in different analytical form, by the first 
two equations obtained from the second of Eqs. (3-1). The third equation 
gives us a result which has in common with the Eq. (3-3c) that it contains 
derivatives of coefficients of the second fundamental form. We write this 
new third equation together with (3-3c): 


t-t = eT '> + - no - 

dv du 

— -jS = 0T22 +/(r 22 r} 2 ) gT \ 2 . 
dv du 


(3-4) 


These two equations are known as the equations of Codazzi or of Mainardi- 
Codazzi. 

These formulas are found in the paper by D. Codazzi (1824-1875) in his answer 
to a “concours” of the Paris Academy (1860, printed in the Mem. presentes a 
VAcademie 27, 1880); also in the Annali di Matem. 2, 1868-1869, pp. 101-119. 
They were, at that time, already published by G. Mainardi, Giomale Istituto 
Lombardo 9, 1856, pp. 385-398. Gauss, in his Disquisitiones has these formulas 
in principle, though not explicitly. Their fundamental importance was first 
fully recognized by O. Bonnet, Journal de VEcole Polytechnique 42 (1867), pp. 
31-151. 

There also exist compatibility conditions for the Weingarten equations 
(2-9). However, these equations, obtained by expressing that N uv = N wu 
and by using the Gauss equations (2-6), can be shown to be equivalent to 
the Codazzi equations (see Exercise 21, Section 4-2). 
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When we call the Gaussian curvature a bending invariant, we mean that 
it is unchanged by such deformations of the surface (we always think of a 
limited region) which do not involve stretching, shrinking, or tearing. 
This bending leaves the distance between two points on the surface, meas¬ 
ured along a curve on the surface, unchanged, and also the angle of two 
tangent directions at a point. We can easily obtain an idea of this bending 
by deforming a piece of paper without changing its elastic properties (we 
should not wet it); a curve drawn on this piece of paper conserves its length 
even if its shape is changed as a result of the bending of the paper. 

When the curvilinear coordinate lines retain their position on the surface 
during the bending and the measurement of the coordinates remains the 
same, then the coefficients of the first fundamental form and all their deriva¬ 
tives with respect to the curvilinear coordinates also remain the same. .4 
function containing E, F, G and their derivatives is therefore a bending invari¬ 
ant; such an invariant can also contain arbitrary functions *p(u, v ), ^(w, v), . . . 
or the derivatives dv/du, d 2 v/du 2 , .... Properties of surfaces expressible 
by bending invariants are called intrinsic properties. 

Both the expression of Gauss’ theorem and Codazzi’s formulas can be 
written in many forms. The formulation (3-3) of Gauss’ theorem does 
not give an expression for the Gaussian curvature in which E } F } G take 
equivalent positions. F. Brioschi, in 1852 (Opere I, p. 1) gave an expres¬ 
sion which is more satisfactory from this point of view. To obtain it we 
use the determinant expressions for c,/, g (Section 2-5): 


K = 


CQ — p 
EG - F- 


1 


(EG— r-y- 


1 


(EG - F-)' 1 


*>v> [ (XmuX,|X|i) (x, r X M X r ) (XufXuXv )*’]) 


M 

•X ru 

Xu U 

•Xu 

Xuu 

•X r 


Xu l> 

*X||D 

Xur 

•X u 

Xur 

•x r 

X (1 

•X,., 

Xu 

•Xu 

Xu 

•X,. 

— 

Xu 

■Xur 

X l4 

•Xu 

X u 

•X,. 

x. 

• X,,„ 

X„ 

•Xu 

X. 

•X,. 


Xp 

•Xur 

X P 

•Xu 

Xp 

•X r 


(3-5) 


In the terms of the determinants we recognize E } F y G and the symbols 
[ij,k] of Eq. (2-4). We still need expressions for x, 4M *x wr and x M „*x, 1P> but 
since each of these expressions occurs with the same factor EG — F 2 , we 
need only their difference. We can verify, bv the same method as used for 
Eq. (2-4), that 

Xuij • X,.,. X|||1 • X„„ \E VV ~ f— /* |||> ^G u u. 

We thus obtain for K the expression 


K = 


1 


(EG- F-)- 


1 J? _l L 1 _ 1 / ^ 

2 7 I 1 141’ 2 <4 *4 

ic,„ 

\a v 


1 /•’ /<’ — 1 
2 u 1 i4 

E F 

F G 


0 

\E V 

\G„ 


\E V 

E 

F 


IG U 

F 

G 


1 


(3-6) 
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This takes a much simpler form in the case that the parametric lines are 
orthogonal. Then F = 0 and we can verify without much difficulty that 
in this case 

K= _ [± (JL ^G\ ^ /j dVEY] 

VEG\- du \VE du ) dv\\/Q dv )J v O 

Eqs. (3-5) through (3-7) are also called Gauss’ equations. They all 
express the “Theorema egregium.” 

The Codazzi equations take a simple form when we do not only take 
F = 0, but also / = 0, which means that we take the lines of curvature as 
coordinate lines. Then (Sec. 2-6) we have for the principal normal curva¬ 
tures ki and /C2: 

*i = e/E, k 2 = g/G, 
and the Codazzi equations, now reduced to 


take the form 



d/Ci 

dv 


IE* 

2 E 


( k 2 — Ki), 



die 2 

du 




(3-7a) 


(3-8) 


EXERCISES 

1. Derive the second of the Codazzi Eq. (3-4) from the second Eq. (3-1). 

2. Derive Rodrigues’ formula for the lines of curvature from the Weingarten 
equations. 

3. Compute the Christoffel symbols for polar coordinates in the plane. 

4. Show that when the surface is given by z = f(x, y) (see Exercise 2, Sec. 2-8), 

■pi _ P r _ pi _ __ pi _ _ pt 

1 + v + <2 1 + p 2 + q- 1 + p 2 + q 2 

p2 _ _ qr p2 _ qs p 2 — ( I f K — r{ ~ s2 

11 l + pt + q*’ 12 1 +p* + 9 2 ’ “ 1 +p‘ + q* (1 +p l + q*y' 

5. The locus of the centers of the chords of a space curve C is a translation 
surface on which C is an asymptotic curve. 

6. Show that the paraboloid z = ax 2 -f by 2 is a translation surface. What are 
the curves u = constant, v = constant (Eq. 2-14) in this case? 

7. When D 2 = EG — F 2 , show that 


d_ 

du 


In D 


Eh -T Ei 2 , 


— In D = r,> 2 + 

dv 
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8. When as is the angle between the coordinate curves, show that 


(9 co 
du 



B pi 

G 1 ' 2 ’ 



9. Verify the simplified equations of Gauss and of Codazzi (3-7) and (3-8) 

10. Verify the following expressions for the Gaussian curvature: 


K=- 


1 


4 (EG-F*) 


E F G 
E u F u G u 
E v F v G v 


f G u — F r d F u — E y 


K = 


2 VEG-F 2 1 du VEG-F 2 d” VEG-F 2 

(G. Frobenius, see Blaschke I, p. 117.) 

(J. Liouville, Journal de Mathbn. 16 (1851), p. 130.) 

11. Show that the direction cosines V, of the unit surface normal vector satisfy 
equations of the form 


<p uv + A(p u + B<Pv + C<p — 0 , 

*puu + ^li<^u + Bi<p v + C X if> = 0, A . . . Cx functions of u and v. 

12. Show that K is invariant under a change of curvilinear coordinates on the 
surface. 


13. Tensor notation. We introduce the notation 



Show that 



hj> 




Here we sum on the index which is repeated (here i). The Kronccker symbol dj is 1 
when k = j , and zero when k ^ j; for example b\ = 1, 8\ = 0. 

In the next exercises we use the notation of Exercise 13; the indices i, j f k, . . . 
run over 1 and 2. We call u = iq, v = Mo. 


14. Show that 



15. Show that Gauss’ equations (2-0) can be written 

x w = -f hi, N, 


Xi = x 14 , X; = x,., etc., and e 
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16. Show that Weingarten’s equations (2-9) can be written: 

N, = — (g kl h«)x k . 

(Here the summing is both on l and on k.) 

17. Show that Codazzi’s equations can be written: 

dhxj p*/. d/i,7 T'* l 

-T. - — A ll'lki — -z -1 tjh M . 

dm duj 

18. By introducing the symbol of Riemann: 

I kl, ij\ = R\ jk = -- rk - ~ T’ Jk + rSrL - (sum on m), 

OUj O lli 

show that the Eqs. (3-3) can be written as 

Q n \eg -P) = Rl n = {In, 12). 

19. By introducing the symbol 

(kl, ij) = R ij k i = R? jk g m i, 
show that the Gaussian curvature K can be written: 


K = 


R 1212 _ ( 12 , 12 ) 


EG - F 2 EG - F 2 


20. Show that when we substitute E , F, G for e, f, g into the Codazzi equations, 
these equations are identically satisfied. 


3-4 Curvilinear coordinates in space. The theory developed in the two 
previous sections can be considered as an aspect of a more general theory, 
dealing with families of surfaces in space. We shall give an outline of this 
theory for the special case that our given surface belongs to a triply or¬ 
thogonal system of surfaces, which for one surface does not involve a re¬ 
striction of generality. In this case we shall take the parametric lines 
along the curves of intersection of the surfaces. This means not only that 
the parametric lines are orthogonal, but also, according to Dupin’s theorem, 
that they are lines of curvature. Using the notation of Section 2-11, we 
introduce the curvilinear coordinates ( u , v, w) by means of the equation 

x = x(iq v , w), 

which establishes three families of oo l surfaces 


u(x, y, z) = Cl, v(x, y, z) = c 2 , w(x, y, z) = c 3 , 


or for short: 


Ui = d 


i = 1, 2, 3 


(4-1) 


We also know (Section 2-11) that the relations exist: 

Xy • Xy Xv • x w X w • x u == 0, 

X uv * X w Xyn • Xu Xuju * x^ 0, 


(4-2a) 

(4-2b) 
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of which the last three express Dupin’s theorem. We can consider the sur¬ 
face of the previous sections as one of the surfaces w = a 3 = constant. 
For these surfaces / = 0, F = 0. 

At each point we have a set of three linearly independent orthogonal 
vectors x,„ x v , x*., and also the set of the gradient vectors vw, W, Vw, which 
have the same directions as the x u , x,,, Xu, respectively. 

The gradient vector field of a function of position f(x, y, z) is defined as 

V/ = grad / = ei/x + e 2 / y + e 3 /*. 

Since (If = dx • V/ this vector field is perpendicular to the surface / = constant. 
The length of V/ is df/dn, where dn is the element of length in the direction 
normal to / = constant. 


The ds 2 of space, expressed in the curvilinear coordinates u, v, w, takes 
the form (Section 2-11): 

ds 2 = (x u • x M ) du 2 + (x v • x v ) dv 2 -h (x w • x w ) dw 2 , 

for which it is customary to write either one of the following notations: 

ds 2 = 0 n du 2 + 022 dv 2 + 033 dw 2 = H\ du 2 + HI dv 2 + H% did 2 . (4-3) 

The 0 -notation is called the tensor notation (see Exercise 13, Section 3-3), 
the //-notation is called Lame's notation for this ds 2 . We take the //» 
positive, II] means //»//* = (//») 2 . 

If we now introduce three unit vectors Ui, Uo, U3 in the direction of x u , x v , 
x w respectively (in the sense of increasing u, v, w), then since 

|V u\ = du/dn = Hx\ |Vu.| = H t ~\ i = 1,2,3, 

the following relations exist at each point P of space: 

Ui = h x x u = IIi Vu } u> = h oX v = II 2 Vy, u 3 = /i 3 X, r = HjVto, (4-4) 

where the //, are defined by 

hi = Hr\ i= 1,2,3. 


The trihedrons (x„, x,,, x„), (ui, u 2 , u 3 ), and (Vu,Vv,Vw) depend on the 
three parameters (//, v, id), and their motion in space can be used to explore 
the geometry of space very much in the way we have used the moving tri¬ 
hedron depending on one parameter for the investigation of space curves. 
This motion can be expressed in terms of the derivatives of either one of 
these trihedrons. Following the method of Section 3-2, we write in analogy 
to the Gauss equations: 


x M „ = riiXu + rfiX tf + r?iX u . (and 2 similar equations), /±*\ 

x uv = rl 2 x„ + r?oX v + r? 2 x IP (and 2 similar equations). 
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Eqs. (4-2b) show that all r 't (i,j, k = 1, 2, 3, all different) vanish. For 
the other r we find by a method similar to that used in Section 3-2: 

ril = hi d u Hi = — Hi djii = ( = E U /2E for w = c), 

(IS\ 

r lT7 

T\ 2 = hi d v H i = — Hi d v hi = hiH 2 —^ ( = E v /2Eforw = c), (4-6) 
rf, =-HM d v Hi = — HJ 12 ^ (=G U /2E for w = c), 

CIS 2 

and in general: 



It = —H ihj 


dHj * 
dsj ’ 


where dsi = Hi du { represents the ds in the direction normal to Ui = con¬ 
stant. Hence 


dH i , T r dH i , „ dH i , 

Xuu — j X u tx 2 * * i 7 Xu \ , Xiuj etc 

asi ds 2 «s 3 


7 rr dHi j TJ dH 2 
x uv = hiH 2 —— x u + h 2 H i —— x 


ds‘ 


dsi 


VJ 


etc. 


(4-7) 


The corresponding equations for the unit vectors are obtained from equa¬ 
tions such as d u Ui = duQiiXu). We obtain: 


d u Ui = 


d v Ui = 


d w \li = 


dHi dHi 

- T~ u 2 — ~T~ u 3> 

a$2 CIS 3 

dH 


dsi 


u 2 , 


(4-8) 


u 3 , and 2 other sets of 3 equations 

CIS i 


Since u i is the unit normal vector of surface Ui = const, the equations 
for di\ij , i 9 ^ j , express Rodrigues’ theorem. The equation for hi d u Ui ex¬ 
presses the decomposition of the curvature vector of the lines of curvature 
in its tangential and normal component. 

When two arbitrary functions E(u , v ), G(u , v) of two variables are given, 
then it is always possible to find surfaces for which ds 2 — E du 2 -f- G cfo 2 is 
the first fundamental form (see Section 5-3). This is not the case when 
three arbitrary functions gn(u, v, w), g 22 (u, v , w ), gzz(u, v, w) are given, and 
it is required that they be used as coefficients of a ds 2 of space of the form 


* Contrary to Exercises 13-19, Section 3-3, we do not here sum on indices which 
occur more than once. 
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(4-3). It can he shown that the g« must satisfy six differential relations, 
the compatibility equations. We can obtain them, in a way similar to that 
used in Section 3-3, by evaluating equations of the type x uuv = x uru . We 
obtain them in a simpler way by performing a similar operation on the unit 

vectors in Eq. (4-8): 

d u dplli = dv duVL u ctc» 


We obtain 



from which, by the use of Eq. (4-8), we obtain three scalar equations as 
coefficients of Ui, u 2 , u 3 respectively. The coefficient of Ui is identically 
zero. The other coefficients are 


d dll* _j_ d_ dlli _ _ dll i dIIi * 
du dsi dv dsi ds 3 dss 

±dHi = dlh dHi 

dv dss dsi dsz 


(4-9) 

(4-10) 


There are three equations of the form (4-9), and six of the form (4-10). 
As we said before, it can be shown that six of them are independent, but we 
shall not prove this here (see Exercise 6, this section). The Eq. (4-10) can 
also be written in the form 


= dI h d Jh = (; i 3 a, r // 1 )(a„// 3 ) + VndMOidJh). (4-lOa) 

dv dw dsz dv dsi dw 

The equations of the type (4-9) and (4-10) are equivalent with the 
Gauss-Codazzi equations for the surfaces w* = constant. To show it for 
the surfaces w = constant we notice that by comparison of Eqs. (4-5) and 
(2-6) we can express c and g in terms of T: 

77 1 _ 1 d(J\\ 

Iil ds* ~ 2 ds z ' ( 4 - 11 ) 

ii dH* — I 

2 ds 3 ~ 2 ds* * 

We can write these equations also in the form c=—^dE ds$ and 
g —— $dG/ds 3 , provided we understand that the E and G are here func¬ 
tions of three variables, in which w = constant is substituted after differen¬ 
tiation. They arc new and interesting expressions for the coefficients of the 
second fundamental form in terms of those of the first. 

Eq. (4-9) becomes, after substituting for dll\/ds 3 and dH*/ds 3 their 
expressions (4-11) in terms of e and g } 


c = //aH, = - 

g = // 3 II 2 = - 
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/- (/'1//2II2) - f- (Aiff*Hi) = hJneg, 
oil dv 

which is equivalent with the Gauss equation (3-3b), in which / = F = 0. 

Similarly, Eq. (4-10) becomes 

~ (-V) = (h,H l T\ 2 )(-h 2 g), 

dv 

which is equivalent with the first of the Codazzi equations ( 3~4 ). 

The equations of this section were derived by Gabriel Lame (1795-1870), who 
in and after 1837 introduced curvilinear coordinates for the solution of the dif¬ 
ferential equations of heat and elasticity. He collected his results in the Legons 
sur les coordonnees curvilignes (1859). He introduced the concepts of isothermic 
systems (see Section 5-2) and differential parameters (see Section 4-8, Exer¬ 
cise 11). 

His work was used by G. Darboux for his investigations of triply orthogonal 
systems (Section 2-11); he generalized it to systems which intersect in conjugate 
systems (Legons sur les systemes orthogonaux, p. 361). Formulas for general 
systems of curvilinear coordinates in space can be found in papers by the Abb6 
Aoust (e.g. Annali di matem. 6, 1864, pp. 65-87) who generalized Lamp's work. 
This work has since 1887 been superseded by that of G. Ricci-Curbastro, who 
created in the tensor calculus a new instrument to deal with questions pertain¬ 
ing to general curvilinear coordinates, not only for the geometry of three, but 
also for n > 3 dimensions. 


EXERCISES 

1. The sets of mutually orthogonal vectors a,-, b„ (i = 1, 2, 3), are called re¬ 
ciprocal if a, • b, = 0, i 7 *j; ai • bi = a 2 • b 2 = 3.3 • b3 = 1. Show that when 
x = x(u, v, w) introduces a set of curvilinear coordinates (not necessarily or¬ 
thogonal), the sets x u , x v , x w and Vu, Vv, Vw form a reciprocal set. 

2. Show that, in the notation of Section 3—4, 

H\u% + H? 2 ul + Hlw 2 x = 1, H\u x u v + Hlv x v v + H\w x w y = 0, cycl. 
h\x 2 u -f- h%x% -f~ hlx 2 w = 1, hix u yu ~b h- 2 x v y v -t - fi^Xioyw 0, cycl. 

3. Show that h x x u = hfiz{y v Zw — 2 /u.Zv), cycl., 

H x u x = H< J fizi\)yW t — v t Wy), cycl. 

4. Find the rotation vector p which expresses the motion of the system of unit 
vectors (ui, u 2 , 113 ) of Section 3-4 in the direction of Ui. 

5. Show that Eqs. (4-7) and (4-8) are equivalent with 

A- Vu = — Th Vu — r\ 2 Vv — rl 3 Vn>, and 2 other equations, 
du 

A Vu = — r ] 2 Vu — Th Vv, and 5 other equations. 
dv 
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6. Show that Eqs. (4-9) and (4-10) can be written (see Exercise 18, Section 3-3): 

Rijic = 0, where i, j, k, l = 1,2, 3. 

(It can be proved that G of the R\jk are independent, see L. P. Eisenhart, Riemannian 
geometry, Princeton, 1920, p. 21.) 


3-5 Some applications of the Gauss and the Codazzi equations. 

(1) An interesting illustration of Gauss’ theorem is presented by the cate- 
noid, 

x = u cos v, y = u sin v , z = c cosh -1 - — f(u), (5-1) 

c 

and the right helicoid, 

x = Ui cos Vi, y = ui sin v lf z = avi = fi(v). (5-2) 

The first fundamental form of the catenoid is (Section 2-8): 


ds 2 = 2 ~~—i d u2 + u 2 dv 2 , 

u z — c 2 

that of the right helicoid, 


ds 2 i = du\ -\- (u? + a 2 ) dv 

If we now write 

a = c, v = i>i, u = V ui + a- or Mi = Vm 2 — a 2 (5-3) 

then 

ds 2 = ds 2 , 


and we see that for 0 ^ v < 2 tt and -a^iK+a we have established a 
one-to-one correspondence between the points on both surfaces such that at 
corresponding points the first, fundamental forms are equal. 

The total curvature of the catenoid is (Section 2-8): 



rr 

w(i +PY 



since /' 



The total curvature of the right helicoid is: 


C/I)* 


A', = 


-a- 


Wi + (/0 2 ) 2 («I + a 2 ) 2 ’ 


and we can readily verify that the substitution (5-3) also leads to K = K u 
'Fins shows that a correspondence can be established between the points of a 
catenoid and of a right helicoid such that at corresponding points the E, F, G 
and therefore the Gaussian curvature arc the same. 
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Fig. 3-3 



This is a one-to-one correspondence so long as —a^u<a, and 
0 ^ v < 27r, hence for one full turn of the helix. 

It can be shown (Section 5-4) that one surface can actually pass into the 
other by a continuous bending. In Fig. 3-3 we show six different stages in 
this deformation. This can be demonstrated with a flexible piece of brass 
applied to a plaster model of a catenoid and bent so as to be applied to a 
model of a right helicoid (Fig. 3-4, models by Brill, Darmstadt). Eqs. 
(5-2) and (5-3) show that the circles on the catenoid pass into the helices 
of the helicoid, and the catenaries of the catenoid into the straight lines of 
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Fig. 3-4 


the helicoid (that is, for the parts of the surfaces for which —a^u <4-a, 
0 ^ v < 2 tt, hence for one full turn of the helix). 

(2) As an illustration of the Codazzi equations we prove the theorem: 

The sphere is the only surface all points of which arc umbilics. 

The normal curvatures at an umbilic are all equal, and we can write 
k = ki = k 2 (Section 2-7). The Codazzi Eqs. (3-8) then show that dn/du = 0 
and Sk/ dv = 0, hence that k is a constant. We also find from Eq. (2-9) that 
N u =— kx U} N„ =— kx v ] here we use the fact that e/E = f/F = g/G = k. 
If we now associate with a point (x) on the surface a point 


y = X + /t*N, R = k ', constant, 


then y u = y v = 0, and all vectors x -f 7?N going out from the points on the 
surface meet in the fixed point (y). Hence we conclude that 

(x - y) • (x - y) = R\ 


which is the equation of a sphere. When k = 0 we find that N is a constant 
vector, and dx • N = 0 can be integrated into x • N = constant, the equa¬ 
tion of a plane (which can be considered as a sphere of infinite radius). 

(3) 1 his result is related to the following theorem due to D. Hilbert: 

In a region R of a surface of constant positive Gaussian curvature without 
umbilics the principal curvatures take their extreme values at the boundary. 
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Since the surface is not a sphere *i k 2} so that we take ki = K/k 2 . 
Let K\ assume a maximum at a point P inside the region R. Then k 2 as¬ 
sumes a minimum at P. Such a point is not an umbilic and is a regular 
point of the surface, so that the region near P is covered simply and without 
gaps by lines of curvature, which we can take as coordinate lines. Hence 
at P, dKi/dv = 0 and dK 2 /du = 0, and hence, according to the Codazzi 
Eqs. (3-8), E v = G u = 0. Moreover d 2 K\/dv 2 ^ 0 and & 2 k 2 /Su 2 ^ 0; 
hence, differentiating Eqs. (3-8), we obtain, since > k 2 , that E vv ^ 0, 
G uu ^ 0. But K y at this point P, can be written, according to Eq. (3-6): 



1 


2 EG 


(Ew + G UU )y 


which has a right-hand member ^ 0 and a left-hand member > 0 (E > 0, 
G > 0). This is impossible, so that nowhere in the interior of the region 
can we have dn\/dv = dK 2 /du = 0. The normal curvatures must mono- 
tonically increase or decrease along the lines of curvature. 

The proof requires the existence of a sufficient number of continuous 
derivatives, since the only criterion used for an extremum of k\ and k 2 is the 
vanishing of their first derivatives. 

This result leads to the 

Theorem of Liebmann. The only closed surface of constant positive curva¬ 
ture (without singularities ) is the sphere. 

Indeed, when a surface of constant curvature is not closed and is not a 
sphere, the maximum of all larger principal curvatures lies on the boundary. 
But a closed surface has no boundary, so that the larger principal curva¬ 
tures must be equal at all points of the surface. This, however, means that 
both K\ and k 2 must be constant on the surface, which can only happen 
(Eq. (3-8)) if all points are umbilics. The only possibility is therefore the 
sphere. 

This proof again requires that at all points on the surface a sufficient 
number of continuous derivatives of x with respect to u and v exist. In¬ 
deed, when we take two congruent spherical caps and place them together in 
a symmetrical position along their boundary circle, we obtain a closed sur¬ 
face of constant positive curvature which is not a sphere, but which has a 
line of singular points. 

This is our first example of surface theory in the large. We can express the 
theorem of Liebmann by saying that a sphere cannot be bent. A sphere 
with a hole in it can be bent, and we can also “crack” a sphere. 

This theorem was suggested by F. Minding, Crelle’s Journal fur Mathem. 

18, 1838, p. 368; the first proof dates from H. Liebmann, Gottinger N achrichten, 

1899, pp. 44—55. The present proof follows W. Blaschke, Differentialgeometrie 
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I, sect. 91. Hilbert’s proofs are in Trans. Amer. Math. Soc. 2, 1901, pp. 97-99, 
also Grundlagen der Geometric, Anhang V. 

This theorem of Liebmann is a special case of the general theorem that a 
closed and convex surface cannot be bent, which theorem seems to go back to 
Lagrange (1812). See A. Cauchy, Comptes Rendus 21, 1845, p. 564. A proof of 
this theorem was also given by Liebmann. It can also be proved that convex 
polyhedrons cannot be bent. 


3-6 The fundamental theorem of surface theory. We have seen that 
the coefficients of the two quadratic forms 

I = E du 2 + 2 F du dv + G dv 2 , EG - F 2 ^ 0, (6-1) 

II = e du 2 -j- 2/ du dv -j- g dv 2 , (6-2) 

satisfy the Gauss-Codazzi equations. We owe to O. Bonnet the proof of 
the converse theorem, called the 

Fundamental theorem. If E, F, G and c,f, g arc given as functions of 
u and v, sufficiently differentiable, which satisfy the Gauss-Codazzi equa¬ 
tions (3-4) and (3-6), while EG — F 2 9 ^ 0, then there exists a surface 
which admits as its first and second fundamental forms I = E du 2 -j- 
2 F du dv -\- G dv 2 and II = edit 2 + 2 f du dv + g dv 2 respectively. This 
surface is uniquely determined except for its position in space. For real 
surfaces with real curvilinear coordinates ( u, v) we need EG — F 2 > 0, 
E > 0, G > 0. 


The demonstration consists in showing that the Gauss-Weingarten 
equations (equivalent to fifteen scalar equations): 


{EG 

{EG 


N-N = 1, x u • 

x v • x v = (7, 


X U u = 

r!,x„ 

+ rf lX 

p + eN, 


(a) 

x uv = 


+ r? 2 x 

«> + /N, 


(b) 

X vv = 

rj 2 x„ 

+ H 2 x 

„ + (7N, 


(c) 

C 2 ) N. = 

(IF - 

- cG)x„ 

+ (eF - 

fE)x vt 

(d) 

• #■*) N. = 

(gF- 

- JG)x u 

+ (fF - 

gE)x v , 

(e) 

conditions (validity at 

one point suffices) 

= 0, 

x v • N 

= 0, 

Xu # x u 

= E, 

X u 

x„„ • N 

= G 

Y • 

A UV 

N =/, 

x vv • N 

= 


(6-3) 


(6-4) 


determine the twelve scalar functions of u and v given by x, x u , x w , N 
with just such a number of integration constants that the surface x = x(u, t>) 
is determined but for its position in space. Instead of a general demonstra¬ 
tion of this theorem, which requires some knowledge of the integration 
theory of mixed systems of partial differential equations, we shall illustrate 
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the nature of this demonstration by means of a simple example as follows: 
Given the differential forms 

I = du 2 + cos 2 u dv 2 y 
II = du 2 cos 2 u dv 2 , 

find the surface of which I and II are the first and second fundamental forms. 

Since E = 1, F = 0, G = cos 2 u; e = 1, / = 0, g = cos 2 u, we find for 
the Christoffel symbols 

r}i = r | 2 = rj 2 = rl 2 = o, r ? 2 = — tan u y r \ 2 = sin u cos u } 

which satisfy the Gauss-Codazzi equations (3-3), (3-4), as direct substitu¬ 
tion shows. 

The Gauss-Weingarten equations (6-3) are in this case 


Xuu 

(a) 


Xuv tan uXn, 

(b) 


x vv = sin u cos ux u -b cos 2 uN, 

(c) 

(6-5) 

N u = —x u , 

(d) 


N v =— x„. 

(e) 


We have to solve these 15 equations for the £». 

Eqs. (6-5a) and 

(6-5d) 


give by elimination of N: 

Xuuu “b x u 0 , 
or 

x = a(v) cos u + b(y) sin u + c(t>). 

Then Eq. (6-5b) gives 

b' cos u = — b' sin 2 u sec u — c' tan u , (b' = db/dv f c' = dc/dv ) 

or 

b' = c' = 0. 

Hence b and c are constant vectors, and 

x = a(t>) cos u + b sin u - be. 

From this equation and from Eqs. (6-5c), (6-5b), and (6-5e), we obtain: 

x vvv = a'" cos u = sin u cos ux^ v + cos 2 wN v = — a' cos u , 
or 

a"' + a' = 0, 

a = p cos v + q sin v + r, p, q, r constant vectors. 

The solution of Eq. (6-3) is therefore [r = 0, according to Eq. 6-5(c)] 

x = p cos v cos u + q sin v cos u + b sin u + c. 
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We must now select p, q, b, c so as to satisfy the additional conditions 
C 6 —4). Since 


x u = — p cos v sin u — q sin v sin u + b cos u , 
x v = — p sin v cos u + q cos v cos u , 


we find that for all u and v: 


x v • x v = cos 2 u = (p • p) sin 2 v cos 2 u — 2 (p • q) sin v cos v cos 2 u 

+ (q • q) cos 2 v cos 2 u> 


or 

p • p = 1, P • q = 0, q • q = 1. 
Similarly we derive from x u • x v = 0: 

q . b = p • b = 0. 

Then we obtain from x u • x u = 1 : 

b • b = 1. 


This shows that p, q, b form a system of mutually orthogonal unit vectors. 
The other equations (6-4) are now automatically satisfied. Denoting the 
vectors p, q, b by ei, e 2 , e 3 respectively, we obtain as the general solution 
of our set of equations: 


x = ei cos v cos u -f- e 2 sin v cos u e 3 sin u - f- c, 

which is the equation of the unit sphere. By the choice of ej, e 2 , e 3 , c we 
can place this sphere in any position of space, selecting any orthogonal 
system of meridians and parallels for our u- and ^-coordinates. 


The first to give a proof of the fundamental theorem was O. Bonnet, Journal 
Ecole Pol {/technique, cah. 42 (1867); there are also proofs in Bianchi’s Lezioni, 
section 68 , and in Eisenhart’s Differential geometry , pp. 158-159. The reader may 
compare this fundamental theorem with that for space curves, in which we con¬ 
sider a system of ordinary differential equations, which does not need condi¬ 
tions of the Gauss-Codazzi type for complete integrability. In the case of 
curves, we have given an actual method to carry out the integration (Section 
1-10), which leads to a Kiccati equation. The analogous problem in the case 
of surfaces can again be reduced to a Kiccati equation. A complete discussion 
of this case is in G. Scheffers, Anwendung II, pp. 393-414. The general theory 
of mixed systems of partial differential equations on which the proof of the 
fundamental theorem is based can bo studied in T. Levi Civita, The absolute 
differential calculus , Chap. 2, Sec. 8 . 
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4r-l Geodesic (tangential) curvature. We are now able to continue our 
study of the intrinsic properties of the surface. As in Section 2-5 we start 
with the curvature vector of a curve C on the surface. This curvature 
vector 

clt/ds = ku. = k 


of the curve at a point P with the tangent 
direction t lies in the plane through P 
perpendicular to t. This plane also con¬ 
tains the surface normal, in which the unit 
vector N is laid (Fig. 4-1). The projection 
of the curvature vector k on the surface 
normal is, according to Meusnier’s theorem 
(Section 2-5), the curvature vector of the 
normal section in direction t; we have t 
called this vector k n . We shall now study 
the projection of k on the tangent plane, 
which is called the vector of tangential 
curvature and which we have denoted by kp. 
already expressed in Eq. (5-1), Chapter 2: 



Hence we have the relation, 



( 1 - 1 ) 

l-— 1 

in words: 

The curvature vector is the sum of the normal and the tangential curvature 


vectors. 

The tangential curvature vector is also called the geodesic curvature 
vector. To find an expression for kp we introduce a unit vector U per¬ 
pendicular to t in the tangent plane in such a way that the sense t —> u is 
the same as that of x u —> x v . We then introduce the tangential curvature or 
geodesic curvature k 0 by means of the equation 



( 1 - 2 ) 


Where Meusnier’s theorem gives us \k cos <p\ for the magnitude K n of 

the normal curvature vector k n , we find |k 0 | = |k sin <p\ as the magnitude of 

the geodesic curvature vector. We shall now show that this vector, con- 
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trary to k n , depends only on E, F, G and their derivatives (as well as on the 
function \p(u, v) = 0 defining the curve C), and is therefore a bending 
invariant. 

From Eq. (1-1) follows, since u • k n = u • * n N = 0: 

k 0 = u • (dt/ds) = u • t'. 


Hence, since t —> u —* N has the positive (right-handed) sense 

** = (N x t) • t' = (tt'N). 

The unit vector t satisfies the equation 

t = x u u' + x v v', u' = du/ds , v' = dv/ds ; 

t' = x uu (u') 2 -f- 2 x uv u'v' + x wl ,(i/) 2 + x u u" + x v v”, 


(1-3) 


hence 


so that 

(tt'N) = [(x u x x uu )(w ') 3 + (2x u x x uv + x v x x uu )w'V 

+ (x u x x vv -h 2x„ x x uv )u'(v') 2 + (x v x x vv )(v') 3 ] • N 
-h (x u X x v ) • N(u'y" — u"v'). 


(1-4) 


(1-5) 

The coefficients of (u')'\ ( u') 2 v etc. are all functions of E, F , G and their 
first derivatives. Indeed: 


(x u X x uu ) • N = 


(x M X x, lt< ) ■ (x u X x v ) 

VEG - F 2 


Similarly: 


_ ( x „ • x „)(x„„ • x„) — (x„ • x„ u )(x u • x„) 

VEG - F 2 

= g[11,21 ~ F[ll, 1] 

V. EG - /•’- 
= r?, VEG - 


( x „ X x„„) • N = r?2 VEG - etc. 

(x„ x x,) • N = VEG - F\ 

Therefore, according to Eqs. (1-3) and (1-5): 

K « = [ r ?i («') 3 + (2rf 2 - n,)(tt')V + (r | 2 - 2 rl 2 ) M '(w ') 2 - r.L(i >') 3 

+ u'v" - u"v']VeG - F\ (1-6) 

where the square root is taken positive, and this equation shows that k, 
depends on only E, F, G, their first derivatives, and on u', u", v', v"\ 

The tangential curvature of a curve is a bending invariant. 

Since k„ lies in the tangent plane and is perpendicular to t, it is also a 
bending invariant. 
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When we apply Eq. (1-6) to a plane curve, taking u = x, v=y, E — 1, 
F = 0, G = 1, then we obtain 


K g = u'v" — u"v', 


(1-7) 


which means that k 0 = d<p/ds. Our choice of the sign of k 0 therefore makes 
k 0 the ordinary curvature of a plane curve (p. 15). The tangential curva¬ 
ture vector itself is unaffected by the choice of sign of k 0 . It depends only 
on the geometrical structure of the curve. Formula (1-1) can now be 
written (comp. Chapter 2, Eq. 5-2): 

k = /c n N + mi. (1-8) 

When we construct the cylinder 
which projects the curve C on the 
tangent plane at P, then the generat¬ 
ing lines of this cylinder have the 
direction of N, and the normal to the 
cylinder at P has the direction of u 
(Fig. 4-2). The geodesic curvature 

vector is therefore the normal curvature vector of C as curve on the pro¬ 
jecting cylinder, hence the curvature vector of the normal section of the 
cylinder in the direction of t. This normal section is the projection C' of 
C on the tangent plane. This means: 

The tangential curvature vector of a curve at P is the {ordinary) curvature 
vector of the projection on the tangent plane of the surface at P. 

Example: The great circles on a sphere have geodesic curvature zero, since 
they project on the tangent plane at each of their points as straight lines. 

The small circle of radius r on a sphere 
with radius a projects on the tangent 
plane at one of its points as an ellipse of 
semi-axes A = r and B = rvV— f 2 /a. The 
geodesic curvature of such a small circle is 
therefore constant and equal to the curva¬ 
ture of this ellipse at the vertex of the 
m inor ax is, which is equal to B/A 2 = 
Va 2 — r 2 /ar (Fig. 4-3). This is equal to 
the curvature of the circle obtained by 
developing the small circle on the plane as 
a curve on the cone which is tangent to 
the sphere along the small circle (see 
Exercise 2, Section 4-8). 




Fig. 4-3 



130 


GEOMETRY ON A SURFACE 


lCH. 4 

The geodesic curvature was already known to Gauss. The first publication 
on this subject was by F. Minding, Crelle’s Journal fur Malhem. 6, 1830, p. 297, 
who in the next issue (Vol. 6, 1830, p. 159) showed its character as a bending 
invariant. The name geodesic curvature is due to O. Bonnet, Journal Ecole 
Pohjlechn. 19, 1848, p. 43. Ferdinand Minding (1806-1885), whose name we 
shall repeatedly meet, was a professor at the German university of Dorpat (now 
Tartu, Estonia). 


We present here for further use the expressions for the geodesic curvature 
of the parametric lines: 



v = const 



const 


Tliu'yVEG - F 2 = r?, 

- r l 2 . 2 (v')WEG - F- =- 


VEG - F 2 


w . 

- 7 =— ( since u 

fWe \ 

VEG - E 1 
r “ GVG ' 



(1-9) 


In particular, when the parametric lines are orthogonal, we have 
r'n = — \E V /G , r 22 = — %G U /E) and Si and s 2 are taken along the respective 
parametric lines, 





= const 



const 


_ 1 = _1 d In VE 

2 eVG VG 9v 

1 G u = _1__ d I nVG 

+ 2 GVE Ve 


= - 4~ In 
ds 2 

= + 4- In VG. 
ds i 


( 1 - 10 ) 


For polar coordinates in the plane, where E = 1, G = r 2 = u 2 , we find for 
the circles r = const, k 0 =+r -1 , which illustrates again the choice of the 
sign. 

Let us now introduce the unit vectors ii and i 2 along the orthogonal 
parametric lines. Then, according to Eq. (1-8): 



(1-H) 


where .s*i and s 2 are taken along the respective parametric lines. We now 
consider a curve C through P, x = x(s), making an angle 9 with the curve 
v = constant. Then its unit tangent vector t satisfies the equation: 

t = ii cos 0 -f i> sin 6. 


Differentiating t along C and using the formula 


<n a 

ds 


d\„ d u 
du ds 


i (fv 

dv ds 


<n a 

i , » 

dsi 


cos 6 + 


sin e (« 
ds 2 


1 , 2 ), 


we obtain for the curvature vector of C: 
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d t 


ds dsi 


di, „ „ , <?ii - . - . rfu . ... di t ... . de 


— — cos 2 6 4~ cos 0 sin 0 + 


ds■ 


cos 0 sin 0 + sin 2 0 + u , , 
ds 1 ds 2 ds 


where, according to the definition (comp. Eq. (1-2)), 

u = — ii sin 6 + i 2 cos 0. 


( 1 - 12 ) 


Hence, by virtue of Eqs. (1-2) and (1-12) we obtain for the geodesic 
curvature k 0 of C : 


d6 . d i 2 

K ° ~ ds 11 ■ ds 1 


cos 0 sin- 0 


;«2 a — 


di2 
ds 2 


sin 3 0 + i 2 


rfit 

dsi 


cos 3 0 


+12 


dii 

dso 


cos 2 0 sin 0 } 


or, because of Eq. (1-11): 


K. = ^ + («»). cos e sin 2 e + (k„) 2 sin 3 6 + («„)> cos 3 0 + (k b ) 2 cos 2 0 sin 0, 
ds 


or finally 



T + (*r/)i cos 0 + ( Ky) 2 sin 0. 
ds 


d-13) 


This formula is known as Liouville's formula for the geodesic curvature. 
It can be found in a note to Liouville’s edition of Monge’s Applications 
(1850). 


4-2 Geodesics. Geodesic lines are sometimes defined as lines of short¬ 
est distance between points on a surface. This is not always a satisfactory 
definition, and we shall therefore define geodesics in a different way, post¬ 
poning the discussion of the minimum property. Our definition of geodesics 
is that they are curves of zero geodesic curvature. 

This means that straight lines on the surface are geodesics, since in this 
case the curvature vector k vanishes. For all curved geodesics our defini¬ 
tion means that the curvature vector at each point coincides with the 
normal curvature vector. In other words, the osculating planes of a curved 
geodesic contain the surface normal. We can therefore state the following 
property: 

All straight lines on a surface are geodesics. Along all curved geodesics the 
principal normal coincides with the surface normal. 

Along (curved) asymptotic lines osculating planes and tangent planes 
coincide, along (curved) geodesics they are normal. Through a point of a 
nondevelopable surface pass two asymptotic lines (real or imaginary). 
Through a point of a surface passes a geodesic in every tangent direction. 
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This last property becomes plausible when we realize that we can find 
at a point on the surface in every direction a curve of which the osculating 
plane passes through the surface normal. It can be shown analytically by 
considering the equation of the geodesic lines. We obtain this equation by 
simply writing k 0 = 0 in Eq. (1-6) and obtain 

mV' - m'V = - Hi(m') 8 “ (2r? 2 - riJMV + (2T\ 2 - H 2 )k'(i/) 2 

+ n 2 (o 3 . (2-D 

This equation is derived from Eq. (1-3), so that the accents indicate dif¬ 
ferentiation with respect to the arc length. However, since 

du (Pv _ dv (Pu = p hi (Pv _ dv (PulfdtV 
ds c/6- 2 c/6- c/6- 2 U dp dt dP]\ds) ’ 

this equation (2-1) is still correct when the accents denote differentiation with 
respect to any parameter . 

It is often convenient to express the geodesics in another way. This can 
be accomplished by noting that along these lines N has the direction of ±n. 
Hence, 

n • x u = 0, n • x„ = 0, 
or (differentiation is again with respect to 6-): 

t' • x u = 0 , t' • x, = 0 , 

which equations (compare with Eq. (1-4)) are equivalent to 

(x„« • x„)(w') 2 + 2(x„„ • x„)mV 4- (x„ • x„)(t/) 2 -f Eu " 4- Fv" = 0, 

(xu« • x v )(u'¥ 4- 2(x uv • x v )u'v' 4- (x w • x v )(v'y 4- Fu" 4- Gv " = 0. 


Eliminating v" from these equations and also u", substituting x uu • x u = 
[11, 1], and (hen introducing the Christoffel symbols from Section 3-2, we 
obtain the equation of the geodesics in the form: 



The history of geodesic lines begins with John Bernoulli’s solution of the 
pioblem ot the shortest distance between two points on a convex surface (1697- 
169s). His answer was that the osculating plane (“the plane passing through 
(luce points ‘quolibet proxima”’) must always be perpendicular to the tangent 
plane, for the further history see 1\ Stackel, Bemerkungen zur Geschichte dcr 
geodatischen Linien , Berichtc siichs. Akad. Wiss., Leipzig, 46, 1893, pp. 444-467. 
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The name “geodesic line” in its present meaning is, according to Stackel, due 
to J. Liouville, Journal de mathem. 9, 1844, p. 401; the equation of the geodesics 
was first obtained by Euler in his article De linea brevissima in superficie qua- 
cumque duo quaelibet puncta jungente, Comment. Acad. Petropol. 3 (ad annum 
1728), 1732; Euler’s equation refers to a surface given by F(. r, y, z) = 0 (see 
Exercise 22, this section). 


It seems at first strange that Eqs. (2-2) give two conditions, whereas 
K f , = 0 is only one condition. However, Eqs. (2-2) also express only one 
condition, since they are related by the relation ds 2 = E du 2 + 2 F du dv + 
G dv 2 . When we eliminate ds from (2-2) we obtain again one equation for 
the geodesics, now in the form 





(2-3a) 


This equation can immediately be found from Eq. (2-1), taking u as pa¬ 
rameter. It is of the form: 


v" = A(v'Y + B(v') 2 + Cv' + D, (2-3b) 

where A, B, C, D are functions of u and v. 

From Eqs. (2-3a, b) we see that when at a point P(u } v ) a direction 
dv/du is given, d 2 v/du 2 is determined, that is, the way in which the curve 
of given direction is continued. More precisely, using the existence 
theorem for the solutions of ordinary differential equations of the second 
order: 

Through every point of the surface passes a geodesic in every direction. 

A geodesic is uniquely determined by an initial point and tangent at that 
point. 

The existence theorem states that a differential equation 

(Pv/du 2 = f(u, v , dv/du) } 

where / is a single-valued and continuous function of its independent variables 
inside a certain given interval (with a Lipschitz condition satisfied in our case), 
has inside this interval a unique continuous solution for which dv/du takes a 
given value (dv/du )0 at a point P(uo, v 0 ).* 


Examples. 1. Plane. The straight lines in the plane satisfy Eqs. (2-2) 
or (2-3); they are the geodesics in the plane. Through every point passes 
a fine in every direction. 


* Compare P. Franklin, Treatise on advanced calculus , Wiley, N. Y., 1940, pp. 
518-522. 
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2. Sphere. The osculating planes of the geodesics all pass through the 
center, and the geodesics are therefore all curves in planes through the 
center (see Exercise 3, Section 1-6). The great circles of a sphere are its 
geodesics. 

3. Surface of revolution. Here (Section 2-2) we have, 


E = 1 + A 

hence 



ff" 

i + (ST- 




f = /(u), 



The equations of the geodesics (2-2) are here: 

dfu f'f" (du\ 2 _ m (chV = n dfv , 2 du dv 
ds 2 ^ 1 + (/') 2 V/s / 1 + /' 2 W U ’ ds 2 m ds ds 


One of these equations suffices; we take the second: 


d 2 v/ds- 

dv/ds 


du/ds 

u 




c = constant. 


This value substituted into the equation for ds 2 gives 


u 4 dv 2 = C 2(i 4- /'2) ^ U 2 + c ~ U “ dv-y 


V 



VI + (/') 2 

w V«- — c 2 



(2-4) 


geodesics of a surface of revolution can be found by quadratures. 

The value c = 0 gives v = constant; the meridians. The parallels 
u = constant are geodesics when /' = oo, which means that along such 
parallels the tangent planes envelop a cylinder with generating lines parallel 
to the axis. 


EXERCISES 

1. Find the geodesics of the plane by integrating Eq. (2-2) in polar coordinates. 

2. Find the geodesics of the sphere by integrating Eq. (2-2) in spherical co¬ 
ordinates. 

3. Find the geodesics on a right circular cone. 

4. Show that the geodesies of the right helicoid can be found by means of 
elliptic integrals. 

5. Find the equation of the geodesics when z = f(x> y). 

6. The geodesics on cylinders are helices. 

7. Theorem of Clairaut. When a geodesic line on a surface of revolution makes 
an angle ac with the meridian, then along the geodesic u sin a = constant, where 
u is the radius of the parallel. (A. C. Clairaut, Mem. Acad. Paris pour 1733 } 1735, 

j>. 86.) 



2 ) 


GEODESICS 


135 


8. Show that the evolutes of a curve are geodesics on the polar developable. 

9. When a curve is (a) asymptotic, (b) geodesic, (c) straight, show that 
(a) and (b) involve (c). Do (a) and (c) involve (b)? Do (b) and (c) involve (a)? 

10. When a curve is (a) geodesic, (b) a line of curvature, (c) plane, show that 
(a) and (b) involve (c). Do (a) and (c) involve (b)? Do (b) and (c) involve (a)? 

11. Prove that for a curve x = x($) with tangent direction given by the unit 

vector t, Dk, = (t-x.) — (D = VEG - F\) 

12. Use the formula of Exercise 11 to prove Liouville’s formula. 

13. Show that when the parametric lines are orthogonal 


K = 
K = 



- ai < ‘ ,v ' 0) 

2 

k 2 . 


(J. Liouville, Journal de mathem. 16, 1851, p. 103.) 

14. Bonnet's formula. When a curve on a surface is given by y?(u, v) = constant, 
show that 

_ _ 1 _rd_ Fipy — G<p u _ d _ F<p u — E(p v _ 

VEG - F 2 L aw - 2F(p u <Pv + Gtf Ve<p 2 d - 2F<p u <p v -f- Grf 



(O. Bonnet, Paris Comptes Rendus 42, 1856, p. 1137.) 

15. The curvature of a line of curvature is, but for the sign, equal to its normal 
curvature times the curvature of its spherical representation. 

16. Show that the geodesics on a torus x = r cos <p, \j = r sin ip } z = a sin d 
are given by (c is an arbitrary constant, r = p + a cos 0) : 

, ca dr 

dip = - - — . — =* 

r \/ r 2 _ c 2 Va 2 — (r — p ) 2 


17. Show that the finite equation of the geodesics on a paraboloid of revolution 
can be written with the aid of elementary functions. 

18. Surfaces of Liouville. There are surfaces of which the line element can be 
reduced to the form 

ds* = (U + V)(du* + dv 2 ), 

where U is a function of u alone and V of v alone. Show that the geodesics can be 
obtained by a quadrature. (J. Liouville, Journal de Mathem. 11, 1846, p. 345.) 

19. Show that surfaces of revolution are special cases of Liouville surfaces and 
that Clairaut’s theorem (Exercise 7) may be extended to Liouville surfaces in the 
form 

U sin 2 co — V cos 2 co = constant, 

where <o is the angle at which the geodesic cuts the curve v = constant. 

. 20. A surface for which the radii of principal curvature are constants is a sphere. 

21. Prove that the compatibility conditions for the Weingarten equations 
(2-9), Chapter 3, lead to the Codazzi equations. 
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22. Show that the equation of a geodesic on a surface given by F(x, y, z) = 0 is 


Ft 

F v 

Fz 


dx (Px 
(ly (Py 
(Iz (Pz 



(F, dx + F v dy + Fzdz = 0). 


4-3 Geodesic coordinates. Let us consider an arbitrary curve Co on a 
surface and the geodesics intersecting this curve at right angles (Fig. 4-4). 
This is quite general, since through a point on any curve C 0 passes one and 
only one geodesic in a direction perpendicular to the tangent ; we consider 
only that part of the surface where the geodesics do not intersect. We 
take the geodesics as the parameter curves v = constant, and the orthogonal 
trajectories of these geodesics as the curves u = constant. The curve Co 
can be selected as u = 0. The ds 2 of the surface has no F : 


ds 2 = Edu 2 + G dv\ 

and ds 2 is further specialized by the 
condition that the geodesic curvature 
fo).• -const vanishes. This, according to 

Eq. (1-10), means that E v = 0: 

ds 2 = E(u) du 2 + C(u, v) dv 2 . 

If we introduce a new parameter 

tq = £ d u > 

the ds 2 assumes the form 



ds 2 = du 2 + O ( u , v) dv 2 


(3-D 


where we have replaced ii\ again by u; the parameter u now measures the 
arc length along the geodesic lines v = constant, starting with u = 0 on Co. 
Eq. (3-1) is called the geodesic form of the line element and (u, v) form a set 
of geodesic coordinates; or, for short, geodesic set. On every surface we can 
find an infinite number of geodesic sets, depending on an arbitrary curve Co, 
along which the curves v = constant can still be spaced in an arbitrary way. 

Another way to introduce geodesic coordinates is to consider at an 
arbitrary point 0 on the surface (Fig. 4-5) the geodesics starting from this 
point in all directions (v = constant), as well as their orthogonal directions 
(u = constant). We find again for ds 2 the form (3-1), in which u is now 
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the arc length along the geodesics, measured from O. In this case we 
speak of geodesic polar coordinates. They also form a geodesic set. 

For the arc length of the curve v = Ci between its intersections with the 

curves xt = Hi, u — ti. we find, according to Eq. (3— 1). 


s 



(3-2) 


which means that the segments on all the geodesics v = constant included be¬ 
tween any two orthogonal trajectories are equal. And conversely: 

If geodesics be drawn orthogonal to a curve C, and segments of equal length 
be measured upon them from C, then the locus of their end points is an or¬ 
thogonal trajectory of the geodesics. 

This is the reason that the orthogonal trajectories of a system of oo 1 
geodesics are called geodesic parallels. 

Geodesic coordinates were introduced and extensively used by Gauss in his 
Disquisitiones of 1827. Parallel curves in the plane were already studied by 
Leibniz in 1692, who called the involutes of a curve “parallel.” 



We have fixed only the parameter u (but for a constant), and can still 
introduce any function of v as a new parameter Vi (which means that we can 
still space the geodesics in any desired way). In the first case, illustrated 
by Fig. 4-4, we take as the parameter Vi the arc length along C 0 (u = 0), 
beginning with an arbitrary point on Co (for which we can take the inter¬ 


section with v = 0): 



Hence in the new parameter G(0, Vi) = 1. We still have C 0 itself to dis¬ 
pose of; we select it as a geodesic. Then (K y )u=o — 0, or > according to 


Eq. (1-10): 

[£ =°- 

In the second case, that of geodesic 
polar coordinates, we have as a first 
condition that at O: G(0, v) = 0. We 
now select as new parameter V\ the 
angle which the geodesic v = constant 
makes with the geodesic v = 0. This 
angle can be found most easily by 
realizing that the curves u = constant 
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for decreasing u (Fig. 4-5) approach ordinary circles, since for very small 
u the curve u = u 0 = constant differs little from the circle of radius u 0 and 
center O in the tangent plane. This leads us to the equation (u being the 
arc length along the curves v = constant): 


J | V G{u, Vi) dv i 

- = 1 , 

U —o- UV 1 


or, applying l’Hopital’s rule, 


f 


du 


r{u, i>i)j dvi = Vi or 


du 


!(u, ui) = 

Ju=0 


We have thus found the following result: 

We can always reduce the ds 2 of a surface to geodesic coordinates 

ds 2 = du 2 + G{u, v) dv 2 , 

by a method {Fig. 4~4) which allows us to write 


G{ O,«0 = 1, 


d 

du 


G(u , v)\ = 0 

_lu~0 


(3-3) 


and also by a method {Fig. 4-5, geodesic polar coordinates) which allows us to 
write 

/ /'» / v « r d / \ ^ a \ 


VG{ 0, v) = 0, ~ VG(u, v) = 1. 

jdu Ju—o 


(3-4) 


Since for geodesic coordinates 


rli = rfi = rl 2 = o, 


T’2 _ ± 1' 

1 12 — / 


1 G u 

2 G' 


pi — 

1 •>•> — 


2 G “’ 


r 2 — — 

1 'Ml — /x 


1 G v 

2 G ’ 


we find for the geodesic curvature of the orthogonal trajectories of the 

geodesics 


K‘2 (^y)ii = 


const 


__1 _ d _ /— _ G „ 

\/G du 2G’ 


(3-5) 


and for the Gaussian curvature of the surface 





GEODESIC COORDINATES 


139 


4-3] 


This simple expression for K (rational in O and its derivatives) allows 
us to deduce some interesting interpretations of the Gaussian curvature. 
In the plane the ordinary system of polar coordinates 


ds 2 = dr 2 + r 2 dtp 2 = du 2 + u 2 dv 2 


is an example of geodesic polar coordinates. Here the conditions (3-4) are 
fulfilled. We now write, in accordance with this, for a system of geodesic 
polar coordinates on an arbitrary surface: 

=v / gm+“[£ V g(u ’ y) Lo+ i[£? VG{u ’ v) ]u-o +o(m2) 

or 

VO = U + CtiU 2 + OL 2 U Z + o(u Z ), 


where a\ and <22 are functions of v, which can be expressed in terms of the 
Gaussian curvature Ko&t 0(0, v ) by means of Eq. (3—6) and its derivatives: 


Hence 


a 2 Vo 

du 2 


= -K 0 VO; 



2ai =— Ko(u + • • *)o, 



or 



and we obtain for Vo the formula 

VO = u — %K 0 u z + Ri(u, v ), 
where Ri(u, v) is of the order n, n > 3, in u. Hence 

G = u 2 — iK 0 u 4 + R 2 (u, v) y 


(3-7) 

(3-8) 


where R 2 (u, v) is of the order n, n > 4, in u. 

Since the circumference C of a curve u = uo = constant and the area A 
it encloses are given by 


C 



=ff 


VGdv, G = G(u 0 , v ), 
Vo du dv, 


G = G{u, v ), 
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we arrive at the following two expressions for K 0 : 

K o = - hm--5-, 

7T ti -*-.0 M 

12 7TU 2 — A 

A 0 = hm --j- 

7T )4 —► 0 W 


(3-9) 


The closed curve u = uo is the locus of all points at constant geodesic dis¬ 
tance from a point (hereO), that is, at constant distance measured along a 
geodesic. Such curves are called geodesic circles. 1 he formulas (3-9) give 
a geometric illustration of the Gaussian curvature K as a bending invariant 
by comparing circumference and area of a small geodesic circle yn ith the 
corresponding quantities for a plane circle of equal radius. 

4-4 Geodesics as extremals of a variational problem. A popular (and 
the oldest) way to describe geodesics is to call them the curves of shortest 
distance between two points on a surface. This is certainly the case for 
the plane, where the geodesics are the straight lines, which are the shortest 
distances between any two of their points. But we must qualify this 
statement even for so simple a case as that of the sphere. For example, it 
is true that the shortest distance between two points P and Q on a sphere is 
along a geodesic, which on the sphere is a great circle. But there are two 
arcs of a great circle bet ween two of their points, and only one of them is the 
curve of shortest distance, except when P and Q are at the end points of a 
diameter, when both arcs have the same length. This example of the 
sphere also shows that it is not always true that through two points only 
one geodesic passes: when P and Q are the end points of a diameter any 
great circle through P and Q is a geodesic and a solution of the problem of 

finding the shortest distance between two points. 

Another simple example is offered on a cylinder, where two points on the 
same generator can be connected not only by means of the generator (the 
shortest distance), but also by an infinite number of helices of varying 
pitch, which wind around the cylinder and are all geodesics. 

In order to find the shortest distance between P and Q, if such a one 
exists, we have to find the function v = v(u) for which s obtains a minimum 
value. In order to find this function, let us suppose that the curve C solves 
the variational problem, so that the distance PQ } measured along C, is 
shorter than the distance PQ measured along any other curve C' between 
P and Q , when C is taken close to C. Take C as the curve e = 0 of an 
orthogonal coordinate system 


ds 1 = E dir + G dv~, 
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and let the curve C' be determined by a small variation hn = V(? Sv along 
the curves u = constant, measured from C. If C' has the equation v = v(u), 
then we take v so small that it can be identified with Sv. When C' passes 
through Piu = u 0 ) and Q(u = m,), then d(m<>) = v(ui) = 0. The distances 

PQ along C and along C' are now 




s + 6s = f V.Ei + {v') 2 G du, 

Ju 0 


respectively; here E = E(u, 0), E i — E(u, 8v), G G(u, 8v). 
Since 


E(u, 8v) = E(u, 0) + &vE v H-, E v = [dE(u, v)/dv] v=0 , 

we can write for the first variation 8s of the arc length, neglecting all terms 
of order higher than 8v (including ( v ') 2 ): 


8s = 




iy - 


-£"(' /S + 5 8 '^- VS ) 


«“ - r 1 

Ju 0 


- J, 7 

- du 

2 \/^ 



Wl 


E v 


2EVG 


8n ds. 


(i ds = V# dw measured along C ) 


Hence, according to Eq. (1-10) 


5s 




8n ds } 


(4-1) 


where k 0 is the geodesic curvature along C(v = 0). 

A necessary condition that s be a minimum is that 5s = 0 for all 5n. 
This condition is fulfilled if the geodesic curvature k 0 vanishes along the 
curve C between P and Q. A necessary condition for the existence of a 
shortest distance between P and Q is that it be measured along a geodesic 
joining P and Q. In other words: 

If there exists a curve of shortest distance between two points on a surface , 
then it is a geodesic . 


We can also find this result by means of the general rules of the calculus of 
variations. They state that the curves which solve the variational problem 


5 I fix, y, y') dx = 0, 


y' = dy/dx, 
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are the solutions of the Euler-Lagrange equations , 

df _ A AL = o.* 

dy dx d>j' 

Such curves are called the extremals of the variational problem. In the case of 
the geodesics, where 

f(u, v , v') = y/E + 2 Ft/ + Gv'\ v' = dv/du , 
the Euler-Lagrange equations are 

E v -f 2 FJ + G r (»y _ A 2(F + Gv') = Q 
VE + 2Fv' H- Gv’* du AE + 2 Fv' + G{v') 2 

The left side of this equation can also be obtained if we substitute into Bonnet’s 
formula for the geodesic curvature (Exercise 14, Section 4-2) the expressions 

d d S 

<p(u, v) = V - v(u), <Pu = - v' f <p v =1, du = du^ v 'dv * 

This shows that the Euler-Lagrange equations of our problem can be written 
in the form = 0, so that the geodesics are the extremals of the variational 
problem 5s = 0. 


This result does not inform us when a given geodesic actually is a curve 
of shortest distance. A full discussion of this problem would lead us too 
far. A partial answer can be obtained if we return to our curve C{v = 0) 
of Fig. 4-6, now a geodesic, and postulate that this curve is a part of a 
field of geodesics , at any rate in a region R close to C and including P and Q. 
Such a field is a one-parameter family (or congruence) of geodesics such that 

there passes through every point of R one 
and only one geodesic of this family. We 
now take these geodesics as the curves 
v = constant of our region and their or¬ 
thogonal trajectories as the curves u = con¬ 
stant. Then, varying again the curve v = 0 
from C into C\ between P(u 0 ) and Q(ui), we 
have now E = E\ = 1 and 


• 7 ° 




V\ + (V 2 du 



du > 0, 


since G = EG — F 2 > 0. The arc length of 
C between I* and Q is therefore smaller than any other curve C' between 
the same points, and we have found the theorem: 


See e.g. F. S. W oods, Advanced calculus , Ginn & Co., N. Y., 1934, Chap. 14. 
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Fig. 4-7 



If an arc of a geodesic can be im¬ 
bedded in a field of geodesics, then it 
offers the shortest distance between two 
of its points as compared to all other 
curves in the region for which the field 
is defined. 

In other words, if there is but one 
geodesic arc between two points in 
a certain region, then that arc gives 
the shortest path in that region be¬ 
tween these points. 

This proposition can be illustrated 
on the sphere (Fig. 4-7). If we take 
on a great circle two points A and B 
which are not diametrically opposite, 
then we can imbed in a field of great 
circles that part of the great circle 
between A and B which is less than 
half the circumference, but the other 
half cannot be imbedded in this way. 
Indeed, any geodesic close to this 
other half passes through two dia¬ 
metrically opposite points of the 
sphere, which cannot happen in a 
field. 

If the point Q moves on the geo¬ 
desic C away from P, then it may 
happen that it will reach a certain 
position where PQ will no longer be 
the shortest distance between P and 
Q. Suppose that this happens at 
point R. Then, if the geodesics 
through P near C have an envelope 
E, it can be shown that R is the 
point where C is tangent to E for 
the first time. This point R is called 
conjugate to P on the geodesic C. 
An example of such geodesics is 
offered by the ellipsoid (see Fig. 4-8, 
where we see the projection on the 
plane of symmetry). 


Fig. 4-8 
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Further discussion of this case is difficult without full use of the calculus 
of variations. However, we can show by simple reasoning that conjugate 
points do not exist on regions of a surface where K is negative. For this 
purpose let us consider a geodesic C, and now consider it as the curve u = 0 

of a geodesic coordinate system 


ds 2 = du 2 + G dv 2 . 


The distance between two points P(v = *>i), Q(v = v 2 ) on C, measured 
along C, and measured along another curve u = u(v) passing through P 

and Q is 

S = C'VG dv, s + bs = I vV 2 + G dv, u’ = du/dv, 

J r 0 

respectively; we take u small and u finite. By a reasoning similar to the 
one used in the case of geodesic polar coordinates we find for VG a series 
expansion of the form 

VG = 1 - §Ku 2 + o(u 2 ), K = K( 0, v), 

so that 

$ _j - Ss = f Vu' 2 + (1 — Ku 2 + o(u 2 )) dv = J [1 + i(u' 2 — Ku 2 ) + c ]dv, 

Jv 0 J 0 

where e is small compared to u 2 . Hence 

— Ku 2 + e) dv. 


For K < 0 we can always keep ds > 0 provided we stay in a sufficiently 
small neighborhood of C. 

The question whether a geodesic is the shortest distance between two points 
was first raised by C. G. J. Jacobi in his Yorlcsimgen iibcr Dynamik (1842/43, 
see his Ges. Werke). The theory is discussed in G. Darboux’s Lemons lll t Ch. 
V, and in books on the calculus of variations. Fig. 4-S is taken from A. von 
Braunmuhl, Mathem. Annalcn 14 (1879), p. 557. 



4-6 Surfaces of constant curvature. We have seen that surfaces of 
zero Gaussian curvature are identical with developable surfaces (Sec- 
t ion 2-8). The simplest example of a surface of constant non-zero Gaussian 
curvature (or surface of constant curvature) is a sphere, where K = a -2 (a 
tlie radius) and is therefore positive. It can easily be seen that the 
sphere is not tlie only surface with this property. We have only to take 
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a cap of a sphere (as usual we discuss here properties holding for certain 
segments of a surface, not necessarily for surfaces as a whole) and think of 
it as consisting of some inelastic material, perhaps thin brass. Then it is 
possible to give this piece of brass all kinds of shapes, and all surfaces thus 
formed have the same constant curvature as the spherical cap. 

This by itself does not prove that all surfaces of the same constant 
curvature (or at any rate certain regions on it) can be obtained from each 
other by bending. But we can prove here a theorem giving at least an 
approach to this subject. For this purpose we define an isometric corre¬ 
spondence between two surfaces as a one-to-one point correspondence such that 
at corresponding points the ds 2 are equal. We say that the surfaces are iso- 
metrically mapped upon each other. Bending is a way of obtaining iso¬ 
metric mapping, but an isometric correspondence need not be the result of 
bending. We can now prove Minding's theorem: 

All surfaces of the same constant curvature are isometric. 

We distinguish among the cases K > 0, K = 0, K < 0. 

I. Let K = 0. Take a system of geodesic polar coordinates 

ds 2 = du 2 + G dvK (5-1) 

Since K satisfies Eq. (3-6), the differential relation 

_ i a 2 Vg 

K =_ Vg *** ’ 

we find that V~G is of the form 

Vg = uci(v) + c 2 (v). 

We can impose on G the conditions (compare with Section 4-3) 

(VG)_o = 0, (dVG/du) „_o = 1. (5-4) 

Hence VG = u and 

ds 2 = du 2 + u 2 dv 2 . 

This expression for ds 2 can be obtained for all surfaces with K = 0 by taking 
on it a geodesic polar coordinate system. This can be done in co ways 
(oo 2 possible points for origin, oo 1 choices of v - 0). All surfaces of zero 
curvature therefore are isometric. Taking x = u cos v, y - u sin v, we 
obtain ds 2 in the form 

ds 2 = dx 2 + dy 2 , (5 5) 

which shows that all developable surfaces can be isometrically mapped on 
a plane, the curvilinear coordinates corresponding to the rectangular 

cartesian coordinates in the plane. 


(5-2) 

(5-3) 
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This isometrical mapping can actually be accomplished by bending. 

To show this, let us take a tangential developable with the equation 

(Section 2-3) 

y = x(s) + i>t(s), y* = t + KV11 > Yv = t 

and 

ds 2 = (1 kV) ds 2 + 2 dvds + dv 2 . (5-6) 

The shape of the curve x = x(s ) is fully determined by its k(s) and r(s). 
Let us now consider a family of curves given by k = k(s) and n = mt(s), 
where m takes all values from \i = 1 to /x = 0. For /x = 0 we obtain a 
plane curve. When m passes to all values from /x = 1 to p. = 0, the corre¬ 
sponding tangential developable maintains its ds 2 in the form (5-6), since 
k(s) does not change. Thus the surface passes through a set of continuous 
isometric transformations from (5-6) to the case r = 0, which is a plane. 
Then the tangents to the space curve have become the tangents to the 
plane curve with the same (first) curvature. In other words (see the 
remark made in Section 2-\ (Fig. 2-12)), when a piece of paper with a curve 
C on it is bent, ami C becomes the edge of regression C\ of a developable sur¬ 
face, then C\ passes into a space curve with the same (first) curvature as C. 

II. Let K > 0. Again take a system (5-1) of geodesic polar coordi¬ 
nates. Now Vg is a solution of 

d 2 VG/du 2 + kVg = 0. (5-7) 

This is a linear differential equation with constant coefficients; hence 

= ci sin VR(u + c 2 ), (5-8) 

where Ci and c 2 are functions of v. If we impose upon VG the conditions 
(5-4) we obtain 

VG = —~= sin uy/K (5-9) 

VK 

and 

ds 2 = du 2 + -~z (sin 2 V K u) dv 2 . (fi~10) 

A 

Reasoning as in the case iv = 0, we see that we can find, on every sur¬ 
face with the same K, and in oo 3 ways, a coordinate system in which ds* 
takes (he form (5-10), and the isometric mapping is accomplished. In 
other words: 

Every surface of constant positive curvature K can be isometricatty mapped 
on a sphere of radius K~ -. This theorem only holds, of course, for such 
regions of the surface where we can introduce a system (5-1); those regions 
can (lien be isometrically mapped on corresponding regions of a sphere. 
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III. Let K < 0. Reasoning in the same way as before, we obtain the 
equation 

d 2 VG/du 2 - LVG = 0, L = -K, (5-11) 

which, under the conditions (5-4), has the solution 


so that 



— 7 = sinh uVZ, 

vL 


ds 2 = du 2 + \ (sinh 2 uVL ) 2 dv 2 , 


(5-12) 


which shows that here again all surfaces of this type can be isometrically 
mapped on each other, and in 00 3 ways. 

This theory is due to Minding, Journal fur Mathem. 19, 1839, and was further 
elaborated by many other mathematicians, notably by E. Beltrami. Excellent 
expositions of the theory of surfaces of constant curvature can be found in 
Darboux’s Legons or Bianchi’s Lezioni. Hilbert, loc. cit., Section 3-5, also 
proved that there does not exist a surface of constant negative curvature which 
is without singularities and everywhere analytical. 


4r-6 Rotation surfaces of constant curvature. There is a great variety 
of surfaces of constant curvature, which can be gathered from the fact that 
all the many varieties of developable surfaces are surfaces of zero curvature. 
The best know types of surfaces of constant curvature K 9 * 0 are the rota¬ 
tion surfaces of constant curvature. We shall here give an outline of their 

theory. . . 

Such surfaces can be given by the parametric representation (Sec¬ 
tion 2 - 2 ), 

x = r cos <p, y — r sin <Pj z ~ /( r )> ( 6 - l) 


with corresponding first fundamental form 

ds 2 = (1 + f 2 ) dr 2 + r 2 d<p 2 . ( 6 - 2 ) 


By means of the transformation 

du = Vl -f f' 2 dr y (6-3) 

Eq. (6-2) can be brought into the 
geodesic form 

ds 2 = du 2 + G d(f?, 

G = G(u) = r 2 . (6-4) 


r 



Fig. 4-9 


B 



348 


GEOMETRY ON A SURFACE 



[CH. 4 

The function G has the special property 
that it depends only on w, and it can 
be readily shown (see Eq. (6-7)) that 
this 'property is characteristic of all sur¬ 
faces isometric with rotation surfaces. 
In this case the Eq. (5-7) takes the 
form 

tfVG/du? + KVG = 0 

(with straight d ). 

The solution for K = a~ 2 > 0 is 
given by 

Vg = Ci cos u/a + Ci sin u/a, 

ci, c 2 constants, (6-5) 

and for K < 0 , K = —b~ 2 it is given by 

VG = cie“ /b + c 2 e-“ > h , 

Ci, c 2 constants. ( 6 - 6 ) 

The Ci and c 2 can always be selected 
in accordance with conditions (5-4), 
but sometimes it is more convenient 


to select them otherwise. For the 
moment we leave them undetermined. Since according to (6-2), (6-3), 
and (6-4): 

r = Vg, z = f(r) = jyjl - (0 du, (6-7) 

we find for the profile of the rotation surfaces of constant curvature: (a) for 
K = a ~ 2 > 0: r = Ci cos u/a + c 2 sin u/a y 


2 =J y /1 — a~ 2 (—c i sin u/a + c 2 cos u/a) 2 du t 
(b) for K = —b~ 2 < 0: r = Ci exp. (u/b) + c 2 exp. (— u/b) f 

2 = Jy/ 1 — 6 _2 [ci exp. (u/b) — c 2 exp. (— u/b)] 2 du, 
where the choice of Ci and c 2 may result in different types of surfaces. 
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Fig. 4-11 


These equations show that, in general, the determination of rotation sur¬ 
faces of constant curvature leads to elliptic integrals. However, there aie 
special cases in which these integrals may be evaluated in teims of ele¬ 
mentary functions. One case is that in which K = a 2 , C\ = a, C 2 = 0. 
Then ds 2 = du 2 + a 2 (cos 2 u/a) dv 2 , 

r — a cos u/a, z = a sin u/a + constant, 

and we obtain the sphere (also obtained for C 2 = a, ci = 0). Another case 
is that in which K =—6~ 2 , C\ = b, C2 = 0. Then ds 2 = du 2 + h 2 e 2 1 dv 2 , 
and 

du. ( 6 - 8 ) 

Instead of evaluating the integral, we observe that here 


r = h exp. ( u/b ), 


. fvr^r 


(2 u/b) 


dr _ r 

dz ~ Vb 2 — r 2 ’ 


(6-9) 


which shows that the curve r = f(z) has the property that the segment of 
the tangent between the point of tangency A and the point of intersection 
with the Z-axis is constant and = b (both ± Vb 2 - r 2 give the same curve, 
Fig. 4-9). This curve is the tractrix, and the corresponding rotation sur¬ 
face is called the pseudosphere , with pseudoradius b. We have thus found 
the following result: 

Every surface of constant negative curvature K = —b 2 can be isometrically 
mapped on a pseudosphere of pseudoradius b. 
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Fig. 4-12 


The pseudosphere has a singular central circle and thins out asymptoti¬ 
cally on both ends (Fig. 4-10). 

\\ e show in I 4 ig. 4-11 some rotation surfaces of constant positive curva¬ 
ture, and in 1* ig. 4-12 some rotation surfaces of constant negative curvature. 
Their profiles can he expressed with the aid of elliptic functions. 

4-7 Non-Euclidean geometry. The geometry of surfaces of constant 
curvature receives additional interest through its relation with the so- 
called non-Euclidean geometry. This geometry was the outcome of the 
century-long quest for a proof of the statement, introduced in Euclid’s 
Elements (e. 300 n.c.) as the fifth postulate: 

It a straight line falling on two straight lines in the plane makes the 
infeiioi angles on the same side less than two right angles, then the two 
.straight lines, it produced indefinitely, will meet on that side on which are 
the angles less than two right angles.” 

I his postulate is equivalent to another one, known as the parallel 
axiom. I his asserts that through a point outside of a line one and only 


* r P 


rii'UV. 


I'lio precise difference between “postulates" and “axioms” in Euclid is not 
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one parallel to that line can be drawn. From it we can deduce that the 
sum of the angles of a triangle is equal to two right angles. Both fifth 
postulate and parallel axiom are far from self-evident, so that already in 
Antiquity attempts were made to prove them, that is, to obtain them by 
logical deduction from other postulates or axioms considered more imme¬ 
diately evident (such as the axiom that two points determine a line). 
Though in Antiquity and all through modern times until c. 1830 several 
results were obtained which enriched our understanding of the axiomatic 
structure of geometry, a proof of the parallel axiom was never found. 
Many so-called demonstrations smuggled in some unavowed assumptions. 
Some mathematicians — the more penetrating thinkers — derived from 
the denial of the parallel axioms some startling conclusions which they con¬ 
sidered absurd, but what seems “absurd” to one generation may still be 
logical and acceptable to another. Per¬ 
haps the most valuable contribution to B __ C 

this type of literature was made by the _ 

Italian Jesuit G. Saccheri (“Euclid freed 
from every birthmark ,” 1733, Latin). 

Saccheri considered a quadrangle of 
which two opposite sides A B, CD are 
equal and perpendicular to the third side 
BC (Fig. 4-13). Then he considered 
three possibilities: 

(a) The angles at A and D are obtuse _ LJ 

(“obtuse angle hypothesis”). ^ B 

(b) These angles are right angles ^ IG - 4-13 

(“right angle hypothesis”). 

(c) These angles are acute (“acute angle hypothesis”). 

He then proved that when one hypothesis is accepted for one quadrangle, 
it must be accepted for all quadrangles. From this follows again that the 
sum of the angles of a triangle is greater than, equal to, or smaller than 
two right angles provided hypothesis (a), (b), or (c), respectively, holds. 
Saccheri’s work remained little known, but several other mathematicians 
came to related results, notably Legendre. Saccheri and Legendre re¬ 
jected the hypothesis of the obtuse angle because it leads to an absurdity 
if we assume that a line has infinite length; they also had objections to the 
acute angle hypothesis. 


Gauss seems to have been the first to believe in the independence of the 
parallel axiom, so that he accepted the logical possibility of a geometry in 
which the parallel axiom is replaced by another one, such as the hypothesis 
of the acute angle. Gauss believed that the geometry of space can be 
found by means of experiments, hereby opposing a favorite tenet of the 
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Kantian philosophy prevalent in his days. The first mathematician to 
state publicly (1826) that a geometry can be construed independently of 
the parallel axiom was N. I. Lobacevskii, professor at Kazan, whose first 
work on this subject was published in 1829. He was followed independ¬ 
ently by the young Hungarian officer John Bolyai (Bolyai Janos), whose 
essay was published as an Appendix to his father’s big tome on geometry 
(1832). Gauss commended this paper, writing that he could not praise it, 
as this would mean praising himself, since he had come to the same con¬ 
clusions — a kind of praise eminently fitted to discourage the ambitious 
young officer. 

Both Lobaeevskii’s and Bolyai’s geometry are based on the hypothesis 
of the acute angle. In this case the lines through a point P in a plane can 
be divided into two classes, those that intersect a given line l not passing 
through P, and those that do not intersect it. These classes are separated 
by two lines which can be called parallel to l through P. In this geometry 
as well as in that of Euclid a straight line is an open line of infinite length. 
If we postulate that straight lines are closed and have a finite length, we 
can construct a geometry based on the hypothesis of the obtuse angle; this 
geometry was sketched by B. Riemann (1854) inside the framework of the 
more general so-called Riemannian geometries. Under the obtuse angle 
hypothesis all lines passing through a point P outside a line l in a plane 
intersect l. I hus all three assumptions of Saccheri could now be introduced 
as the bases of possible geometries, which became known as Euclidean and 
non-Euclidean geometries. 

However, most mathematicians continued to believe that although there 
were as yet no logical inconsistencies discovered in the non-Euclidean 
geometries, it might very well he possible to find such inconsistencies after 
a more penetrating study of the properties of these geometries. Conse¬ 
quently, little attention was paid to them despite the authority of Riemann. 
Th is situation was radically changed through a paper by the Italian mathe¬ 
matician E. Beltrami, An attempt to interpret the non-Euclidean geometry 
(1868). Beltrami proved that when we take the geodesics of a surface of 
constant negative curvature and interpret them as “lines,” interpreting 
angles and lengths according to the ordinary methods of differential 
geometry, then we obtain a geometry in which the hypothesis of the acute 
angle holds. The whole geometry of Lobacevskil-Bolyai could thus be 
interpreted on a surface of constant negative curvature, parallel lines be¬ 
coming asymptotic geodesics. Thus Beltrami proved that the consistency 
of Euclidean geometry implied the consistency of Lobacevskil-Bolyai geom¬ 
etry, since an inconsistency in the latter could be interpreted as an incon¬ 
sistency in the theory of surfaces of constant negative curvature, which 
itself is based on Euclidean postulates. Every inconsistency in one 
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geometry implied an inconsistency in the other. Beltrami’s mapping of 
the one geometry on the other was followed by several other such repre¬ 
sentations, not only for the case of the acute angle hypothesis, but also for 
the hypothesis of the obtuse angle. We now know that Riemann’s geom¬ 
etry can be interpreted on a sphere by taking the great circles as “straight 
lines,” provided we identify two diametrically opposite points (otherwise 
two points would not always determine one and only one line). The 
logical equivalence of the three geometries has thus been fully established. 


More details can be found in books on non-Euclidean geometry, notably in 
J. L. Coolidge, The elements of non-Euclidean geometry , Oxford, 1909, or R. 
Bonola, Non-Euclidean geometry, Chicago, 2d ed., 1938. A neat summary is 
found in J. L. Coolidge, A history of geometrical methods, Oxford, 1940, pp. 68-97. 
English translations of Lobacevskii and Bolyai’s papers were published by 
G. B. Halsted: Geometrical researches on the theory of parallels , Chicago, London, 
1914, 50 pp.; New principles of geometry, Austin, Tex., 1897, 27 pp. (both by 
Lobacevskii); The science absolute of space, Chicago, London, 1914, xxx, T 71 pp. 
(by Bolyai). Beltrami’s Saggio di interpretazione della geometria non-euclidea 
is found in Opere I, pp. 374-405. There exists a French translation: Annates 
Ecole Normale 6, 1869, pp. 251-288. 


It should be stressed that Beltrami’s method only allows us to map a 
part of the Lobacevskii plane on a part of a surface of negative curvature. 
Hilbert has shown (see Section 3-5) that it is impossible to continue an 
analytical surface of constant negative curvature indefinitely without meet¬ 
ing singular lines (at any rate when this surface lies in ordinary Euclidean 
space, see also Section 4-5). 


4-8 The Gauss-Bonnet theorem. There exists a classical theorem, 
first published by Bonnet in 1848, but which probably was already known 
to Gauss, which we shall prove as an example of the differential geometry 
of surfaces in the large. It is an application of Green’s theorem, known 
from the theory of line integrals and surface integrals in the plane, to the 
integral of the geodesic curvature. 


Green’s theorem asserts that if P and Q are any two functions of x and y in 
the plane for which the partial derivatives dP/dy and dQ/dx are continuous 
throughout a certain region R with area A bounded by a closed piecewise smooth 
curve C, then (Fig. 4-14), the sense of C being counterclockwise, 
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P dx + 


m 


The region R may he the sum of a finite 
number of areas, each of which is such 
that any straight line through any interior 
point of the region cuts the boundary in 
exactly two points. The theorem holds 
equally on a surface if x and ij are re¬ 
placed by the curvilinear coordinates u 
and v, the parametric lines covering R in 

such a way that through every point inside R passes exactly one curve u 
stant and one curve v = constant. 



Fig. 4-14 


= con- 


If P(u, v) and Q(u, v) are two functions of u and v on a surface, then, 
according to Green’s theorem and the expression in Chapter 2, Eq. (3-4) 
for the element of area: 


V + 9 * - IM - S) vmn, 

where dA is the element of area of the region It enclosed 
\Y ith the aid of this theorem we shall evaluate 


dA , 

hy the curve C. 



where k 0 is the geodesic curvature of the curve C. If C at a point P makes 
the angle 9 with the coordinate curve v = constant and if the coordinate 
curves are orthogonal, then, according to Liouville’s formula (1-13): 


K a ds — d6 -)- ki(cos 9) ds + x 2 (sin 9) ds. 

Here ki and k 2 are the geodesic curvatures of the curves v = constant and 
u = constant respectively. Since 


cos dds =VE du . sin dds=V6 dv, 

we find by application of Green’s theorem: 


fp ,h = i d0 + fjlL ~ i {K ^) d “ dv - 

The Gaussian curvature can be written, according to Chapter 3, Eq. 
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K =- 


_A E » 1 

2VEG L du VEG ~ 1 ~ dv VEG J 


l r d G u 


+ 


-/= I"- (k 2 VG) + ( Kl VE) 

a/EG L du ay 


so that we obtain as a result the formula 


£*» ds = l M -f£ KdA - 


( 8 - 1 ) 


The integral 


■al JjKdA i 


is known as the or integral curvature , or 


curvature integra, of the region /?, the name by which Gauss introduced it. 

Let us first take a smooth curve C, as the boundary of region R on which, 
therefore, there are no points where the slope has discontinuities. Then 


we can contract C continuously without changing 


Jdd, si 


since this is an 


integral multiple of 2ir. Let A be a simply connected region, that is, a 
region which by continuous contraction of C can be reduced to a point. 
When C is reduced to approach a point 

02 


then 


J*dd = 2ir, 


and we have found the 


theorem that 




ds + I \ KdA = 2tt. (8-2) 



When C consists of k arcs of smooth 
curves (Fig. 4-15) making exterior angles 
0i, 02, . . ., 0*; at the vertices, Ai, A 2 , . . 

A*, where the arcs meet, then we must 
keep in mind that dO in Eq. (8-1) measures only the change of 0 along 


Fig. 4-15 


the smooth arcs, where we measure I' k 0 ds, and not the jumps at the 



vertices. The total change in 6 along C is still 2tt, but only part of it is 
due to the change of 0 along the arcs. The remainder is due to the angles 
0i, 02, • . . 0*. For the sum of the line and area integral we therefore get 
2n — 0i — 0 2 — • • • — 0*. This result is expressed in the Gauss-Bonnet 
theorem: 

If the Gaussian curvature K of a surface is continuous in a simply con¬ 
nected region R hounded by a closed curve C composed of k smooth arcs making 
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where k 0 represents the geodesic curvature of the arcs. 


This theorem was first published by O. Bonnet in the previously mentioned 
paper in the Journ. Ecole Polytechnique 19 (1848), pp. 1-140, as a generalization 
of Gauss’ theorem on a geodesic triangle, see application II of this section. 
Bonnet proved it first for geodesic triangles, using the method of our Exercise 6, 
this section. The relation of this theorem to Green’s theorem was clarified by 
G. Darboux, Lemons III, p. 122, etc. 


The integral curvature 



K dA has a simple geometrical interpreta¬ 


tion, by means of which Gauss originally introduced it. When we draw 
through a point 0 lines parallel to the surface normals at the points of a 
region R on a surface S bounded by an arc C, then they intersect the unit 
sphere in a region Ri bounded by an arc Ci which is the spherical image 
of C (see Exercise 6, Section 2-11). We can introduce coordinates (u, t>) 
on the unit sphere such that a point and its spherical image have the same 
u and v. The equation of C\ is N = N(s), where s is the arc length of C. 
The element of arc da of C\ is given by da 2 = </N • r/N, and the element of 
area dA, of R if according to Chapter 2, Eq. (3-4), by 


dA, = V(N U • N tt )(N„ • N v ) - (N„ • N„) 2 du dv 
= V(N„ X N„) • (N„ x N„) du dv. 


According to the Wcingarten formulas, Chapter 3, Eq. (2-9): 


N,xN,= 


(Ff - Gc)(Ff - Eg) - (Fe - Ef)(Fg 

{EG - F-y- 

eg-p 




x u x x. 


EG - F- 


Xu x x v — Ax tt x x«. 


Hence 


dA, = | K | v (x„ x x v ) • (x u x x v ) du dv = | K \ VEG — F-dudv = | K |(At, 


so that the integral ( absolute ) curvature of a region on the surface is equal to the 
area of its spherical image. This was the property stressed by Gauss. 


This property of the integral curvature was already known to the French 
school of Monge before Gauss pointed out its significance for the intrinsic geom¬ 
etry of a surface, see O. Rodrigues, loc. cit. Section 2-9. 
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When the area becomes smaller and smaller, we obtain the property that, 
with the appropriate sign, 



A A s 
A A ’ 


The Gaussian curvature is the limit of the ratio of the small areas on the 
spherical image and on the surface which correspond to each other, when the 

areas become smaller and smaller. 

Here we must take into consideration that for a hyperbolic point the 
contour of 4A, is traversed in a direction opposite to that of A A. 

This definition of curvature corresponds to that given by k = dip/ds for 


plane curves. 

We shall finally give some applications of the theorem of Gauss-Bonnet. 
I. When we apply this theorem to a triangle formed by an arc of a curve 
between two neighboring points P and Q and the geodesics tangent to C at 

P and Q (Fig. 4-16) we find that //* dA is of order (A<^) 3 , so that but 

for quantities of order (A <?) 2 and higher (where A <p is the angle between the 
tangent geodesics at P and Q ): 


J Kg ds = 2-tt — (—A <p) — 7T — 7T = A<v>, 

where A (p is the angle between the geodesics. When Q approaches P we 
find 

K g = d(p/ds, I (8-3) 


which formula generalizes for surfaces the well-known formula for the ordinary 
curvature of a plane curve and gives us at last a simple definition of the 
geodesic curvature in terms of quantities on the surface. 

II. When the boundary C consists of k geodesic lines, intersecting at 
interior angles ai, a 2 , . • <**, on = t Oi, i = 1 , . . • k, we have a geodesic 

polygon. The integrals of the geodesic curvature vanish and we obtain 

for the integral curvature: 

A3 




Fig. 4-16 


Fig. 4-17 
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2tt - far = 2"* “ ” 2 ) 7r ‘ 


When A: = 3 we find the theorem (Fig. 4-17): 

The integral curvature of a geodesic triangle is equal to the excess of the sum 
of its angles over t r radians. Gauss wrote: “ this theorem, if we mistake not, 
ought to be counted among the most elegant in the theory of curved sur¬ 
faces.” 

This theorem is of particular interest for a surface of constant curvature. 
In this case the integral curvature is equal to KA, where A is the area of the 
geodesic polygon. We express this result in the theorem. 

The area of a geodesic triangle on a surface of constant curvature is equal to 
the quotient of {a, + a 2 + « 3 - tt) and K , where the a are the angles of the 

triangle. 

This result generalizes the well-known theorem of Legendre for a sphere, 

where a\ -f- #2 H - <*3 — 7r is the spherical excess. 

The area of a spherical triangle is equal to the product of its spherical excess 

into the square of the radius. 

It also shows that the sum of the angles of a geodesic triangle is greater 
than 7r for a surface of constant positive curvature and less than tt for a 
surface of constant negative curvature. For developable surfaces the 

sum is tt. 

III. A surface which can be brought into one-to-one continuous corre¬ 
spondence with the sphere is called topologically equivalent to the sphere. 
Such surfaces can be obtained by continuous deformation of a sphere with¬ 
out breaking it and without bringing separated parts of its surface together. 
Such a surface can be separated into two simply connected regions I and II 
by a closed smooth curve C without double points (Fig. 4-18). If we apply 
the Gauss-Bonnet theorem to such a curve, first as boundary of region I, 
and then of region II, we obtain, if we traverse C both times in such direc¬ 
tion that the enclosed region stays on the left side: 



Fig. 4-18 


f K “ ,h + II, K dA = 2t r, 


Ka (Is 4- | [ K dA = 2tt. 

u 




Adding these two equations, we ob 
tain the result 


II K 
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Fig. 4-19 


In words: 

The integral curvature of a surface which is topologically equivalent to the 
sphere is 47 r. 

This theorem characterizes the integral curvature as a topological invari¬ 
ant. If we apply a similar reasoning to a surface which is topologically 
equivalent to a torus, then we see that it can be changed into a simply 
connected region R by two cuts (Fig. 4-19). These cuts can be so applied 
that this region R is bounded by four smooth curves intersecting at tt/ 2 ra¬ 
dians. When we apply the Gauss-Bonnet theorem to this boundary, we 

obtain 

ds +ff A K dA = 2?r - 4 • | = 0. 

The integral of the geodesic curvature vanishes, and 



K dA 



The integral curvature of a surface which is topologically equivalent to a torus 
is zero. 


exercises 

1 . Integrate the differential equation (6-9) of the tractrix. Write r = b sin <p. 

2. The geodesic curvature of a curve C on a surface S is equal to the ordinary 
curvature of the plane curve into which C is deformed when the developable sur¬ 
face enveloped by the tangent planes to S along C is rolled out on a plane. 

3 . A geodesic C on S is also a geodesic on the developable surface enveloped 

by the tangent planes to S along C. 

4. When a geodesic makes the angle 6 with the curves v = constant of a geo¬ 
desic coordinate system for which ds 2 = du 2 + G dv 2 , then 

dd + ( dVG/du ) dv = 0 . 
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5. If two families of geodesics intersect at constant angle, the surface is de¬ 
velopable. 

0. Prove Gauss’ theorem on geodesic triangles by taking two sides as the co¬ 
ordinate curves v — 0 and v = Vo of a geodesic coordinate system. This \sas Gauss 
proof of his theorem. Hint: Use the result of Exercise 4. 

7. Show that for a surface of negative curvature the hypothesis of the acute 
angle holds for quadrangles formed by geodesics (see Section 3-7). 

8. The integral curvature of a closed surface of genus p (or connectivity 2p + 1), 
that is, a surface which can be made into a simply connected region by 2p simple 
closed cuts (e.g., a sphere with p handles) is 47 t(1 — p). 

9. Prove Euler’s theorem for convex polyhedrons F — E + V = 2 (F = number 
of faces, E = number of edges, V = number of vertices) by applying the Gauss- 
Bonnet theorem (W. Blaschke, Dijjcrcntialgcomctric /, p. 166). 

10. By using the Gauss-Bonnet theorem, show that two geodesics on a surface 
of negative curvature cannot meet in two points and enclose a simply connected 
area. (Compare the theorem on p. 144.) 

11. Differential parameters. E. Beltrami, in 1864-1865, introduced the follow¬ 
ing expressions, in which u and v are curvilinear coordinates on a surface: 


V(*>, *) = 


Eip x *l/v — F(<p u\ l/y -f- tpr\ltu) 4~ G<Pu4'u 

EG - F 2 



1 f d G<p u — Ftp v d Eipv — Fip u \ 

V EG — F 2 l d u VEG — F 2 dv VEG — F 2 J 


which he called the first and second differential parameter of the functions \fr and 
of u, v, respectively. Show 

(a) that the derivative dip/ds of a function *p(u 9 v) on the surface in the direction 
ds is maximum when ( d(p/ds ) 2 = V(v?, <£>), 

(b) that for the plane and the notation of vector analysis 

yfr) = (grad <^>) • (grad \p) } A <p = div grad ^ = Lap 

(c) that ±K,= . + v(V, — =U==Y 

v V \ VV(v>, <p)J 

(Beltrami, Opcrc mat. /, pp. 107-198. Lam<5, in the Lemons sur les coord onuses 
curviligncs , 1859, already had used differential parameters for the plane and for 
space.) 

12 . Show that when two independent systems of geodesic parallels are selected 
as parametric curves, the element of arc can be written 

ds 2 = esc 2 co(du 2 -f* 2 cos co du dv + dv 2 ), 


where co is the angle between the parametric curves. 

13. Geodesic ellipses and hyperbolas. The locus of a point for which u + v = 
constant in the coordinate system of Exercise 12 is called a geodesic ellipse. Simi- 
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larly, we call the locus for which u-v = constant a geodesic hyperbola. Show 
that ds 2 can be written 

ds 2 = (esc 2 w/2) du 2 + (sec 2 w/2) dy 2 , 
geodesic ellipses and hyperbolas. 

14. Derive Gauss’ form of the differential equation of the geodesics: 

VEG — F 2 d6 = F d In 4- i(#v du — G u dv) — F u du, 

where 6 is the angle of the geodesic with the curve * = constant. Compare this 

formula with Liouville’s formula (1-13) and with Exercise . 

15 Rectifying developable. Every space curve is a geodesic on its rectifyi g 
developable This is the explanation of the term rectifying. P- • 


CHAPTER 5 


( 1 - 2 ) 

(1-3) 


SOME SPECIAL SUBJECTS 

6-1 Envelopes. The method used in Section 2-4 to determine develop¬ 
able surfaces as envelopes of a single infinity of planes can be generalized to 
singly infinite families of more general surfaces. The method in the case of 
planes can be summarized (see Chapter 2, Eqs. (4-2) and (4-3)) bv statins? 
that if the family of planes is given by 

F(x, y, z, u) = 0, ( 1 _ 1 ) 

where u is the parameter, and we add to Eq. (1-1) the equations 

Fu = d u F(x, xj, z, u) = 0, 

F uu = d'iuF(x, xj, z, u) = 0, 

then, except for special cases, which can be exactly enumerated in this case 
of a family of planes: 

Eqs. (1-1) and (1-2) together for fixed u give the characteristic line of a 
surface (1-1), 

Eqs. (1-1), (1-2), (1-3) together for fixed u give the characteristic point 
of the surface (1-1). 

Elimination of u from Eqs. (1-1) and (1-2) gives the envelope of the 
family (1-1) as the locus of characteristic lines. 

Solving of x, xj, z in terms of u from Eqs. (1-1), (1-2), and (1-3) gives 

the edge of regression of the envelope as the locus of characteristic point. 

If we now apply this method to the case that Eq. (1-1) represents a 

general family of surfaces, then we can say in general that provided this 

family has an envelope and this envelope has a locus of characteristic points, 

xvc can obtain the envelope, and the locus by a similar reasoning, although we 

may obtain other surfaces, curves, and points as well. Before we pass to 

he question of proof let us first take a few examples to elucidate some of 
the existing possibilities. 

(a) The family of spheres of equal 

radii R with centers on the T-axis 

(Fig. 5-1), 

E = X 2 + (7/-?/)2-f- 2 2-/?2 = 0) 

has as its envelope the cylinder 


.r 2 + = R 2 
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F u =-2(j/- u) = 0. (1-5) 

Since 

Fuu — + 2, 

there are no characteristic points. 

(b) For the concentric spheres 

F = x 2 + y 2 + z 2 — u 2 = 0, (1-6) 

we have 

F u = —2 u, F uu = — 2 . 


There is no envelope; elimination of u from F = 0 and F u = 0 gives the 
common center. 

(c) For the spheres 

F = (x — u) 2 + y 2 -\- z 2 — u 2 = x 2 + y 2 + z 2 - 2 xu = 0, (1-7) 

which have their centers on the X-axis and are all tangent to the YOZ- 
plane (Fig. 5-2), we have 

F u = — 2 x, F uu = 0 . 


The equations F = 0 and F u = 0 give y 2 + 2 2 = 0, the point of tangency. 



Fig. 5-2 Fig. 5-3 


(d) For the spheres 

F = (x — u) 2 + y 2 + z 2 — (cl 2 + u 2 ) = 0, (1-8) 

which have their centers on the X-axis and all pass through the same circle 
in the FOZ-plane (Fig. 5-3), we have 

F u = - 2x, F uu = 0 . 

The equations F = 0 and F u = 0 give the circle through which all spheres 
pass. 
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(e) For the cylinders 


F = (y — u) 2 — x 3 — x 2 = 0, 

we find 

F u = —2 (y — u), Fuu = 2. 

Elimination of u from F = 0 , F u = 0 gives the envelope x = — 1, but also 
the locus x = 0 of the nodal lines. 

There exists no theory which systematically accounts for all cases which 
may occur. We have to be satisfied, in the main, with the principle ob¬ 
tained by the generalization of the method used for families of planes. 
However, it is possible to express the simpler applications of the principle 
in a more careful way, which we shall now give in outline. 

Let us suppose that the surfaces S , given by F = 0 , have an envelope E. 
This means that a surface E exists which is tangent to each of the surfaces *S 
along a curve C. We can label the curves C by means of the same param¬ 
eter u which determines the surface S on which it lies. Then E has the 
equation x = x(/, ?/), where x = x(t , u 0 ) is the equation of the curve C on 
the surface S for which u = Uo. When the coordinates x, y } z of x are 
substituted into F(x t y , 2 , u) = 0 this equation must be identically satisfied. 

The vectors x, and x u determine the tangent plane to E at a point P of 
C. But the coordinates of these vectors must satisfy the equations 




(F x + F.p) |f +(F U + F,g) = 0, 
(F x + /■» ~+(F y + F.j,) |f + F u = 0. 


(1-9) 


Let us now suppose that we take such points of space for which F = 0 , 
but I< u 7 * 0 . then, according to the theory of implicit functions, we can 
solve F = 0 for u and obtain an expression of the form u =u(x,y y z). 
Since 

E, + F z p = 0, F u + F : q = 0, (1-10) 

ve can find, by substitution of u into those equations, values for p and q. 
Suppose that we confine our attention to regions where both x,, x u , and 
p and q are uniquely determined and different from each other, so that the 
tangent planes to the surfaces S are uniquely determined at each point. 
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Comparison of Eqs. (1-9) and (1-10) shows that when F u ^ 0 the tangent 
plane to S cannot be a tangent plane to E. This can only happen when 
F u = 0. Moreover, if F u = 0 and x t X x u ^ 0, and if p, q are uniquely de¬ 
termined, then E is actually an envelope of the surfaces S. We have thus 
found the theorem: 

When the equation F(x, y, z, u) = 0 represents a family of surfaces S, 
and the equations F = 0, F u = 0 in a certain region R(x, y, z , u) represent for 
fixed u a family of curves C which form a surface E for varying u, then this 
surface E is an envelope of S which is tangent to the S along the curves C, pro¬ 
vided the surfaces S have in R a unique tangent plane at every point of the 
curves C. 

The curves C are the characteristics of the surfaces S. 

We can now show that this envelope E actually exists in such regions 
R(x, y,z,u) in which the vector product (grad F) X (grad F u ) 9^ 0. In 
such regions it is possible to solve the equations F = 0, F u = 0 for two 
variables and express them in terms of the two other ones. Let us single 
out y and z, so that the result appears in the form: 


y = y(x, u ), z — z(x, u) (hence here F y F zu — F z F yu 9 * 0). (1 11) 

Eqs. (1—11) represent a surface which has a tangent plane given at each of 
its points by the equations 


•+i 

i + j£+ t H- i +»- +t - 


( 1 - 12 ) 


Since the Eqs. (1-11), substituted into F = 0, F u = 0, change these 
equations into identities, we also have the relations: 

F x + F y y x + F^ x = 0, F u + F v y u + F j, u = 0, (1 _ 

F xu + F yu y x + F zu z x = 0, F uu + F yu y u + F zu z u = 0. 

These equations determine y Xf z x and y u , y v uniquely, since F y F zu —F Z F yu 7 ^ 0, 
provided F uu 5 * 0. The vectors i + j y x + and i + ]y u + k z u are there¬ 
fore perpendicular to the vector F x i + F y ] + E*k, which means that the 
tangent plane to surface (1—11) coincides with the tangent plane to the 
surface F = 0 at all points ( x , u) common to both surfaces. For u = uo 
we obtain the characteristic on the surface F(x, y } z , uf) = 0. In other 
words: 

In a region R(x, y, z , 11 ) where the vector product (grad F) X (grad F u ) 9 ^ 0 
and F uu 0 there exists an envelope E , locus of the characteristics C. 
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We can obtain some more information when we consider such regions 
R\ of R , where also the triple scalar product (grad F, grad F u , grad F uu ) ^ 0. 
In this case let us solve 

F = 0 , F u = 0 , F uu = 0 

for x, y, z in terms of u, which is possible since the functional determinant of 
F > F «’ F »* >s different from zero. The curve thus obtained lies on the sur¬ 
face given by F = 0 , F u = 0, and hence on the envelope. The tangent 
direction is given by the vector 


; , • dy 


dz 


du 


1 du + k = **« + JJf- + 


du 


By a reasoning similar to that used before, we find that 

F * x “ + F vVu + FzZu + F u = F x x u + F u y u + F,z u = 0, 

FzuXu + F yu y a + F zu z u + F uu = F ru x u + F„ u y u + F tu z u = 0, 

and these equations for u = u 0 express the fact that the curve is tangent to 
the characteristic on the surface F(x, y, z, u 0 ) = 0. Hence: 

If there exists an envelope E, locus of characteristics C, then in regions R x of 
R, where the triple scalar product (grad F, grad F u , grad F uu ) ^ 0, the equa¬ 
tions F - 0, F„ = 0, = 0 together determine a curve which at each of its 

points is tangent to one of the characteristics C. 

1 his curve is called the edge of regression of the envelope; its points are 
sometimes called the focal points. 

As an example of an envelope of surfaces which are not plane we can 
take the canal surfaces, already studied by Monge. We obtain them as 

envelopes of spheres of constant radius a of which the center moves alon- 
a space curve x = x(s) (s = u is the param- 
etcr). Then 

F = (y - x) • (y - x) - a 2 = 0. 

Then, in accordance with Eqs. (1-2) and (1-3) 
we take 

F„ = —2t • (y — x) = o, 

F uu = — 2*n • (y — x) + 2 = 0. 

These equations show that the characteristic is 
the great circle in which a sphere is intersected 
by the normal plane to the center curve. The 
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Fig. 5-5(a) Fig. 5-5(b) 


envelope is the locus of these circles and is the canal surface. Since 
F uu = 0 is equivalent to 


(y — x) • n = R, 

we see that the edge of regression is the locus of the points in which the 
spheres are intersected by the polar axis of the curve. Hence it splits into 
two curves, which come together at points where a = R (Fig. 5^). "When 
a > R, no edge of regression exists. An example of a canal surface is the 
ordinary torus. When the curve x = x(u) is a plane curve, the edge of 
regression is in the same plane and is the envelope of the circles of constant 
radius a with their center on the curve. In Figs. 5-5a, b we find the case 
illustrated, where the curve is an ellipse; this figure is the projection on 
the XOF-plane of a torus of which the center circle is inclined with respect 
to the AOF-plane. 

The name canal surface is sometimes used for the envelope of any single 
infinite system of spheres. One of the center surfaces (Section 2-9) of 
these surfaces degenerates into a curve. 

EXERCISES 

1. A necessary condition for a family of curves F(x, y, u) = 0 to have an en¬ 
velope is that the equations F = 0, F u = 0 have a common solution. If in a cer¬ 
tain neighborhood (x 0 , y 0 , u 0 )F x F vu - F y F xu ^ 0, then we obtain the envelope of 
the curves F = 0, F u = 0 by the elimination of u from F = 0, F u = 0. 

2. Determine the envelope of the following plane curves: (a) the circles of 
constant radius, of which the centers are on a line, (b) the circles (x — a) 2 -j- y 2 = b 2 , 
b 2 ~ 4am (m constant). 

3. A problem in elementary ballistics. A projectile is fired from a gun with 
constant velocity Vo making an angle a with the horizon. Show that the envelope 
of the trajectories, if a varies in a vertical plane, is a parabola. This problem was 
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proposed by Fatio de Duillier to John Bernoulli, who solved it; it was the first 
example of the determination of an envelope of curves. 

4. From the points of a parabola if = 4x — 1 tangents are drawn to the ellipse 
+ b 2= L FinfI the envel °P e of tlie chords connecting the points of contact. 

This envelope is called the polar figure of the parabola with respect to the ellipse. 

5. Show that a plane curve is the envelope of its osculating circles. This is a 
case where, for the envelope, the equations F = 0, F u = 0 hold, although two oscu¬ 
lating circles do not intersect along an arc of increasing (decreasing) k. 

6. Show that a space curve is the edge of regression on the canal surface formed 
by its osculating spheres. 

7. Verify that the edge of regression of a canal surface is tangent to the charac¬ 
teristic. 

8. Analyze the cases (a) — (e) of this chapter by evaluating (grad F) X (grad F u ) 
and (grad F, grad F u , grad F uu ). 

9. Find the envelope of the family of spheres which have as their diameters a 
set of parallel chords of a circle. 

10. When the envelope S of a family of surfaces is intersected by a surface Sy 
which is not tangent to the edge of regression E, then the curve of intersection C 
of & and *Si has a cusp (or higher singularity) at the point where S intersects E. 
Hint. Show that at that point x' = 0, when C is given by x = x(w). 

11. W hen a family of surfaces is given by the equation x = x(u, v, a), where a 
is a parameter and u, v are curvilinear coordinates, then the envelope, if it exists, 
is found by the elimination of a from x = x(u, v , a) and (x u x v x a ) = 0. See, on 

the discussion of envelopes from this point of view, 0. Bierbaum, Festschrift der 
Techn. Ilochsehulc Eriinn, 1899, pp. 117-150. 


6-2 Conformal mapping. Two surfaces S and S, are said to be mapped 
upon one another if there exists a one-to-one correspondence between their 
points. When S is given by the equation x = x(ir, v) and S, by the equa¬ 
tion Xi - Xi(u It a,), then a mapping of a region of S on a corresponding 
region of Sy is established by the relations 


11 1 — m i(m> V), Vy = vi(u, v) } 


( 2 - 1 ) 


uhere u h Vy are single-valued functions with continuous partial derivatives 

such that the functional determinant d(u lt v x )/d(u, v) ^ 0. When we use 

Eq. (2-1) to transform the coordinates («,, r,) of S, into coordinates (u, v) 

on the same surface S u then we obtain the equation of S, in the form x 1 = 

x,(u, v). Two points of S and S, which correspond in the mapping are now 
indicated by the same values of (u, v): 


x = x(u, v); 


x, = x,(u, I'). 


( 2 - 2 ) 
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We shall discuss the following types of mapping: 

I. Conformal mapping, in which angles are preserved; 

II. Isometric mapping, in which distances and angles are preserved; 

III. Equiareal mapping, in which areas are preserved; 

IV. Geodesic mapping, in which geodesics are preserved. 


Conformal mapping. A mapping of surface S on surface Si (we shall 
use this expression although we mean the mapping of a certain region of S 
on a corresponding region of Si) is conformal if the angle between two di¬ 
rected curves through a point P of S is equal to the angle between two cor¬ 
responding directed curves through the point Pi on Si corresponding to P. 
When the two surfaces are written in the form (2-2) and all elements of £1 
corresponding to those on S are indicated by the index 1, then for the angles 
0, 0i between the corresponding elements dx, bx, dix, bix the equation holds: 
0 = 0!. If we take as one pair of corresponding elements 5x, 5iX, the ele¬ 
ments ( 8u arbitrary, bv = 0), we find that according to Chapter 2, Eq. 
(2-9): 


or 


E du bu 4- F dv bu _ Ei du bu + F\ dv bu 
dsVE bu 2 dsiVEi bu 2 


Ve^ + 

ds 


F dv 
VEds 




F 1 dv 

VEi dsi 


This equation must hold for all directions dv/du, hence 


or 





dv 

VWidsi 


dsi = VK = FiVE 
ds Ve F\/lEi 


This equation shows that the ratio p = dsi/ds is independent of dv/du and 
depends only on u and v. Hence 


or 


dsi = p ds, p = p(u, v) } 

Ei = p 2 £, Fi = P 2 E, Gi = p 2 G 


Conversely, when Eq. (2-3) holds, then because of Eq. (2-4): 


cos 


q _ (E du bu -f- F (du bv -f- dv bu) -f - G dv bv) 

ds bs ~ 


cos 0 


(2-3) 

(2-4) 
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We have thus arrived at the result: 

A necessary and sufficient condition that a mapping be conformal is that the 
elements of arc ds, Us at corresponding points be proportional. 

We can also express this property by stating that a small figure (e.g., a 
triangle) at a point of a surface is almost similar to the figure which corre¬ 
sponds to it in the mapping, and the more similar the smaller the figures 
are: 


A necessary and sufficient condition that a mapping be conformal is that it 
be a similarity 11 in the infinitesimal ” 

When p is constant the ratio of similarity is the same for all points. We 
then speak of similitude. 

A conformal map of a small region of a surface near a point on a plane is 
therefore very nearly accurate in the angles as well as in the ratio of dis¬ 
tances, although the map may give a veiy distorted picture of the region in 
the large. 


From Eq. (2-3) it follows that from ds = 0 follows dsi = 0. If, there¬ 
fore, we admit imaginary elements, then we find that in a conformal map¬ 
ping isotropic elements (Section 1-12) correspond. Discarding isotropic 
developables (EG — F 2 = 0, see Section 5-6) we have on each surface a 

net of isotropic curves which we can take as the net of coordinate lines. 
Then E = G = 0 and 


ds 2 = 2 F du dv, ds 2 = 2F, du dv t Fi = p 2 F. 


(2-5) 


1 his equation shows that when the isotropic curves correspond, ds and dsi 
are proportional: 

A necessary and sufficient condition that a mapping be conformal is that the 
isotropic curves correspond. 

Since this correspondence can be accomplished for any pair of surfaces, 
we find that two surfaces can always be mapped conformally upon each other. 

This has to be understood again in the sense that to a certain region on surface 
S there corresponds a certain region on S, on which it can be conformally mapped. 
The theory of complex variables establishes exact conditions for the character 
of these regions and their boundaries. The fundamental theorem of Riemann 
states that any region with a suitable boundary can be conformally mapped on 
a circle by means of a simple analytic function.* 


After having introduced the isotropic curves, let us again change the 
coordinate curves on both surfaces by the transformation 


u — u\ -f- iv i, 


v = Ui — tv i. 


( 2 - 6 ) 


<ri* S ? C ' o-" R ( - T,t< hm»rsh, The theory of functions. Oxford, Clarendon Press, 
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The first fundamental forms in the new coordinates, written in terms of 
the new coordinates, are now 

ds 2 = 2F(du\ + dv f), ds\ = 2F i(du'i + dvf), (2-7) 

where F and Fi are now functions of U\ and V\. 

If a system of curves can be introduced as coordinate curves so that ds 2 
takes the form 

ds 2 = \(du 2 -f- dv 2 ), X = \(u, v ), (2-8) 

then this system is called an isometric (or isothermic) system. It is neces¬ 
sarily orthogonal. Since the length of du is the same as the length of dv, 
we can sketch the nature of isometric systems by saying that they divide 
the surface into infinitesimal squares. Eq. (2-7) expresses the fact that two 
surfaces are conformally mapped upon each other when an isometric sys¬ 
tem on one surface corresponds to an isometric system on the other surface. 

The use of the term “isometric” both for certain systems of curves and for 
a certain type of mapping does not mean that there is any direct relation between 
them. 

We shall now show how on a surface an infinity of isometric systems can 
be obtained. For this purpose, let us suppose that apart from the system 
obtained by Eqs. (2-5) and (2-6) and expressed by Eq. (2-8) there exists 
another isometric system, given in terms of ( u , v) by 

oc = a {u, v) = constant, P = p{u, v) = constant. (2-9) 

Then there exist two functions \(a, v), A (a, p) such that 

ds 2 = \(du 2 -j- dv 2 ) = \{da 2 + dp 2 ). 

But (ocu = da/du, etc.): 

doc 2 + d/3 2 = (ocl + /3J) du 2 + 2{oc u ol v + /3 u /3„) du dv + (oc 2 p -f /3?) dv 2 . 

The necessary and sufficient conditions that the system (2-9) be isometric 
are therefore: 

<4 + /3u = <4 + /3?; a u o, + ftA = 0. 

If we write, for a moment, m = a u /(3 u = —(3 v /ocv, then 

( M 2 + 1)4 = Gu 2 + l)Pl 

Now fj 2 + 1 5* 0, since \i — ±i leads to a linear relation between a and /3. 
Hence either 


Oiv = Pu, 


Oiu Pv) 


( 2 - 10 ) 
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or 

ct v = —&u, cx u = (3 V . (2-11) 

Eqs. (2-10) and (2-11) are known as the Cauchy-Ricmann equations , and 
are the conditions that, in the case (2-11) ct -f- i(3, and in the case (2-10) 
a — if3, is an analytic function of the complex variable u + iv: 


a ± i(3 = f(u + 21 ;).* 

This leads us to the theorem: 

When u = constant , v = constant form a system of isometric coordinates, 
then all other isometric systems are given by 

Rf(u + iv) = a, If(u + iv) = fi, 

where Rf(u + iv) and If(u -f- iv) are the real and imaginary parts of an arbi¬ 
trary analytic f miction of the complex variable u + iv. 

If, for example, we take a + if} = (u -}- iv) 3 , then the system defined by 

~ 3wy 2 = constant, 3 u 2 v — v 3 = constant forms an isometric system, 
if u = constant, v = constant forms such a system. 

With the aid of these isometric systems we can map one surface upon 
another in an infinity of ways, depending on an arbitrary analytic function 
of a complex variable. If, namely, we refer a surface S to an isometric 
system of coordinates (?/, ;;), and another surface likewise to an isometric 
system of coordinates (u x , Vi), then the correspondence u = u\ t v = V\ es¬ 
tablishes a conformal mapping of S upon Si. 

Rectangular cartesian coordinates (x, y) in the plane form an isometric 
system. Consequently, any mapping of a surface upon the plane such that 
an isometric system of the surface corresponds to the lines x = constant, 
y — constant in the plane is a conformal mapping , and these mappings are 
the only conformal mappings of the surface on the plane. Any analytic func¬ 
tion of a complex variable performs such a mapping. 

Example. For a rotation surface (Chapter 2, Eq. (2-13)): 


ds 2 = (1 + n dr- + r -, V = r= (~^ dr- + d* 

This ds 2 can be transformed to isometric coordinates (u, v) by the trans¬ 
formation: 


w= / 


vl + P 


dr, 


v = <p. 


C - E ‘ Titchninrs, h The theory of functions, Oxford, Clarendon Press, 

J Ju.., J). v)o* 
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A rotation surface can therefore be conformally mapped upon the plane by 
the transformation 

x = <p, y = u, 


which transforms the meridians <p = constant into lines parallel to the 
F-axis, and the parallels u = constant into lines parallel to the X-axis. 
Equally spaced meridians pass into equally spaced lines x = constant, but 
the spacing of the parallels is chan ged. 

In particular, if/(r) = Va 2 — r 2 , r = a cos d,f(r) = a sin Q, we obtain in 





sec 6 dd = In tan 



a conformal representation of the sphere on the plane, in which <p = 0, 
0 = 0 corresponds to x = 0, y = 0; the equator 0 = 0 to the X-axis; and 
equally spaced parallels 0 = constant correspond to lines parallel to the 
X-axis at ever-increasing distance when 6 increases, until North and South 
pole are mapped at infinity. This is the Mercator projection (Fig. 5-6), 
which therefore, in the way in which it is commonly used in our atlases for 
maps of the world, is quite faithful near the equator, but gives an exag¬ 
gerated impression of the dimensions of Arctic regions. Loxodromes on 
the sphere are mapped into straight lines on the map (Section 2-2). 



Fig. 5-6 
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Gerhard Mercator , latinized for Kremer (1512-1594), belongs with such men 
as Ortelius and Blaeu to the school of great Flemish-Dutch cartographers of 
the sixteenth and seventeenth centuries. He introduced the “Mercator” pro¬ 
jection in his famous world map of 1569 (on which the term “Norumbega” is 
used for a section of present New England). This projection had already 
occasionally been used. Mercator was aware of the conformal character of his 
projection. 


Another conformal map of the sphere on the plane is found by trans¬ 
forming by means of 

u = In r lf <p = <pi 

the system of polar coordinates of the plane (ri, <pi) into an isometric system 

ds* = dri -f rj d<pj = r\(du 2 + d<p\) = c ?u (du 2 + d<pj). 

The resulting conformal mapping is accomplished by 




sec 0 dO = In tan ^ + c, 


<Pi — <P 


or, taking the integrating constant c = In 2a: 


j'x = 2a ti 


an (I 


+ 



<Pi = <p 


This is the stcrcograpluc projection, and can be obtained by projecting 
the points of the sphere from the North pole on the tangent plane at the 



Fig. 5-7 
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Fig. 5-8 


South pole (Fig. 5-7). Meridians 
pass into straight lines through the 
South pole S, parallels into concen¬ 
tric circles with S as center. The 
spacing of the meridians is pre¬ 
served, but equally spaced parallels 
are mapped into circles at ever- 
increasing distance when 6 decreases 
from 7t/2 to — 7t/2. The projection 
is quite faithful near the South pole; 
the North pole is at infinity. Loxo- 
dromes on the sphere are mapped 
into logarithmic spirals. Stereo¬ 
graphic projection from S to the 
tangent plane at N is obtained by 
changing 6 into —6 (Fig. 5-8). 


This projection was known to Ptolemy (c. 150 a.d.), who described it in his 
Geographici; it may be due to Hipparch (c. 150 b.c.). It was used for map 
projections by the Flemish mathematician Gemma Frisius (1540). The name 
was introduced in a book on optics by the Belgian author F. d’Aiguillon (1613). 

Our theory of conformal mapping is due to Gauss, whose paper on the repre¬ 
sentation “of a given surface upon another such that the map is similar in its 
smallest parts” appeared in 1822 (Werke IV, pp. 193-216; partial English 
translation in D. E. Smith, Source book in mathematics, 1922, pp. 463-475). 
The name isothermic is due to G. Lame (1833); see his Lemons sur les coordonnees 
curvilignes (1859). The name isometric is due to Bonnet. 


5-3 Isometric and geodesic mapping. A mapping (2-2) is isometric 
when at two correspondent points the first differential forms are the same. 
Hence E = E\, F = F u G = ft, or 

E du 2 + 2F du dv + G dv 2 = E i du 2 + 2 F 1 du dv + ft dv 2 . (3-1) 

We have already met such mappings when we discussed bending (Sec¬ 
tion 3-3) and surfaces of constant curvature (Section 4-5). In Section 3-4 
we mapped a catenoid isometrically on a right helicoid. 

The fact that isometry involves the preservation of certain invariants 
such as the Gaussian curvature implies that two arbitrary surfaces cannot, 
as a rule, be isometrically mapped upon each other. There are classes of 
isometric surfaces , such as developable surfaces or surfaces of Gaussian 
curvature 1. Surfaces which can be transformed into each other by bend¬ 
ing are isometric, and in this case the surfaces are also called applicable. 
The terms applicable and isometric are often identified, but it is not a 
priori clear that the existence of an isometric correspondence between two 
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surfaces also means that one surface can pass into the other by bending, 
that is, by a continuous isometric transformation. The relations between 
applicability and isometry therefore need careful investigation. Results 
on the local problem have been reached in the case of surfaces of zero 
curvature, where we know that the two concepts are identical (Section 
4-6). A much larger class of surfaces is covered by a theorem of E. E. Levi, 
which states that two isometric surfaces of zero or negative curvature are 
always applicable provided certain conditions of differentiability are satis¬ 
fied. Two isometric surfaces of positive curvature either are applicable 
to each other or one surface is applicable to a surface symmetrical to the 
other; in this case the surfaces must be analytic. 

Levi’s paper, written at the request of L. Bianchi, can be found Atti Accad. 

Torino 43, 1907-08, pp. 292-302. 

The problem of isometric mapping can be conceived in two different 
ways: 

1. Given two surfaces S and Si with given first fundamental forms 

ds 2 = E du 2 -f 2 F dudv + G dv\ dsj = Ei du\ -f 2 F du x dv i + G x dv }, 
to find whether there exists a correspondence 

ui = ui(u , v), V\ = vi (u, v ), (3-2) 

such that ds 2 = ds?. 

2. Given a positive definite quadratic form E du 2 + 2 F du dv + G dv 2 , to 
find all surfaces for which this form can be considered as the first differential 
form. In other words, assuming that there is a surface S for which the 
given form is the ds 2 , to find all surfaces which can be isometrically mapped 
on S. 

The first problem is sometimes called after Minding. It is the simpler 
of the two problems, and can be solved in each particular case by means of a 
finite sequence of differentiations and eliminations. We have solved it 
in Chapter 4 for the case that S and Si have constant Gaussian curvature, 
where we found oo 3 transformations (3-2) which establish the correspon¬ 
dence. However, we cannot conclude from this case, in which equality of 
Gaussian curvature means isometry, that two surfaces can always be 
isometrically mapped upon each other if a correspondence (3-2) can be 
found such that the Gaussian curvature at corresponding points is equal. 
For instance, the surfaces 


x = u cos v , y = u sin v, z = In u 

x — u cos v , y = u sin v, z = v 


(a rotation surface) 
(a right helicoid) 


(3-3) 


have at corresponding points (u } v) the same Gaussian curvature A' = 
— (1 + w 2 ) -2 , but are not isometric. 


! 
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Criteria for the possibility of the isometric mapping of two surfaces were first 
established by F. Minding, Journal fur Mathem. 19, 1839, pp. 370-387. For an 
exposition of the theory, see L. P. Eisenhart, Differential geometry, pp. 323-325. 

The second problem is sometimes called after Bour. We have solved it 
for the case that the differential form is of zero curvature, e.g., du 2 + dv 2 , 
when the answer is given by the totality of developable surfaces. When we 
ask, in this case, for all solutions of the form z = f(x, y), then the answei is 
given by all solutions of the differential equation rt s 2 = 0 (Exercise 2, 
Section 2-8). In the case of differential forms of constant curvature we 
had to be satisfied with a sketch of those solutions which are surfaces of 
rotation (Section 4-6). The great variety of solutions in this particular 
case may give some idea of the complexity of Bour’s problem. It leads, 
in the general case, to the study of the solutions of a partial differential 
equation of the Monge-Ampere type: 

j't — s 2 -f- Ar -}- Bs Ct -f~ D = 0, (r — d~z/dx 2 , etc.) 

where A, B, C, D are functions of x, y, z, p and q.* In the case that the 
coordinate lines are isotropic: 

ds 2 = 2 F du dv, F = F(u, v), 

this equation is (p = dx/du, etc.): 

rt — s 2 — qr(d v In F) — pt(d u In F) 

= ( d 2 uv In F) (F - 2 pq) - pq(d u In F)(d v In F). 

The solutions of this equation have only been fully investigated in some 
special cases, such as paraboloids of revolution. For F = constant we 
obtain the developable surfaces. 

This problem received attention when in 1859 the Paris Academy proposed 
it as a subject of a contest. The prize went to Edouard Bour (1832-1866), 
whose paper, according to Liouville, 11 could be taken as a beautiful memoir by 
Lagrange.” The principal part of this paper was published in the Journal 
Ecole Polytechn. 22 (1862), pp. 1-148. Honorably mentioned were papers by 
Bonnet and Codazzi. For an exposition of Bour’s problem see Darboux’ 
Legons III, also L. P. Eisenhart, Differential geometry, Chap. 9. 

Geodesic mapping preserves geodesics. An isometric mapping is also 
geodesic, but not every geodesic mapping is isometric. Since two arbi¬ 
trary surfaces cannot in general be geodesically mapped upon each other, 

* In E. Goursat, Legons sur Vintegration des equations aux derivees partielles du 
second ordre (1896), p. 39, such equations of the Monge-Ampere type are investi¬ 
gated. 
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we can ask for such classes of isometric surfaces which can be mapped 
geodesically on other classes of isometric surfaces. This problem has 
been fully solved. We first prove a special case of this theorem. 

The only surfaces which can be geodesically mapped upon the plane are 
those of constant curvature. This theorem, discovered by Beltrami, is 
proved by referring the surface to that system of coordinates ( u , v) which 
in the mapping corresponds to cartesian coordinates in the plane. The 
geodesics of the surface are then linear expressions in u and v , and con¬ 


versely, if there exists a coordinate system (?/, v) on the surface in which the 
geodesics are expressed in the form au + bv + c = 0 ( a,b,c constants), 
then it can be geodesically mapped on the plane. This means that the 
equation of the geodesic lines (Chapter 4, Eq. (2-3a)) must be identically 
satisfied when v" = d 2 v/du 2 = 0: 


r'n = rj, = o, rb = 2r? 2 , r * 2 = 2r\ 2 . 


i _ 


i _ 


The Gaussian 
Eqs. (3-3)): 


curvature A then satisfies the equations (see Chapter 3, 


ke = r? 2 r ? 2 - d„r? 2 , 
KG = r| 2 rl 2 - a,n 2> 


KF = r} 2 rf 2 - a„rf 2) 
kf = rj 2 r ? 2 - a„r| 2 . 


(3-4) 


Since d vu V \2 Li we obtain by differentiating the first two equa¬ 

tions of (3-4) and using (3-4) again: 


EK, - FK U = - K(E„ 

= —K(E V 


- F„) + 2r? 2 a„rf 2 - r| 2 a„r? 2 - ri 2 a„ri 2 

- F„) + 2r? 2 r| 2 rf 2 - 2A7*Tf 2 - n 2 rf 2 r? 2 

+ ketu - r? 2 rj 2 rf 2 + kftu 

= —K(E V - Fu) + A'(—/<’r'( 2 + Arj 2 ). 


Substituting into this 
Chapter 3, Eqs. (2-7), 


equation the expressions for the Christoffel symbols, 
we finally conclude (see Exercise 20, Section 3-3): 



I'Ku — K(E v F u ) -)- K(E,, — F„) = 0. 


Differentiating the last two equations of Eq. (3-4), we obtain in a similar 
way: 


Hence 




which shows that K is constant. 
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Conversely, if K is constant, then geodesic mapping is possible. This 
can be shown by mapping the sphere geodesically on the plane by means of 
the relations 

x = cot 6 cos <p> y — cot 6 sin <p, (3-5) 

where 6 and <p are, as usual, the latitude and longitude of the sphere and 
(x, y) are rectangular cartesian coordinates in the plane. Indeed, all 
geodesics of the sphere lie in planes through the center, and are therefore 
(compare with Chapter 2, Eq. (1-7)) given by: 

A cos 6 cos <p + B cos 6 sin <p + C sin (9 = 0, (A,B, C, arbitrary constants), 

which by virtue of Eq. (3—5) passes into the equation of all straight lines 
in the plane: 

Ax + By + C = 0. 

This transformation maps great circles through a point on the sphere 
into straight lines through a point in the plane, the meridians <p = constant 
passing into the lines y = x tan <p, the parallels 6 = constant into the circles 
x 2 + y 2 = cot 2 6. The plane corresponds to one of the hemispheres 
0 < 9 ^ tt/ 2 or -7I-/2 ^ 0 < 0. 

As to the problem of the geodesic mapping of arbitrary surfaces, it can 
be shown that in general the only geodesic mappings are isometric mappings 
with or without similarity. Excepted are two classes of surfaces, which 
are specified by the following theorem of Dim-Lie. 

Two surfaces can he geodesically mapped upon each other without isometry 
or similarity when their first fundamental forms , by means of corresponding 
coordinates {u, v), can he cast either into the form of Dini: 

ds 2 = (U — V) (du 2 + dv' 1 ), ds\ = (|f — Jjfflf + 
or into the form of Lie: 

ds 2 = (u + V) du dv , ds\ = — dw dv — ~ dv 2 , 

where U is a function of u only and V a function of v only. 

The form (3-6) characterizes the Liouville surfaces (see Section 4-2, 
Exercises 18 and 19). The form (3-7) characterizes certain surfaces dis¬ 
cussed by Lie. They are real only for some values of V, and the corre¬ 
spondence itself is imaginary. The only real surfaces which can be geo¬ 
desically mapped on each other by means of a real transformation without 
isometry or similarity are given by Eq. (3-6). 


(3-6) 

(3-7) 
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For the proof of the theorem of Dini-Lie we refer to A. R. Forsyth, Lectures 
on differential geometry , pp. 243-254, or to Darboux’ Lemons III , pp. 40-65. 
Beltrami’s theorem was first published in 1865 ( Opere /, pp. 262-280). It was 
followed by the paper of U. Dini, Annali di Matem, 3 (1869), pp. 269-293, after 
which S. Lie gave his supplementary theorem in 1879, see Math. Annalen 20 
(1882), p. 419. (See also Exercise 11 below.) 


exercises 


1. Theorem of Tissot. In any real mapping of real surfaces which is not con¬ 
formal there exists a unique orthogonal system of curves on each surface to which 
corresponds an orthogonal system on the other surface (Tissot, Nouvclles Annales 
de Mathem. 17, 1878, p. 151). 

2. A mapping which is both geodesic and conformal is either isometric or a 
similitude. 

3. Inversion. If for the two points P{x) and Pi(xO of space the relation 
Xi = a 2 x/(x • x) exists, we say that we have established an inversion. Show that 
(a) under inversion spheres remain spheres and (b) the mapping established be¬ 
tween two surfaces by inversion is conformal. 


4. Show that any mapping of one surface upon another which preserves the 
asymptotic lines also preserves conjugate systems. 

5. The sum of the angles of a triangle on a surface of revolution, of which the 
sides are loxodromes, is equal to two right angles. 

6. Two surfaces of constant curvature A',, A' 2 , K x ^ A' 2 , admit a similitude. 

7. Establish a conformal mapping of the pseudosphere of curvature —1, for 
which (Section 4-6): 


ds 2 = du 2 c 2u dv 2 f 


upon the plane such that the geodesics pass into the circles x 2 -f (y — a) 2 = b 2 . 

8. Equiareal map. The mapping of two surfaces x = x(u, v) and x x = x x (u, v) 
preserves the areas of corresponding figures if and only if 

EG - F 2 = E X G\ - F'l 


9. Show that if we project every point P of a sphere on the cjdinder which is 
tangent to the sphere at the equator, and then develop the cylinder into a plane, 
we obtain an equiareal map of the sphere upon the plane. What is the image of 
the meridians and of the parallels of the sphere? 

10. Show that the mapping of the sphere on the plane 

x = a sin 0 + /(<£>), y = a </>, 

where f(<p) is arbitrary, is also equiareal. 

11. Prove the theorem of Dini (hence the part of the theorem of Section 5-3 ex- 
piessed by Eq. (3-6)) by selecting on the geodesically mapped surfaces a coordinate 
system according to Tissot’s theorem (Exercise 1), so that F = F x = 0. Hint: 

Show that (Ei/G‘i):(E/G 2 ) is independent of w, and that (Gx/E'^iiG/E 2 ) is inde¬ 
pendent of v. 
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12. Find the complex function by which we obtain the stereographic projection 
from the Mercator projection. 

13. Polyconic projections. These are mappings of the sphere upon the plane in 
which the parallels are mapped into a system of circles whose centers C lie on a 
straight line corresponding to a meridian (the “central” meridian). In the so- 
called American polyconic projection: 

(a) each parallel is a segment of a circle, the developed base of the cone tangent 
to the sphere along this parallel, the equator being a straight line, 

(b) parallels equally spaced along the central meridian are equally spaced along 

this meridian in the map, 

(c) the scale along the parallels remains constant, so that for all parallel lines 
the unit of measure is represented by the same distance. 

Show that (a) a = <p sin 9, when ex is the angle with the central meridian of the 
line connecting a point P of longitude <p from the central meridian and latitude 9 
with its corresponding center C, 

(b) The projection can be given by x = a cot 6 sin a, y = aB + a cot 9 cos a, 

(c) The projection is neither conformal nor equiareal. 



Fig. 5-9 
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Fig. 5-9 shows a map of the earth in this projection. This projection, ex¬ 
tensively used by the U. 8. Coast and Geodetic Survey, seems to have been 
devised by Superintendent F. R. Hassler (1770-1843) for the charting of the 
coast of the U. S. A. See O. S. Adams, General theory of polyconic projections, 
Department of Commerce, U. S. Coast and Geodetic Survey, Serial No. 110 
(1919), especially pp. 143-152. 


6-4 Minimal surfaces. We have defined minimal surfaces as surfaces 
on which the asymptotic lines form an orthogonal system (Section 2-8). 
This means that the Dupin indieatrix consists of two conjugate rectangular 
hyperbolas (that is, hyperbolas with perpendicular asymptotes: x 2 — y 2 = 
±1) and that consequently m =— k 2 , and the mean curvature M is zero 
(Chapter 2, Eq. (7-2)): Minimal surfaces arc surfaces of zero mean curvature. 
The orthogonality of the asymptotic lines can be expressed by the relation 
(see Chapter 2, Eq. (7-2) or Exercise 6, Section 2-3): 


Eg - 2 Ff -f Gc = 0. 


(4-1) 


Examples of minimal surfaces have been found in the plane, the catenoid, 
and the right helicoid (Section 2-8). 

Minimal surfaces are sometimes defined as surfaces of the smallest area 
spanned by a given closed space curve. We have seen in the case of geo¬ 
desics that this definition by means of a minimum condition of the calculus 
of variations is not always satisfactory. Consequently we preferred for 
geodesics the definition as lines of vanishing geodesic curvature. We shall 
now y how that our definition of minimal surfaces as surfaces of zero mean 
curvature has exactly the same relation to the problem of the surface of 
minimal area in a given contour C as our definition of geodesics has to the 
problem of the shortest distance. 

I o show this, let a very small deformation of a surface x = x(u, v) be 
given by the equation 


Xi = x + eN, 


(4-2) 


where e is a small quantity and like x and N a function of u and v. Then 

d M Xi = x tt + eN„ -}- 6 m N, 
d,.Xi = x,. cN„ -f- €,.N, 

and we find for the coefficients of the first fundamental form of the deformed 
surface, neglecting terms of higher order in c: 


- E — 2ce, F\ = F — 2*/, ( 7 , = (7 — 2 




(4-3) 
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Hence, introducing the mean curvature M (Chapter 2, Eq. (7-2)): 

E& - FI = (EG - F 2 ) - 2e(Eg - 2 Ff + Ge) = (EG - F 2 )( 1 - 4eM), 

and integrating over an area enclosed by a fixed contour C : 



du dv 


- // 


VEG — E 2 rfn r/y — 



MV EG - F- du dv. 


This formula can be written in the form 




eM dA, 


(4-4) 


where dA is the element of area of the original surface and 5A is the so- 
called (first) variation of the area enclosed by the fixed contour C. This 
formula (4-4) may be compared to that for the (first) variation of the length 
of a curve (Chapter 4, Eq. (4-1)) fixed at the ends. Where in previous 
sections we had occasion to compare the ordinary or geodesic curvature of a 
curve with the Gaussian curvature of a surface, we have here an analogy 
with the mean curvature. 

The first variation 5.4 vanishes for all e if M = 0, that is, if the mean 
curvature vanishes. This can be expressed in the following words: 

If there is a surface of minimum area passing through a closed space curve , 
it is a minimal surface. 


We can also find this result (compare with Section 4-4) by means of the 
general rules of the calculus of variations. Let 2 = f(x, y) represent a surface; 
then our problem is to find the Euler-Lagrange equation of the variational 
problem (compare Exercise 3, Section 2-3): 


JJ V l -\- p 2 -\- q 2 dx dy = 5 JJ 


Hence according to the rules of the calculus of variations * 


or 


W _ d^dF _ d^dF = o 
dz dx bp dy dq ’ 

r( 1 + q 2 ) — 2 pqs + *(1 + p 2 ) = 0, 


which is Lagrange’s equation of the minimal surfaces (Exercise 3, Section 2-8) 
and equivalent to the condition M = 0. 


* See F. S. Woods, loc. cit., Section 4-4. 
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Lot us now introduce imaginary elements and admit the isotropic curves 
as parametric lines. Then E = 0, G = 0, F ^ 0, and the condition M — 0 
becomes 


Ff =0 or / = 0. 
In this case, according to Chapter 3, Eq. (2-7): 


(4-5) 



which, according to the Gauss equations (2-6), Chapter 3, shows that x uv 
vanishes. The surface is thus a translation surface (Chapter 3, Eq. (2-14)) 
and its equation can therefore be written 


x(u, v) = U(m) + V(c), 


(4-6) 


where U = U(i/) and V = V(r) are functions of u and v respectively. 
Moreover, since the curves u = constant, v = constant are isotropic, the 
curves U = U(?/) and V = V (v) are isotropic curves. This form (4-6) is 
due to Monge. Hence we can state this theorem, in the formulation of Lie: 

Minimal surfaces can be considered as surfaces of translation , of which the 
generating curves are isotropic. 

In Chapter 1, Eq. (12-S) we have given an explicit expression for the 
cooidinatcs of an isotropic curve in terms of an arbitrary function. Eq. (4-6) 
therefore allows us to give an explicit expression for the coordinates of any 
minimal surface in terms of two arbitrary functions: one,/(a) in u only, the 
other, g(v ), in v only. Such surfaces are, as a rule, imaginary. By select¬ 
ing thc/(M) and g(r) in such a way that U(m) and V(t>) are conjugate imagi- 
naiy we obtain all real minimal surfaces. Their equation can be written 
as follows (compare with Chapter 1, Eq. (12-8)): 


.r 

U 


("' J - 1)/" - 2 uf' + 2/+ (a* - I)/" - 2uf' + 2/, 


J = /[(«* + I)/" - 2 uf + 2f\ - /[(a* + 1)/" _ 277/' + 2/1 
- = 2 „J" - 2/' + 2777" - 27', 


(4-7) 


whore Ct is the complex conjugate of u ami / of /. When u = « 4- ,8 
u = a — i(3, 

f = + if, 7 = v- if. 


(4-7) expresses x as x(«, 0). 
formulas of llWrrs/rass. 

From these etiuations we can 
tlu‘ minimal surface. We find ( 
notation u = v, f = g): 


The formulas (4-7) are known as the 

compute the fundamental quantities of 
writing for the sake of convenience in 
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x u ((u 2 - 1)/"', i(u 2 + 1)/'", 2 m/"') 
x v ((v 2 - \)g"\ i(v 2 + l)*'", 2 vg'") 

Xtttt (2 uf"' + (u 2 - 1)/-, 2 inf" + i(u 2 + 1)/*, 2/'" + 2 uf iv ) 

Xuv( o, 0, 0) 

x vv (2vg'" + (« 2 - 1)!/’”, 2tV" + *'(»’ + V" + 2vg iv ). 


Hence: 

E = G = 0, F = 2(ur + \)-}"'g'" 

( u + i> . u - v_ - mo + l\ 
\uy +1’ ud + 1’ MU+1/ 

e = 2/"', / = 0, 3 = 23"'. 


(4-8) 


The equation of the asymptotic lines is 

f" du- + 3 "' dv 2 = 0 , 


and that of the lines of curvature is 

3"' du"- - f'" dv 2 = 0. 

These equations show that both the asxjmptotic lines and the lines of curva¬ 
ture on a minimal surface can be found by means of quadratures. 

By introducing the lines of curvature as parametric lines by the equa¬ 
tions 

dui = Vg 7 " du + Vf 777 dv, i dv 1 = Vtf" du - Vf 777 dv, 

where we take Vg"’ as the conjugate imaginary of Vf'", then with respect 
to these real parameters the first differential form becomes, since 

du\ + dv\ = ^Vf 777 VY 71 du dv: 
ds 2 = \(du\ -J- dv 1), X = X(mi, ^1), 

and by introducing the asymptotic lines as parametric lines by the equations 

du 2 = Vf 7 " du + iVg 7 " dv, i dv 2 = Vf 7 " du — iVg 777 dv, 

we obtain the first fundamental form as 

ds 2 = a i{dul + dvl), fi = n(u 2 , vf). 

Both the lines of curvature and the asymptotic lines on a minimal surface 
form an isometric system. 

From the expression (4-8) for N we derive by differentiation that 

N u • N u = N v • N„ = 0. 
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Th,s means that, if da 2 is the first fundamental form of the spherical ima^e 
(Section 2-11, Exercise 6; also p. 156): 

da' 1 = 2N„ • N t . du dv = 2 pF du dv = p ds 2 , 

where p is some function of position: 

A minimal surface is mapped conformally on its spherical image. The 
isotropic curves of the minimal surface are mapped into the isotropic lines 
of the sphere. And since conformal mapping preserves isometric systems 
both the lines of curvature and the asymptotic lines of the minimal surface 
are mapped into isometric systems on the sphere. 

A\ hen Eq. (4-6) is replaced by 


x = c ia TJ(u) + c~ ta V(v), 


(4-9) 


where « is a constant, then the surfaces (4-9) not only continue to represent 
minimal surfaces, but also represent real minimal surfaces when U and V 
are conjugate complex. They are called, according to H. A. Schwartz 
associate minimal surfaces. From Eq. (4-7) we can thus obtain a set of oo 1 
real minimal surfaces by replacing / by e la f and g =f by e~ ia g. But under 
(Ins transformation, according to Eq. (4-8), F and N remain unchanged, 
as well as eg — /- and EG — I' 1 . The oo 1 surfaces (4-9) arc therefore iso¬ 
metric, and at corresponding points the tangent planes arc parallel. They 
pass into each other by bending. 

\\ lion wo fall the associate surface obtained for a = tt '2 the adjoint 
minimal surface, 


y = /U — iV, (4-10) 

then all associate surfaces z = z(u, v) 
can be expressed as follows in terms 
of y and the original surface x(« = ()): 

z = x cos a A- y sin (4-11) 



We conclude from this that the end 
point of the vector z describes with 

varying a an ellipse of which the end points of the vectors x and y mark two 
\eitices (big. ;> 10 ). Hence, summing up: 

A minimal surface admits a continuous isometric deformation (applied- 
uhly), m which each point describes an ellipse. 

Comparison of the equations of the lines of curvature and of the asymp- 

<""<• Imes shows that in t wo adjoint minimal surfaces the lines of curvature 
coriespond to the asymptotic lines. 
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Example. 

If 


MINIMAL SURFACES 

Take / = a(u In u — u); then 

f' = a In u , /" = aw -1 . 

= — a.e iip , r = 2 a(a -}- a -1 ), 


then 


z = a(« + a- 1 ) (e** + e~ iv> ) = 2a (a + or 1 ) cos <p = r cos <p, 
y = az*(a + o:- 1 )^ — e” 1 *) = 2a (a + a" 1 ) sin = r sin <£>, 



which is a catenoid. 

For the adjoint surface (4-10) we take r\ = 2a (a « -1 )- Then 

z = ia(a — a -1 ) (e <v> — <T**) = n sin = n sin <^i, (*?i = ?r — <p) 

y = a ( a -i — a) (e i<p + e "*0 = — n cos = n cos v?i, 

2 = — 2ia In e -2< * = 4a<p = ( 47 r — 4<pi)a, 

which is a right helicoid. 

We have thus shown that a right helicoid and a catenoid are not only 
minimal surfaces, but that one surface can pass into the other by a continu¬ 
ous sequence of isometric transformations (see Section 3-5). 

Minimal surfaces belong to the best-studied surfaces in differential geometry. 
Their theory was initiated by Lagrange as an application of his studies in the 
calculus of variations (1760-1761, Oeuvres /, p. 335). Monge, Meusnier, Le¬ 
gendre, Bonnet, Riemann, and Lie contributed to the theory; it was Meusnier 
who discovered the two "elementary” minimal surfaces, the catenoid and the 
right helicoid. Karl Weierstrass ( Monatsber . Berlin Akad ., 1866) and H. A. 
Schwartz developed the relationship between the theory of complex analytic 
functions and the real minimal surfaces (see H. A. Schwartz, Ges. math. abh. I). 
A full discussion of the minimal surfaces, including the history, can be found 
in Darboux’ Legons /, pp. 267 ff. 

In the theory of capillarity the importance of the minimal surfaces as surfaces 
of least potential surface energy was illustrated by the experiments of Plateau, 
Statique experimental^ et theorique des liquides (1873), who dipped a wire in the 
form of a closed space curve into a soap solution and thus realized minimal sur¬ 
faces as soap films. The problem of Plateau is the problem of determining the 
minimal surface through a given curve; it has been studied in great generality 
by J. Douglas. See Solution of the problem of Plateau , Trans. Amer. Mathem. 
Soc. 33, 1931; also American Journal Mathem. 61, 1939. See for further details 
R. Courant-H. Robbins, What is mathematics? (1941), p. 385; R. Courant, Acta 
maihematica 72 (1940), pp. 51-98. For soap film experiments with minimal 
surfaces: R. Courant, Amer. Math. Monthly 47, 1940, pp. 167-174. 
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EXERCISES 

1. Show that, apart from the plane, the right helicoid is the only real ruled 
minimal surface. Hint: Consider the orthogonal trajectories of the rulings as 
Bertrand curves. (E. Catalan, Journal de mathem. 7 (1842), p. 203.) 

2 . Show that Eq. (4-11) represents an ellipse. 

3. Show that the problem of finding all minimal surfaces is identical with the 
problem of finding two functio ns p = p(.r, ,,) and q = q(.r, „) such that both 
pdx + qdy and (p dy - q dx)/V 1 + pi + are exac t differentials (Lagrange). 

4. Show that all the equations of Weierstrass for real minimal surfaces can be 
cast into the form 


x = /e[( 7- 2 - l)J" - 2 Tf + 2/] = 


- n r - 


t 2 )F(t) dr, 


y = R[i{r 2 + 1 )/" - 2 ir/' + 2if] = 


f\ = rJ i 


( T 2 + 1 )F(t) dr, 


z = R[2rf" - 2/'] = 



2 tF(t) dr. 


where F(r)i s an analytic function of the complex variable r, and R indicates the 
icdi pai t, / = , 

(b) to tlie'ca^tenoid' 116 ^ ^ 4 wWch ' eadS (a) th ° right helicoid > 

auJJf ° f E T PeT - HCre F(T) = 3 ’ Show that this ~.fece is 
T k lts Imcs of curvature are plane curves of the third degree (En- 

nepei, Zeitschrift fur Mathem. u. Physik. 9 (1864), p. 108). 

7. Minimal surface of Ilenneberg. Here F(t) = 1 _ r -< Show that this 
surface is algebraic (Ilenneberg, Annali di Mate,,,. 9 (1S7S), pp. 54-57). This sur¬ 
face is a so-called one-sided or double surface, which means that without any breach 

i"SL n r;,:r “ onc ,i,ic 01 u,c 

,,m FM ■ 2/0 - '■>- si “ “>« 
(cos x)c z = cos IJ , 

o f 1 real* < cu ryes' ‘tj?;'! 0 , ^sl.tion surface with respect to two families 

t s.t£ar“ *. . * ,tor s 
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10. Parallel surfaces . The locus of the points y which are on the normals to 
the surface S, x = x(u, v), at constant distance X from x, 


y = x 4- XN, 

is called a parallel surface to S. Show that (a) N is the unit surface normal vector 
of all parallel surfaces, (b) the parallel surfaces of a minimal surface are surfaces for 

which Ri + #2 = constant, Ri = \ R 2 = «2 • 


5-5 Ruled surfaces. We have occasionally met ruled surfaces in our 
discussion, but they were always of a particular type, such as developable 
surfaces, right conoids (Section 2-2), or the sphere as the locus of imaginary 
lines (Section 2-8). We shall here present a general theory of ruled sur¬ 
faces, excluding from the beginning the ruled surfaces with imaginary lines. 

We have already defined (Section 2—2) a ruled surface as a surface gen¬ 
erated by the motion of a straight line, its generating line , generator , or 
ruling. When the surface is not developable, it is sometimes called a scroll. 
There are 00 1 generators on a ruled surface. Let i = i(w) be the unit vector 
in the direction of the generating line passing through a point A(u ) of an 
arbitrary nonisotropic curve C lying on the surface, of which the equation 
is x = x(r). A generic point P(y) of the ruled surface is given by the 

equation 

y = x(u) + vi(u) = y(u , v); i • i = 1. (5-1) 

The directed distance AP is given by the parameter v (Fig. 5—11). The 
generating lines are the parametric curves u = constant. The vectors 
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i = i(a), drawn through the center f) of the unit sphere, describe the 
director cone of the surface (Fig. 5-12); it intersects the sphere in a curve Ci 
with equation i = i(«), which can he considered as a spherical image of the 
surface. The curve C on the surface is called its directrix.* When x is a 
constant the surface is a cone; when i is a constant the surface is a cylinder. 

Our formulas are somewhat simplified if we take as parameter u not the 
arc length of C, but that of Ci,which is a quantity depending on the nature 
of the surface only and not on the arbitrary choice of the directrix. This 
choice of w, and the fact that i is a unit vector, leads to the identities: 

i • i = i' • i' = 1, i- i' = i'. i" = o. 

The coefficients of the first and second differential form are obtained from 


so that 


(5-2) 


yu = x' + vi', y„ = i; i' = di/du, x' = dx/du, 
y u „ = x" + vi", y„„ = i', y„„ = 0, 

E = x' • x' + 2i»x' • i' + v\ F = x’• i, 0=1, 

Dc = (x"x'i) + r(i"x'i) + v(x"i'i) + ^(F'i'i), 

Df = (i'x'i), g = o, 

D 2 = EG — F 2 = x' • x' — (x' • i) 2 + 2vx' • i' + r 2 . (5-3) 

From these equations we derive immediately for the unit normal the 
expression 

x' x i + vi' x i 


N = 


D 


(5-4) 


for the Gaussian curvature the expression 


K = 


P 


EG - F 2 


_ ( x'ii'y- 

(EG — F 2 )* 9 


(5-5) 


and for the equation of the asymptotic lines 

(in (cdu -|- 2/ dr) = 0. ( 5 _ 6 ) 

The expression (8-4) for I he norm,,I vector silo,vs that the tangent piano 
■ hanges, in general, when Us point of tangeney moves along a generating 


.* Z5 'C.n "h STI ™” ” 

.-.. . ... 
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line, always passing, of course, through the generating line. We know 
that N is independent of v when the surface is developable. The expres¬ 
sion (5-5) for K shows that this is the case when 


V = (x'ii') = p(u) 


(5-7) 


vanishes. This function p is called the distribution parameter. We thus 
have found that the necessary and sufficient condition that the ruled surface 
(5-1) be developable is that the distribution parameter vanish. 

From Eq. (5-5) we conclude, since EG — F 1 > 0 for real surfaces, that 
the Gaussian curvature of real ruled nondevelopable surfaces ( scrolls) is nega¬ 
tive, except along those generators where p(u) vanishes. 

Eq. (5-6) shows that the straight lines u = constant form one family 
of asymptotic lines. The other family is given by the equation e du + 
2/ dv = 0 , or 

^ = A + Bv + Cv-, 
du 


where A, B, C are certain functions of u. Hence, comparing with Sec¬ 
tion 1-10, we have found the theorem: 

The determination of the curved asymptotic lines of a ruled surface depends 

on a Riccati equation. 

Since the cross ratio of four particular integrals of a Riccati equation is con¬ 
stant, and v is the directed distance, AP, we can immediately conclude that 
the cross ratio of the points in which four fixed asymptotic lines intersect the 
generating lines is constant. 

Further investigation of ruled 
surfaces is facilitated by the theo¬ 
rem of solid geometry that two 
generating lines which are not 
parallel have a common perpen¬ 
dicular.* We exclude here the case 
that generating lines are parallel, 
which means that we exclude cylin¬ 
ders. Let us now take two gener¬ 
ating lines which are close together, 
so that they can be given by 
u = constant, u + Au = constant. 

Their common perpendicular, as 



* G. Wentworth-D. E. Smith, Solid Geometry , Boston; Ginn & Co., 1913, p. 306. 
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well as the point where it intersects the line u = constant, then assumes a 
limiting position for Au —> 0. To find this position, let us take the gener¬ 
ating lines through the points A(x) and A X (x + Ax) of the directrix C, and 
let SSi he the common perpendicular to the generators through A and A\. 

Let vector AS he vi , and vector rfiSi he (v + Ay)(i -f- Ai), let the unit vector 
in the direction of SSi he u, and the distance SSi be Act (Fig. 5-13). The 
vectors along the sides of quadrilateral AAiSiS, if taken with the appro¬ 
priate sense, add up to zero: 


Ax -j- (v + Av)(i -f- Ai) — u A<r — vi = 0, 
or, dividing hy A u and passing to the limit Au —> 0: 

x' + vi' -f- v'i — ua' = 0. (5-8) 

Since u is perpendicular to i and to i -f- Ai, we find that for Au —> 0: 


u • i = 0, u • i' = 0, 

so that (i and i' being unit vectors) u can be taken as 


u = i' x i. 


The vectors i, i', u thus form a set of mutually orthogonal unit vectors. 

Lq. (5-8) shows how x' is decomposed in the direction of these vectors; 
hence 


' = u • x' = (x'i'i) =-p, 


/ • / 

V = —x • 1. 


(5-9) 

(5-10) 


The third equation, v' -x' • i, does not express the derivative of the v of 

Lq* (5-10) with respect to u, hut is the equation of the orthogonal trajectories 
of the generators F du + (7 dv = 0 (compare Eq. (5-2)). 

Eq. (5-9) gives a new definition of the distribution parameter. When 
the surface is developable a' = 0. This can be expressed by saying that 
on a de\clopable surface two consecutive generators intersect, or more 

precisely, that the distance between two generators (u) and (u + Au) 
is of higher order than Au. 

Eq. (5-10) determines on every generator a certain point *S, the central 
pomt. 1 he tangent, plane at that point is called the central plane; its 
unit normal vector is (except when the surface is developable, when the 
limiting position of u is perpendicular to the tangent plane): 


X u = i X (i' x i) = i'. 


(5-11) 
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Fig. 5-14 


The locus of the points S is called 
the striction line of the surface. On 
a tangential developable it coincides 
with the edge of regression, on a cyl¬ 
inder it is indeterminate. Its tangent 
line does not have the direction of u, 
as can be seen in Fig. 5-14, which repre¬ 
sents a rotation hyperboloid on which 
the central circle is the striction line. 
Talcing now the striction line as the 
directrix curve, which is always possible 
when this line does not reduce to a 
point (and this happens only when the 
surface is a cone), then we have the 
additional condition 

x' • i' = 0. 

The v in Eq. (5-8) is now zero, since 
(5-8) relates the point A on the direc¬ 
trix to the central point. Hence (see 
Eqs. (5-9) and (5-11)): 

x'xi= (u X i) v r — pi'- 


Moreover (see Eq. (5-7)): 



x' • x' 
x' • i 



x' • i 0 
1 0 
0 1 


x'-x'- (x'-i) 2 . (5-12) 


We can therefore write the unit normal N, according to Eqs. (5-4), (5 3), 
and (5-11), in the form 



. p - — i' + 

\/p 2 V" 


_ v 

\/p 2 + V 2 



(5-13) 


where the square root is positive. If V is the directed angle between the 
normal vector at a point ( v ) and at the central point (y — 0) o a genera oi, 

we find 


cos <p = 



sin <p 


v 


y/ p 2 + v 2 


v 

tan if = 

V 


hence 


(5-14) 
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This equation expresses the theorem of Chastes: 

The tangent of the directed angle between a tangent plane at a point P of a 
generator of a nondevelopable ruled surface and the central plane is proportional 
to the distance of P to the central point. 

When v runs from — oo to + oo and p > 0, the directed angle <p i*uns from 
— 7r 2 to 4 -tt/ 2; when p < 0, it runs from +7T/2 to — tt/ 2. Therefore, when 
a point moves along a generator, the tangent plane turns 180°. The point 
where the tangent plane has turned 90° is the central point (hence the 
name). \\ hen p > 0 the tangent plane turns counterclockwise, when p < 0 
it turns clockwise. This allows us to distinguish between left-handed and 
right-handed ruled surfaces, respectively. The asymptotic tangent plane is 
perpendicular to the central plane. 

For developable surfaces Eq. (5-14) loses its meaning, but from Eq. 
(5-13) we see that in this case N = u, independent of v. Eq. (5-11), as 
already observed, does not hold in this case. Eq. (5-12) here gives 

x' • x' - (x' • i) 2 3 = (x' x i) • (x' x i) = 0, 

which shows (isotropic directrix and isotropic generators have been ex¬ 
cluded) that x'xi = 0; the generators are tangent to the edge of regression. 

Ruled surfaces were investigated first by Monge (in his Applications) , who 
established the partial differential equation satisfied by all ruled surfaces (it is 
of the third order), and then geometrically by Hachette. The present theory is 
mainly due to F. Minding, Journal fur Mathem. 18 (1S38), pp. 297-302, and 
M. Chasles, Corresp. mathem. et phys. de Quetelet 11 (1839); also to Bonnet. 
I o Chasles we owe the names central point and line of striction. The theorem on 
asymptotic lines can be found in a book by Paul Serret, Thtorie noueellc gco- 
metriquc ct mcchanique des courbes a double courburc (1S00). 


EXERCISES 


1. Find the distribution parameter and the striction line of a right conoid 


x = v cos u , 

y = v sin u, z = /(?/). 


2. Verify in the c ase that in Exer¬ 
cise I f(u) = vV 2 - a 2 cos 2 u, r and a 
constants, that p > 0 means a left- 
hntided ruled surface, and p < 0 a right- 
handed one. This surface is the cono- 
cuncus (conical wedge) of Wallis (Fig. 
5 15). 


3. I he normals 
generator form a hyj 


to a scroll along a 
HM-bolic paraboloid. 



Fig. 5-15 
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4. The Gaussian curvature of a ruled surface is the same at two points of a 

generator which are equidistant from the central point. 

5. The cross ratio of four points of a generator of a scroll is equal to the cross 

ratio of the four tangent planes at these points (M. Chasles). 

6. Find the asymptotic tangent plane of a generating line of a hyperboloid of 

one sheet. . 

7. Show that (a) the striction line of a hyperboloid of revolution is the central 

circle, (b) the rulings cut it at constant angle, and (c) the parameter of distribution 

is constant. . x 2 ip _ 

8. Show that the striction lines of the hyperbolic paraboloid - 2 - - * are 

the parabolas in the planes 

* ±1 = 1. 

a 3 6 3 


9. Show that the striction line of the hyperboloid 



1 


is the space curve formed by the intersection of the hypeiboloid and the surfa 
of the fourth degree, 


+ M 


c 2 x 2 y 2 





10. Show that the first fundamental form of a ruled suiface can be cast into the 
form ds 2 = du 2 + ((w - a) 2 - P 2 ) dv 2 , where a and P are functions of v alone. 

Then u = a is the equation of the striction line and 



11. Find the equation of the asymptotic tangent plane along a luling of a 

surface. . , . , ... 

12. The points on a generator of a ruled surface can be paired in such a way t 

the tangent planes at these points are perpendicular. If P, Pi orm s ^ c & P ’ 
and S is the central point, prove that the product SP X SP 1 is constant for • 

such pairs of points on the same generator. . . , T 

13. Show that the distribution parameter of a right helicoid is constant. 


the converse true? . _ f T .1 

14. A theorem of Bonnet. If a curve on a ruled surface satisfies any of the t 

conditions, (a) of being a geodesic, (b) of being a striction line, (c) 0 . int ^ rsect g 
the generators at constant angles, then any two of these conditions imp les e 

15. A space curve is the line of striction on the surface of its binormals the rect - 
tying plane being the central plane and the tangent the common perpen icu ai o 

consecutive binormals. The distribution parameter is — T. 
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5-6 Imaginaries in surface theory. We already have had a few occasions 
to refer to imaginaries in surface theory. In Section 2-7 we found that 
asymptotic lines in regions of positive Gaussian curvature are imaginary, 
and in Section 2-8 we integrated the differential equation of the asymptotic 
lines for the case of a sphere. The asymptotic lines of a sphere were found 
to be isotropic lines. 

We shall now give a more detailed discussion of isotropic elements on an 
arbitrary surface. They are defined by the equation ds 2 = 0, or 


E du 2 + 2 F du dv -\- G dv 2 = 0. (6-1) 

When EG — F 2 ^ 0 this equation defines two directions, which arrange 
themselves to the net of isotropic curves (also called minimal curves). Since 
the distance of any two points on such curves is zero, they are the lines of 
shortest real distance between their points, and it therefore seems that they 
can be considered as geodesics. That this is the case can be shown by in¬ 
troducing the net of isotropic curves as the net of parametric lines on the 
surface. Then E = G = 0, and 


ds 2 = 2 F dudv, F = F(u f v), (6-2) 

so that 


r?i = r| 2 = r? 2 = rj 2 = o, r' n = fjf , r 2 2 2 = f 9 /f, (6-3) 

and this shows that the equation of the geodesic lines (Chapter 4, (2-3a)) 
is satisfied for v = constant. By interchanging u and v we also prove that 
the curves u = constant are geodesics. The isotropic curves can be con¬ 
sidered as geodesics. We have used the isotropic curves in Section 5-2 for 

the introduction of isothermic lines and in Section 5-4 for the investigation 
of minimal surfaces. 

Let us now introduce imaginary surfaces by considering x = x(w, v) as an 
analytic vector function in two complex variables. We can maintain most 
of the conceptions of real surface theory by defining them by means of their 
analytic expressions, provided EG - F* * 0. Thus we can define tangent 
plane, normal, first and second differential forms, asymptotic lines, lines 
o curvature, and conjugate lines. Geodesics are defined as curves of zero 
geo csic cuivatuie, although not of shortest length, except in special cases. 

An exception must be made for the case that EG — F- = 0, when all 
formulas and definitions in which EG - F- occur either lose meaning or 
have to be revised. Because of Eq. (2-8a), Ch. 2, this condition holds for all 
coordinate systems on the surface, if it holds for one of them, and is there¬ 
in a P'opcity of the surface itself. Such surfaces, for which at all points 

EG - F* = (x„ x x„) • (x„ x x,.) = 0, 


(6-4) 
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are called isotropic surfaces. Since ds 2 here is a perfect square there exists 
only one family of isotropic curves on these surfaces. g p 

exists at all points and is tangent to the loca! .sotroprc cone T1 ^fro^c 

planes discussed in Section 1-12 form a special case ofp®/ametric 
It is convenient to introduce on these surfaces form; 

lines u = constant, the curves for which ds 

(6-5) 


ds 2 = E du 2 , E = E(u,v). 


From Eq. (6-5) we derive the following relations. 

X.-X.-2, X.-X.-0, X.-X.-0, x„-x.--x...x.-0, X.-X.-0. 

so that we find for x vv the expression 


X vv = ax u + — 0X V , 


/3 = /3(u, v) 


( 6 - 6 ) 


1-13. 

Eq. (6-6) shows that the isotropic curves u = constant aie st ^ght 
isotropic lines. An isotropic surface is there > ore ^ Then, by 

take an arbitrary nonisotropic curve U t he vector 

defining the isotropic line through every point of the curve oy 

field u(0, we can write the equation of the surface as follows. 

V h ~ (6-7) 


y = x(t) + M u (0 — o» u ’ u 
where /x is a parameter varying along the isotiopic 1* 


Writing 


ds 2 = E dt 2 + 2 F dtdfi + G dn 2 , 

y t = x' + = u > 


we find that since 
the coefficient 

G = y* • y* = °- 

iTi_ y^»u so that the neces- 

From EG - E 2 = 0 follows that F = 0. No " r f egent a ’ n isotr0 pic surface 

sary and sufficient condition that Eq. ( ) ihat the surfa ce (6-7) 

is that x' • u = 0. However, this is also funct ion of t in such a way 

is developable. We can indeed determine p - „ pner ating lines of the iso- 
that the curve y(<) of Eq. (6-7) is tang» o^ mugt in this case have 

tropic surface. The tangent vector to 

the direction of u: 


x' + iivJ + “* 


X = X(0- 



198 


SOME SPECIAL SUBJECTS 

The vectors x', u', and u are coplanar, since x' • u 
We thus find for /x the value 


[ch. 5 

= u' • u = u • u = 0. 


/x = 


U 


u 


u' • u'’ 


except for the case that u' 
generators. 


0, when we have a cylinder with isotropic 


(x T x u'f’.Tx'x th n. tW ° ex P re ? ion * for » foll °'vs from the fact that 

= (u . u)(u . u') i7u u e ?To" ’ U ’ aml U are C ° planar and • (« - u') 

Substitution of this value of p into Eq. (6-7) gives us the edge of regres- 
s.on of the developable surface (6-7). This curve, having isotropic tan¬ 
gents, ,s an isotropic curve. When it shrinks to a point, the surface is a 

We can express these results in the theorem- 

The surfaces for which EG - /» = 0 are isotropic dcvelopables, that is 

faccsZ i* 0 ' 0 ^' PnrS ’ lS ° lropic finder,, isotropic cones, or tangent sur- 
Jaces to isotropic curves. ^ 

Let us now suppose that the ruled surface (6-7) is not developable, but 
y till genended by ^tropic lines. Then x' . u * 0, so that (7 = 0, 
^ 1 ~~ 1 ^ 9. furthermore: 


y " “ x " + ^ u "< y<* = u', y w = 0, 

so that, <7 = 0, but / ^ 0. (Also E ^ 0, c ^ 0.) 

The equation of the lines of curvature takes the form 

df\Ef - cF) = (), 

TpZt becomes^" (6_3) ’ Chapter 2 ' for thc normal cu mature in direction 




( 6 - 8 ) 


( = '■ fit + / dp 
Edt + Fdu 


(6-9) 


Hzxz t„ & ■" hi d h ,'» ai1 dir “ ,ion '»*• 

lines as nonmotri 1 /* 3 “ o) ’ referred to one set of its isotropic 

as paiametiic curves / = mndnva wru F , ^ 

i//» q\ ■ - taut. \\ hen fejf — c/ f n \rp spp from 

generators, tloreoverfin,f t hatThe^ ° f °! CU, ' Vature ’ the ^tropic 

diopter 3, Eq. C-JlvZcoLT " »* l> ™ dp “ l 

c - kE f- k F | , , 

/ - kF 0 ! = (/ - kF)* = o, 
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g_g] IMAGINARIES IN SURFACE THEORY 

which is a perfect square. Both principal curvatures are equal, and equal to 

the normal curvature in the direction of t = constant. 

The condition that both curvatures be equal in the real domain leads 
back to the sphere, since the condition that the two roots of Eq. (7-1) of 
Chapter 2 are equal is 

4 (EG - F' l )(eg - f) - (Eg + eG - 2/E) 2 = 0, (6-10) 

which for F — 0 is identical with 

{Eg - Gey + 4 EGf = 0, 

or 

Eg - Ge = 0, / = 0, 


the case of an umbilic. 

When we admit imaginaries the sphere is not the only possibility, so that 
we have established the existence of surfaces for which the two principal curva¬ 
tures are equal, although not all normal curvatures are equal. This was the 
property which led Monge to the discovery of these surfaces. However, 
Monge, concentrating on real figures, recognized only the one real curve 
which exists on these surfaces (since on every isotropic line there is one real 
point). He thus came to the startling result that these surfaces were really 
curves. “Ce rfeultat est extraordinaire,” he concluded. At present, 
having been accustomed by the work of Poncelet and Chasles to the free 
acceptance of imaginaries in geometry, we prefer to summarize as follows: 

Those ruled surfaces of which the generating lines are isotropic, and which 
are not developables, have one set of lines of curvature, the isotropic lines. At 
all points the two principal curvatures coincide with the curvature m the 

direction of the isotropic lines. 

Monge discovered these surfaces in Chap. 19 of his Applicatwm^ A detailed 
study can be found in G. Scheffers, Anwendunq II, pp. 283-286, 293 295. 


EXERCISES 

1. Show that the principal curvatures are equal when the fundamental forms I 

and II have a factor in common. „ _ n 

2. Show that when we can introduce curvilinear coordinates such that h - 0, 

G = 0, 6 = 0, the curves v = constant are straight isotropic lines. 

3. Show that the case of Exercise 1 leads to the nondevelopable ruled surfaces 

with isotropic lines. . , . , ... ,, 

4. Show that when a surface has two families of straight isotropic lines, the sur¬ 
face is a sphere or a plane. . , . . .. 

5. Show that there are two nondevelopable ruled surfaces with isotropic lines 

on which a given curve is an asymptotic line (G. Scheffers). 
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SOME SPECIAL SUBJECTS 


xjv/IXIU OUUJ£jVy ID f 

[CH. 5 

0. Show that every isotropic cone is a quadratic cone. 

7. The differential equations of the line s of curva ture and the asvmntntie v 
can be written without the denominator VEG - F 2 common to e / and o rT 
allows us to define such lines on isotropic developables. Show that on these 
faces all curves can be considered lines of curvature and that the isotropic eenenJ 

F S SW rT Pt f C l inCS ', A ' SO Sh ° W that a “ points can be considered umbfc 
(F. S. \\ oods, Annals of mathcm, 5 (1903-1904), pp. 46-50.) 

8. The only surfaces whose element of arc is an exact differential are isotronic 
planes. (C. L. E. Moore, Journal Math . and Physics 4, 1925, p. 169.) 


SOME PROBLEMS AND PROPOSITIONS 

1. Courbure inclinee. Through every point P of a curve C, x — x($), passes a 
unit vector of a field Ui($). Then we call dui/ds the curvature vector of C with 
respect to the field Ui. If dn x /ds = « r u 2 (u 2 unit vector, K r = relative curvature of 
C with respect to the field Ui), derive the “Frenet formulas” for du 2 /ds and 

d\h/ds , where u 3 = Ui X u 2 . (Fig. 6-1, u == Ui.) # 

This curvature was introduced by A. L. Aoust, loc. cit. Section 3 4 who 
called it courbure inclinee. W. C. Graustein, Trans. Am. Math. Soc. , , PP- 

542-585, calls du x /ds the associate curvature vector of Ui with respect to G. 

Now let two congruences of curves be given on a surface with unit tangent 
vector field ti, t 2 respectively, and let Si, s 2 be the respective aic engt s. ow 
that the projections of dti/ds 2 and of dU/ds x on the surface normal are equal. 




2. Clothoid. Find the cartesian equation of the curve with natural equations 

fla = a 2 3 4 (a, a constant) and, taking the point of inflection as origin a ^ d th ® ^ 
gent as X-axis, show that the asymptotic points are given by x — y — (&/ ) *** 

and — (a/2) V 7 r. This curve is also called the spiral of Cornu, and appears in the 
theory of diffraction. It was introduced by James Bernoulli (Fig. 6-2). See F. 

Ces&ro, Natiirliche Geometrie, 1901, p. 15. . , 

3. Geodesic torsion. Show that the torsion of the geodesic o a sur ace wi. 
unit tangent vector t is given by u • (dN/ds), where u is the vector defined^ in 
Section 4-1. This quantity is called the geodesic torsion r g . Show that r a - 0 
characterizes the lines of curvature. 

4. A moving trihedron on a surface. If we introduce along a curve x — x(s) 

201 
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SOME PROBLEMS AND PROPOSITIONS 


on a surface the trihedron (t, u, N) of Problem 3, then Eq. ( 1 - 8 ), Chapter 4 can 
be complemented as follows: 

~ + *»N, g = - K ,t - r u N, ^ = -K n t + r.u. 

Prove from these equations that if two surfaces are tangent to each other along a 

curve and the normals to them in the points of the curve are similarly directed 

the curve has the same geodesic curvature and the same geodesic torsion with 

respect to both surfaces and the surfaces have the same normal curvature in the 

direction of the curve. (J. Knoblauch, Grundlagen der Differenlialgcometrie 

Teubner, Leipzig, 191.}, p. 06 , calls these formulas the general Frenel formulas of 

the theory of curves on surfaces. See also W. C. Graustein, Differential geometry 
p. loo, and our Exercise 2 , Section 4 - 8 .) 

5. A theorem on Bertrand curves. If a curve C of constant curvature and a 
curve C of constant torsion are in such a one-to-one correspondence that the 
tangent at the corresponding points P, P, are parallel, then the locus of the 
points u Inch divide P, P, in a constant ratio is a Bertrand curve. (C. Bioche 

SectlolTl-Ts ) C 1? ’ I888_S9 ’ PP- 109_112 ' Se ° a ' S0 A ’ P ' McllisI >. loo. cit.’ 

6 . Surfaces of constant width. We define an ovaloid as a convex closed sur- 
hue with continuous nonvanishing principal curvatures (K > 0 ). Such a sur- 
ace has two parallel tangent planes in every plane direction ( opposite tangent 

planes). When the distance between opposite tangent planes is the same for 

‘ 1,CCt !° ns ’ " e cal1 thc ovaloid a surface of constant width (see Section 1-13 on 
ovals and curves of constant width). Prove that for such a surface: 

(a) the principal directions at opposite points are equal, 

( 1 )) the mean curvatures at opposite points are equal ’ 

M , 1 . 1 , arc double. ll,„t i„, the normal ,,t „ i, the „„ rm ,| » t 

m!T r'T „ ; 1-13; theory 1 , , 1 „, to 

inlejrot'i a” Si':?'" ’’ E "*' ^ «“ * 

d.r 2 + dif = ds-, s = iz, 

by considering .r and y as thc coordinates of the point of the evolute of a curve C„ 

sr sr of the — <>f ** - - 

lino 0/ f aSUm i ,l0lic lin r Whcn is curvature of an asymptotic 

of the tu fa e mV 1 “ urfttce * that of the Of the curve of intersection 

Oyc " maUm / p ! then ^ = t M- (E. Beltrami, 1865, 

( X A theorem of Van Kampcn. The tangent I in an asymptotic direction at 

curV G in tl f T S ,V ° curvnturc is both to the asymptotic 

VC . cT ° C ° n C ' ° f the 8,,rfare tangent plane at S. 

I hen (| ., ox .(led ( , has its K * 0 near P) C , lies between C and t at P (E R 

\ nil Kampen, Amcr. Journal of Mathew. 61, 1930, pp. 992-994.) 



SOME PROBLEMS AND PROPOSITIONS 

10. Natural families of curves. The extremals of a variational problem 

F ds = 0, 
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where F is an arbitrary function of x, y, «, form a natural family of curves- 
Through every point passes (in general) one curve of the family in eveiy diiectiOL. 

Show that for these curves the relation holds 

k = s - (s • t)t, s = grad In F , 

and derive from this relation that .. , • , 

(a) the centers of the osculating circles of all curves of a natural family *hich 

pass through a point P lie in a plane 7r, ,. , 

(b) the osculating planes at P pass through the line through P perpendicular 

to ’(E. Kasner, Differential-geometric aspects of dynamics, Princeton Colloquium, 

1909, New York, 1913, 117 pp.). . f i - i 

11. A theorem of Bonnet on oval aids. If the Gaussian curvature of an ovaloicl 

K > A-\ then the maximum distance of two of its points <rrA For tins!theo¬ 
rem of O. Bonnet, Comptes Rendus Acad. Paris 40, 1S55, pp. 1311 1313, see U . 

Blaschke, Differentialgeometrie /, pp. 21S-220. 

12. A theorem of W. Vogt. If the arc AB 
of a plane curve has the property that k(> 0) 
decreases from A to B monotonically and if j 1 , 
the tangent at A does not meet the arc AB 
elsewhere, then A TAB > A TBA , if TA and 
TB are the tangents at A and B and T is on 
the same side of AB as arc AB. (See Fig. 

6-3.) (W. Vogt, CrellPs Journal fur Mathem. 

144, 1914, pp. 239-248; S. Katsura, Tohoku 

Math. Journ. 47, 1940, pp. 94-95.) , . . 

13. Liouville’s Theorem on conformal transformations of space. The only con- 
formal mappings of space on itself are inversions, similitudes, or a combination o. 
both. (J. Liouville, Note VI to Monge’s Applications.) One demonstration 

of this theorem can be given by taking in Section 3 4 Hi - Hi H » U. 
Then H = k ( U 2 + V 2 + TV 2 ) -I , where U = U(u), V — V{v), TV IV(ic), k con¬ 
stant. (A. R. Forsyth, Differential geometry, p. 427.) . 

14. W-surfaces. Surfaces for which there exists a functional relationship 

f(K h Ki) = 0 between the principal curvatures are called Weingarten surfaces 
(W-surfaces). In this case we can express m and k 2 as functions of a parameter w. 
Show that this can be done in such a way that Ri and Ri take the form 

Ki = <p(w), Ri = <pM - v><p'(w), 

and that the first and third differential forms can be written 



Fig. 6-3 


- (S' -+« 


hi .«+ 

W- (p 
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SOME PROBLEMS AND PROPOSITIONS 


Hint: Use the Codazzi equations (see L. P. Eisenhart, Differential geometry 
p. 291). 

15. Clothing of surfaces. Consider a piece of cloth made of threads intersect¬ 
ing at right angles and thus forming a pattern of small squares. Let it be de¬ 
formed in such a way that it lies smoothly on a given surface (“clothes” the 
surface). Let us assume that in this process the points of intersection of the 
threads are not changed, but that the angle at which they intersect may change. 
Then the threads form on the surface a net of Ccbysev and we can introduce a 
system of curvilinear coordinates such that 


Show that 


as 2 = du 2 -f- 2 cos a du dv + dv 2 . 



0 2 a 


— esc a -—— 
ou ou 


(Tschebycheff, Sur la coupe des vetements , 1878, Oeuvres II, p. 708.) 

1G. Covariant differential. Given a vector field v(t\), first as function of x, y, z, 
then as function of orthogonal curvilinear coordinates u, v, w, or u', i = 1, 2, 3. 
Show that if v = ^x u + v 2 x v v 3 x w : 

dv = 5v'x u -f 8v 2 x v 4- 6c 3 x u , 

where 

dv 1 = dv i 4- T;* v’ du k (sum on j, k). 

The 8v i are called the covariant differentials of v with respect to the system u, v , w. 
(See for notation Eq. (4-5), Section 3-4.) Also show that the expression for 
8v< holds for general curvilinear coordinates in space, the T;* being defined as in 
Exercise 14, Section 3-3. 

1/. A theorem of Ilazzidakis. On v a surface of constant negative curvature —K 
the asymptotic lines form a net of Ccbysev (Problem 15). For the area A of a 
quadrangle formed by these asymptotic lines with interior angles a lt a 2 , c* 3 , <*i (all 
<7r) the equation holds 


KA = 2tt — a\ 


« 2 — 0:3 — 04 . 


(J. Ilazzidakis, Crelic's Journal fiir Mathem. 88, 1SS0, pp. GS-73.) 

18. Integral torsion, ihe integral torsion of a curve is defined as 



r ds. 


This quantity is zero for any closed curve on the sphere, and if on a surface this 
pioperty holds for all closed curves on it. the surface is a sphere (or a plane). 
(W. Seherrer, V icrteliahrrssehrifi Naturforscher Gcs. Zurich , 86, 1940, pp. 40-46; 
B. Segre, Atti Accad. IAncei. 3. 1947. np. 420-426.) 

19. Integral curvature of a curve. This is defined as f ]x| ds. This quantity 



is 2 tt for a closed space curve, the sign of equality holding only for plane convex 
curves (ovals). (\Y. Fenschel, Mathem. Annalen , 101, 1929, pp. 23S-252.) 

-0. I mbihes on a closed surface. On every analytical closed surface of genus 
zeio there exist at least two umbilical points. This conjecture of C. Carath6odory 
was proved by II. Hamburger, Acta mathcmatica 73, 1941, pp. 175-332; see G. 
Bol, Math. Zcitschr ., 49, 1944, pp. 3S9-410. 



answers to problems 


Section 1-6 


1. (a) k 2 = 


(b) K 2 

(c) 


_ 4(9u 4 + 9 m 2 + P 
(9u 4 + 4u 2 + l) 3 ’ 
- fu c (u 4 + m 2 + l) -3 


3 


T = 


K' 


9 u 4 + 9u 2 + 1 

r = 0, curve lies in plane e = y — x — 1 
(To" - f"g'Y + (f ") 2 + (g") 2 

[1 + (/') 2 + (g') 2 l 3 


f"o'" - /'"g" 


T _ (/' g " ~ /" g') 2 + (/"> 2 + ( 3 " )i . 

(d) k 2 = a 2 (6 2 + 4a 2 sin 4 u/2)(b 2 + 4a 2 sin 2 u/2) *, 
r = + 4a 2 sin 4 u/2)- 1 . 

W ' - 5, + “->-■ 

2. (a) Differentiate x = Xt. 

3. (a) Differentiate x = Xt + *m, or x ■ b = 0. 

4. cos 73 = + a/c. 

5. dc/ds = rRb + R'n. 

6. c = — (6 2 /a)(e 1 cos u + e 2 sin v) + buk. v 

7. If the index 1 refers to C, then ti = b, dsi/ds = rR, one more ^ i er i 
tion gives Kin = — Kn; select t = bi, then differentiation gives tit k • 

8 When (***.) is the point, then x oi/ - 1 /oX - *(» = 0 lcon- 

The same property holds for all curves for which x y y x } 

stant (see E. Goursat, Cours d’Analyse I, p. 584). , v 

9. Normal plane: * sin 2u + g cos 2u - * sin u = 0. Curve also lies on 

cylinder ax + z 2 = a 2 . 

10. x = ta + KV*n, a = d?s/dP, v = ds/dt. 


11. (x — c) 


,f/f 


= 0 . 


12. Differentiate d<p/ds= ta.n~'(dy/dx). Check the sign for a circle. 

13. x = st + £s 2 (icn) + |s 3 (k' n - * 2 t + xrb) H-. 

14. <p(u) = Ciu+ c 2 , circular helix. * of n 

15. (a) Let u be the unit vector in direction of commonperpend c ^ Q 

and Qi to tangents at P and Pi respectively. Let PQ - v, PiQi v + v, > 

Then u . t = 0, u • dt - 0, hence u = b, and Ax + (t + At)(* + Av) - u A* - 

vt = 0, or v = 0. Compare the reasoning on p. 191. . 

Similarly for (b). Here u is in direction of t, v = 0, hence tangent is commo 

perpendicular. For this method compare Section 5-5. 

1®- tVjf + j\ j\ = Jii + J*} + ^k. wo/ \ 

Ji = d(F h F 2 )/d(y , *), J 2 = d(Fi, F t )/d(z, x), Jz = W, F*)/d(x, y). 

17. Differentiate bi = b. , , . c i, • _i_ 

19. ds t = |dt| = \dip\ ; (a) point, (b) arc of great circle, (c) arc of small cucle. 

20. ds n = |dn|, dsi = |db|, use Frenet formulas. 
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ANSWERS TO PROBLEMS 


Section 1-11 

1. (y — x)X t = — ^ks 2 b + ■ • 

2. (y — x) • b = £ kts 3 -+-•••. 

3. Combine y = x + sx' + £s 2 x" -f 
ercises 1 and 2. 


©n 

+ x<"> + 

n 


with result of Ex- 


4. Distance to plane is ± (a • Xi + p)/ Va • a; power with respect to sphere 
is (xi— a) • (xi a) p 2 . Power is of order of distance. 

.). Helix, yi = Sit -f- -Jsj/cn + £s?( — K 2 t -f- Krb -f- k' n) -f- • • •, k, t are constants. 
Connect points on helix and curve for which $i = s (see remark p. 24), then 

g3 

y ‘ y = 6~ K n * Contactis °f or der two independent of r. With method 

of Exercise 15, Section 1-6, we find u = (rt -f xb)/Vx 2 -f r 2 v~ 1 = ( k 2 4 - t 2 !/< 
6 . (d) aR = s 2 + « 2 . " * 

I 

hence ac = — A cos cs 4- B sin cs -}- C , 

c = V* 2 + r 2 , select A , £, C appropriately (Ai = C\ = Z>! = 0, £i = - K , etc.). 
8 . Fixed axis direction a = ei -f- e 3 , cylinder is y(ab — \j) 2 = 63(j - z y . 

(zc/r = + 1.) 

10. See Exercise 5, Section 1-6, r = 0, dsi = dR. 

11. x, = x -f- an, n t = n. 

By differentiation find a = constant. If 

dsi 


7 d*a , da « 

7 - d^ + (K+T) te = 0 ’ 


1 1 = t cos a + b sin a, then — = 


ds 


1 — ax 
cos a 


ar 

sin a 


By differentiation of ti find a = constant. 

12. Start with (1 — ax)sino'-f ar cosa = 0, or, a constants. Then differentiate 
Xi — x + an to show ni = n. 

13. (a) All orthogonal trajectories of the normals (parallel curves) are Ber¬ 
trand mates; (b) ti = b, Xi = x + Rn, compare Exercises 6, 7, Section 1-6; 
(c) for each a we can find a corresponding a. 

Take u = t sin a - b cos a, v = t cos a + b sin a, then V = u X u' a cse a and 
t U Sin a -f U X u' a cot a. Result obtained because a da = (sin a) ds. 

15. From x, = x + an, x = x,- an,, n = n,, follows (1 - ax)( 1 + ax,) = cos’a. 

10. (a) Curves identical, (b) curves are normal sections of a cylinder. 

17. Differentiation gives t! = t, dsi/ds = TV, ± ni = n, if Tki = 1. 

2 ^7^°^ ,r dx ! in e+d ! Jcose = (ls sin « or r do = ds sin a and ds- = dr* + 
r dO + dz - follows dz 2 = (r 2 cot 2 a O' 2 — 1) dr 2 . 

20, 21. Use x = x(s), y = f/(s), z = s cos a; the arc length of the base is 
as i = ds sin a. 

22. These helices also intersect the generating lines of the cone at constant 
ang es (loxodromes); their projections on the base intersect all radii at constant 
angles, from the theorem on the projection of a helix on the plane (Section 1-9) 

° r , * aml \ are P r oP 01 'tional to «„ Sl) and K, is proportional to 

Si (Example 2, Section 1-8). 

23. If the equation of the paraboloid is * = ary then ar* = s cos a and for the 
projection ar> = Sl cot a. This typifies the circle involute (p. 27). 



ANSWERS TO PROBLEMS 


207 


24. x" = «n, x'" = -K 2 1 + Krb - K'n, x'" X x" = -* 3 ^ tj, this differ¬ 

entiated gives x iv X x", then find (x iv X x") • x'". 

25. n = Rx", — Kt + rb = Rx"' + R'x", by means of this equation express b, 

and then b' = m in terms of x', x", x"', x iv . 

Section 1-13 

1. Let y = ± ix 4~ c k x k 4~ Ck+\x k+ A + •••(<:*?* 0), 

a = V x 1 -\- y 2 = V±2 ickX (k+x)l2 + • * 

2 



v 1 -j- y' 2 dx = 


V ±2ikc k x< k+ ' ) i* + 


k + 1 

hence lim s/a = (2 y/k)/k + 1. 
z—*-o 

3. Isotropic plane through a and 0 is given by x • a = 0. This property can 
also be demonstrated geometrically by means of the isotropic circle (at infinity), 
on which a is represented by a point P and the plane x • a = 0 by the tangent 
through P to the circle. 

4. Follows from the fact that (m — t)/(l d - im) = —i is independent of m. 

6. Let A = x • x, B = (x x x), C = x X x, D = (x X x) • (x X x). Then 

(b) A * 0, B = 0, C ^ 0, D * 0; (c) A = 0, B = 0, C = 0, D = 0; 

(d) A = 0, B * 0, C * 0, D 5 * 0; (e) A * 0, B = 0, C * 0, D = 0. 

7. From x • x = 0 follows (x x x) 2 = (x • x)(x • x) 3 , hence either x • x = 0 or 

x • x = 0, which are equivalent. But x • x = 0 in (12-8) gives f" = 0, and hence 
no isotropic (curved) curve. The only possibility is the isotropic straight line. 

8. R\ d - Ri = ( ds / d(p) -j- ( dsi / d<p\) = y-. 

9. E.g. from XX' + mm' = 0 follows X = 0; and when - d\ 4- n d<p = c d<p, 
then P = 7rc, or c = y. (Exercise 10). 

13. Follows from ki ds = k ds for evolute and curve, and / n ds = j ~t ds = 


J (dx = 0 

if’ *) - if 

14. Cardioid. 


for an oval. The curvature centroid is given by x, 


= ^^XK CIS 


XK ds. 


15. The cosine of both angles is ±(x • t)/vx*x. 

16. The motion is given by x' = —x, y' = — y 4- ln( — 1). 


Section 2-3 

2. (a), (b) u = constant, v = constant are straight lines, (c) hyperbolic 

paraboloid. 

3. (a) ds 2 = (1 4- p 2 ) dx 2 4- 2 pq dx dy 4- (1 4- <? 2 ) dy 2 , Vl -J- p 2 4- q 2 N(— p, 
~Q> !)• (b) ds 2 = dx 2 4- dy 2 4- dz 2 , F z dx 4- Fudy 4- Fzdz = 0. 

5. r = a sin Q. 

6. If dv/du = X, use X 1 X 2 — A/C, Xi 4~ X 2 — —2 B/C. 
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9. ±±V2 =VGdv/ds. 

10. Since r = u sin <*, the projection is of the form r = c exp (k<p), k constant. 

11. \aiv sec a. 

12. x = £a(cos u + cos v ), y = \a (sin u + sin v ), 0 = \b(u + v ), introduce 
\{u + t>) as new parameter <p. 

13. Eliminate x u y h z, from *£ + Mi + = i ^ ^ = I. 

2 o 2 a 2 b 2 c 2 f xi yx Zl \> 

_i_ . £i = i 

a 2 6 2 c 2 

Section 2-4 

1. (a) Tangent surface of x, = u, x 2 = x 3 =u\ (b) Tangent surface to 

circular helix. 

4. Differentiate x = pn + qb and find that p 2 + q 2 is constant. 

5. Differentiate x = pb + qt and x = pt + </n. The second case is impos¬ 
sible (except for plane curves). 

G. Now a in (4-1) depends on two parameters u , v. Differentiate with re¬ 
spect to u and with respect to v and eliminate u and v. Take ax + by + cz= 1, 
with abc constant. * 

7. Take y 3 = 0 in (4-5), which gives s 2 = 0 and y 2 = 

8. Take y 2 = 0 in (4-5), which gives s = 0 and y 3 = — ~ y ?. 

O 

10. Take the slope of the line as parameter — u. Result: x = a cos 3 u, 

y— a sin 3 u. 9 

11. Only when the curve is plane (and not a straight line or circle). 

12. No. 


Section 2-8 

1. II = (r dx 2 -f- 2s dx dy + t dy 2 )/y/l -f - p 2 + q *. 

4. (a) Right conoid with Z-axis as double line, (b) surfaces of rotation with 
Z-axis as axis of rotation. 

G. rt-s 2 = 0. 

7. Kl cos’ a + k, sin* a + <c, cos’ (a + |) + *> sin’ (a + |) = Kl + Kl . 

8. k, is the curvature of the profile, |ft.| the length of the normal to the profile 
from profile to axis. 

9. /ci = 0, k 2 = — t / vk . 

11. (a) dr 2 = 2r 2 d<p 2 , etc. 

12. All parallel plane sections of an ellipsoid are similar. The circular sec¬ 
tions of the surface with equation j are given by x’ - ±\ + 

/1 1 \ ° c &y 

2 \c 2 6 2 y ==0, ( a >&><0; the umbilics by x-/a 2 = (a 2 — & 2 )/(a 2 — c*), 

z 2 /c 2 = (6 2 — c 2 )/(a 2 — c 2 ), y = 0. 
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14. Since N is proportional to F z e, + F,e 2 + F,e 3 , the equations are equivalent 
to dx • dN = 0, dx • N = 0. 

15. Can be reduced to an equation of the form (6- 5b) with u = x, v — y 
by equations of the form dz = p dx + q dy, F x + F z p = 0, dF x + F z {r dx -f s dy) + 
p dF z = 0. More elegant deduction by using (NN't) = 0, which follows from 

16. This determinant expresses that (NN^N„) = 0 (see Eq. (8-5)), which can 
be shown by multiplying the terms of the third row by p and q respectively and 
adding to those of the first and second row respectively. For a systematic dis¬ 
cussion of the theory of curvature of surfaces in the form F(x, y, z ) = 0, see 
Y and K. Kommerell, AUgemeine Theorie der Raumkurven und Fldchen I. 

17. Eliminate tp from x = k tan <p cos a, y - k tan <p sin a, z = k with the 
aid of Euler’s theorem. The <p is the angle of Eq. (5-11). 


Section 2-11 

1* Juv = 0# 

2 r — c f' % 

3. Follows from dNi • N 2 + Ni • dN 2 = 0 and Rodrigues’ theorem. 

4. Take / = F = 0. Then I = E du* + G dv\ II = Ek, du 2 + Gk 2 dv\ 

III = Ek? du 2 + G4 du 2 (this because of Rodrigues’ formula). 

5. For asymptotic lines III = r 2 ds\ For one asymptotic line we have the 
+ , and for the other the - sign, but to prove this we must take the asymp¬ 
totic lines as coordinate lines and compute t for u = constant and v = constant 
separately with the aid of the Frenet formulas and Eqs. (2—9) of Chapter 3. 

6. (a), (b) Follows from (9-3) and (9-4). 

7. Follows from (10-2). 

8. (b) Let r 2 = x 2 + y 2 + z 2 , du = - £ dx + * dr, express dx 2 + d>f + dz 2 
in du 2 , dy 2 , dw 2 . 

10. For the roots p of the equation of Exercise 9 we have pi < a 2 < p 2 < b , 

for those of Eq. (11-5) we have —go < \i < Mi < ^2 < p* < ^3 < 00 • 


Section 3-3 


5. C is asymptotic because the tangent to C is self-conjugate (C is touched 
by the curves of two conjugate families of curves, which can be taken as the 
curves u = constant, v = constant). 

6. Parabolas in parallel planes. 


7. Write 


d In D 


1 dD 2 


du 2D 2 du 
8. Since In sin co = In D — 


i In E - \ In G (Section 2, Eq. (2-11)) and 


cot co = —, we find by differentiating In sin co the required formulas. 

11. Follows from Eqs. (2-9) and (2-6). 

12. Take Eq. (2-8a), Chapter 2, and the transformation equation of eg - Z 2 in 
Section 2-6, p. 78. 
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Section 3-4 


1. x u u x + XtV* 4 XwWx = x x = 1, etc. 

2, 3. These are orthogonality relations of the sets (ui, u 2 , u 3 ) with respect to 

(ei, e 2 , e 3 ) and vice versa (see Section 1-8). 

. , dH i . , dH i 

4 . p — —hi —7— U3 4 h 1 —— u 2 . 


ds 


ds 


Section 4-2 


1- ** - ** + 7* d* =3 + = 5? ™ 0, 


(Pip 2 dtp dr 

ds 2 r ds ds 

dtp c dr r-r-k -r- , . x 

= = c Vc T ’ T = a sec( * + a) - 

2. ds * = a’(d0* + cos 2 0 d^), - 2 tan 6 & f = 0, ^ = c sec’ 0, substi- 

as- as ds ds 

tute this into the expression for ds 2 . 

3. As in 1, with r = a, <p —> ^ sin a (Eq. (1-S), Chapter 2). 

4. (r 2 + a 2 )(r 2 4 a 2 — c 2 ) d<^> 2 = c 2 dr 2 (Section 2-8). 

5. See Exercise 4, Section 3-3. 

6. n = +N. 

7. According to Example 3, p. 134, uV = constant, and sina= ui/. 

8. Their osculating planes contain the surface normal (t). 

9. I"rom dx • r/N = 0 and n = ±N follows #c = 0; any straight line on the 
surface is both asymptotic and geodesic. 

10. From n = 4 N and r/N 4 k dx = 0 follows r = 0; (a) and (c) involve (b); 
(b) and (c) do not involve (a). 


11. D(tt'N) = / (t X t„) + (t x t„) 

l ds ds 

du 


(x„ X x,.); t X x. = -(x u X x r ) 


dv 

ds 


t X x,. - 4(x u X x r ) —; D(tt'N) = (t X t u ) • (t X x r ) — (t X t r ) • (t X x M ) = 

£ (t * Xi) - h (t • 

12. Take t • x u = VE cos 0, t • x,. = \ G sin 0, F = 0. 

13. Follows from Chapter 3 (3-7). 

14. Follows from Exercise 11. 

15. Use Rodrigues’ formula. 



18. / du(V 


/ 


•onstant. 


19. For the surfaces of revolution ds 2 = u 2 (du'i 4 dt> 2 ), if du 1 = — v^l 4 /'*. 

u 


20 . 


plane. 


Use Eq. (3-8), Chapter 3. 

This equation expresses that the surface normal lies in the osculating 
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Section 4-8 


1 . z = —b (In tan ^ + cos <p), 0 < <p < tt. 

Z 

2. Follows from (8-3). See also Problem 4, p. 201. 

3. The surface normal is the same. 

5. Use the Gauss-Bonnet theorem. 

6 . Take in Fig. 4-17 side A 1 A 2 as v = 0, A\Az as y = Vq, let u = p(v) 

m V(r) 

represent A 2 A 3 . Then f f J\ eL4 = 


// 


^ X 




du 


fwa Vq\ 

Jo l L 0 



The integrand of the first integral is unity, the second 


integrand has to be evaluated with the aid of Exercise 4. 

11. (c) Check with Exercise 14, Section 4-2. 

12. Let u = constant, v = constant be the geodesic distance from u = 0, 
v = 0 respectively. Then along the orthogonal trajectories of the parametric 
lines, for which F du+ G dv = 0, E du 4 F dv = 0, the ds must be du and dv 
respectively. Hence E = G = EG — F 2 . Then we obtain from Chapter 2, 
Eq. (2-11), E = G = esc 2 co. 

14. Apply Liouville’s formula for the case that *2 belongs to the orthogonal 
trajectories of the curves v = constant. 

15. The unit normal vector of the rectifying developable is n. 


Section 5-1 

2. (b) y 2 = 4 mx + 4 m 2 . 

4. x 2 b A — 4 y 2 a 4 = 4xa 2 b 2 . 

5. If F = (y — c) • (y — c) — R 2 = 0, where c = x Rn, then F u = 0 
gives (c — y) • n = R. 

Two osculating circles do not intersect, since the difference R\ — R 2 of their 
radii is equal to the arc of the evolute between their centers (Exercise 10, Section 
1-11) and is therefore longer than the chord co nnecting them. 

7. Differentiate y = x 4- Rn 4-Va 2 — R 2 b and show that its tangent is 
tangent to the circle of radius a and center x in the normal plane. 

9. x 2 + 2 y 2 4- 2z 2 = 2 a 2 if the given circle is x 2 + y 2 = a 2 . 

10. If Si is given by G = 0, then (grad F, grad F u , grad G) 0, and F x x' + 

F u y' + F 2 z' = 0, F ux ,x' -b F uy n/ 4 - = 0, G x x' + G u y' + GzZ r = 0 at points for 

which F u = 0, F uu = 0. 

11 . x u du x v dv + Xa dx = 0 has only a solution 5 ^ 0 if (x u x v x«) = 0. 


Section 5-3 

1. Solve the simultaneous equations 

(E du 4- F dv) 8u 4* (F du 4- G dv) 8v = 0, 

(Ei du 4~ Fi dv) 8u 4~ ( Fi du 4~ Gi dv) 8v = 0, 

hence ( E du 4- F dv)(F x du 4- Gi dv) — (F du 4- G dv)(Ei du 4- Fi dv) — 0, which 
has two orthogonal solutions unless Ei, F 1 , G\ are proportional to E, F, G. 
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2. Introduce geodesic coordinates on both surfaces, then ds 2 = du 2 + G dv 2 
and ds'i = a 2 du 2 + a 2 G dv 2 , where a 2 is a function of u alone. Then use Exer¬ 
cise 4, Section 4-8. 

4. It means that the second fundamental forms are proportional. 

5. Use the Mercator projection. 

G. Use Eq. (5-10) and (5-12) of Chapter 4, a\ /r K l =v r K. 

7. x = e~ u , y = v, use Eq. (2-3a) of Chapter 4, which results in xy" — 1 / — 
2 Q/'U = 0 ,y' = dy/dx. 

9. x = (up } y — a sin 0. 

11. Take, in accordance with Tissot’s theorem, ds 2 = E du 2 + G dv 2 , ds\ = 
Ei da 2 + G\ dv 2 -, then the equivalence of the geodesic lines (take Eq. (2-1), 

Section 4-2) gives £ In (§ gj) = 0, | In (f g) = 0, or El = EU~*V-\ G, = 

GU-'V~\ U = (/(«), V = F(f). Also, if U * V, ^ ln -g = g ln ~ 

dv dv * 


d\nG _ d In (U - V) 


du du 

12. w = 


; change of scale on the parametric lines gives the answer. 


Section 5-4 


4. Follows from Eq. (4-7); the left-hand side of the equations follows from 
the right-hand side by partial integration. 

5. (a) F(t) = tar- 2 , (b) F(t) - ar' 2 . 

6. The equation can be written with appropriate parameter: x = 3u 4* 
3?^ 2 — u z t y = 3v + 3 u 2 v — t> 3 , z = 3(u 2 — e 2 ); the parametric curves are the 
lines of curvature. Their planes are given by x + uz = 3 u + 2u 3 y — vz = 
3v + 2v\ 

8. It is also a translation surface with real generators x = u, y = 0, z — 
— In cos u\ x = 0, y = v, z = In cos v. 

9. Use the formula of Exercise 4, Section 2-11. 

M-J* • y.* = N • y„ = 0, lines of curvature correspond, Rodrigues’ theorem 
gives Hi = Ri - X, R 2 = R 2 - X. 


Section 5-5 


line. 


1. Take y - /e 3 + vu, u = ei cos u + e 2 sin u; p = Z-axis is striction 


3. Follows from Eq. (5-14). 

4. K = p 2 /(p 2 + v 2 ), if x' . i' = 0. 

5. Follows from Eq. (5-14) and from (tan ^ - tan <&) cos *>, cos = 

Sill (<pi — <p. 2 ). 

G. This plane is parallel to the corresponding tangent plane on the asymp¬ 
totic cone. 

7. Write Eq. (5-1) with x(a cos ?/, n sin u, 0), i(sin u, -cos u, b), 

8, 9. Fmd first the asymptotic tangent plane and then the point of tangency 

of the perpendicular plane, or find the shortest distance of two generators of the 
same kind. 
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11. (X - x, ui) = 0. 

13. Take one of the helices on the surface as directrix. Compare Exercise 7. 

14. Take x =. x($) as the striction line. Then (a) x' • i' = 0, (b) N = n, 
(c) i • t = constant. 

15. Take y = x + vb, parameter u satisfies du/ds = r. 

Section 5-6 

1. The condition is Eq. (6-10). Use e.g. the elimination method of Syl¬ 
vester. 

2. From E — 0, e = 0 follows x UM • N = 0, x u • x uu = 0, hence x uu = \(N X x v ) ; 
since G = 0 this means that x uu = M x u- 

3. Taking E = 0, G = 0, we can now make e = 0, from which we can show 
(Exercise 2) that the curves u = constant are straight isotropic lines. 

4. In this case we can make E = 0, G = 0, e = 0, g = 0 and k is constant in 
all directions. 

5. There are two isotropic directions in the osculating plane of the given 
curve. 

6. Intersect the cone with a plane through the vertex. 

7. We can make F = 0, G = 0, / = 0, g = 0. 

8. Here E in Eq. (6-5) is a function of u alone. Take E = 1. Then prove 
that z uu = z uv = Zw = 0 , if x = u, y = v. 
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Cesaro, 32, 201 
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Chasles, 103, 194, 195, 199 
Christoffel, 108 

Christoff el symbols, 107, 108, 113 
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Clairaut, 134, 135 
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Cohn-Vossen, 83 
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Combescure, 22 
Cone, 56, 67, 69, 70, 90, 134 
circular, 44, 56, 61, 63 
Confocal quadrics, 101 
Confocal system, 104 
Conformal (see: Mapping) 

Congruence, 95, 142 

Conjugate lines (curves), 96, 97, Sect. 

2-10, 180 

Conjugate point, 143, 144 
Connectivity, 160 
Cono-cuneus, 194 
Conoid, of Plticker, 93 
right, 61, 98, 103, 194 
Coolidge, 152 
Coordinate curves, 57 
Contact, 23, Sect. 1-7, 41, 51 
Coplanar, 11 
Courbure inclin<5e, 201 
Courant, 187 
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constant, 32, 43 
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of plane curve, 15, 129 
radius of, 14, 76 
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of straight line, 12 
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third, 23 

total (curve), 23 
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Curvature centroid, 52 
Curvature vector, 13, 73 
associate, 201 

of a curve with respect to a field, 201 
geodesic, 74, 127, Sect. 4-1 
normal, 74, 75, Sect. 2-5, 127 
tangential (see: Curvature vector, 
geodesic) 

Curve, of constant slope (see: Helix) 
of constant width, 50 
of double curvature, 18 
in isotropic plane, 47, 51 
orbiform, 50 
plane, 14, 32, 129 
of zero width, 50 
Curvilinear coordinates, 57 
in space, 114, Sect. 3-4, 119 
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Cyclic point, 49 
Cycloid, 28, 42 
Cylinder, 66, 91 
Cylindroid, 93 

D’Aiguillon, 175 

Darboux, 22, 36, 39, 76, 103, 109, 119, 
144, 147, 156, 180, 187 
Definite quadratic form, 77 
Developable helicoid, 69, 70, 71 
Developable surfaces, Sect. 2-4, 82 
applicable to plane, 70, 146 
asymptotic curves on, 90 
condition, 91, 93 
isotropic, 198, 200 
line of striction on, 193 
lines of curvature on, 90 
tangent planes of, 64, 66 
Diameter, 52 

Differential equation of space curves, 44 
Differential equations of surface theory, 
108 

Differential parameters, 160 
Dini, 179, 180 
Director cone, 190 
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Directrix curve, 190 
Distribution parameter, 191, 195 
Douglas, 187 
Dupin, 53, 82, 96 
Dupin indicatrix, 84, Sect. 2-7 

Edge of regression, 67, 73, 146, 166, 
Sect. 5-1 

Eisenhart, 37, 39, 103, 120, 126, 177, 203 
Elasticity surface, 65 
Element of arc, 59 
Ellipsoid, 64, 65, 92, 102, 143 
Elliptic, coordinates, 102 
paraboloid, 64 
point, 77, 79, 84 
Enneper, 104, 188 
Envelope of plane curves, 167 
of planes, Sect. 2-4 
of straight lines in plane, 73 
of surfaces, Sect. 5-1 
Epicycloid, 28, 35 
Euclid, 150 

Euler, 26, 51, 76, 82, 132 
Euler’s theorem on curvature, 81, 82, 
Sect. 2-6 

on polyhedrons, 160 
Euler-Lagrange equations, 142, 183 
Evolute, 40, 52, 71, 135, 202 
Extremals, 142, Sect. 4-4, 203 

Fatio de Duillier, 168 
Fenschel, 204 
Fiedler, 51 

Field of geodesics, 142 
Flatland, 105 
Flexion, 18 
Focal points, 166 

Formulas of Frenet, 18, 22, Sect. 1-6 
Forsyth, 103, 180, 203 
Franklin, 3, 4, 5, 17, 63, 133 

Frenet, 19, 54 

Fresnel, 65 

Fundamental form, first, 59, 75 
second, 73, 75, 79, 91, 118 
third, 104 


Fundamental theorem for curves, 29 
for surfaces, 124, Sect. 2-6 

Gauss, 53, 105, Sect. 3-1, 111, 130, 137, 
155, 156, 158, 161, 175 
Gauss-Bonnet theorem, 155, Sect. 4-8 
Gauss equations for x, ; -, 108, 115 
for K, 113, 114, 119 
Gaussian curvature, 83 

bending invariant, 112, 175 
for catenoid, 120 
for developable surfaces, 91 
equation, 113, 114, 119, 138 
geometrical interpretation, 157 
for right helicoid, 120 
for ruled surfaces, 190, 195 
Gemma Frisius, 175 
Generating line, 189 
Generator, 189 
Genus, 160 
Geodesic circle, 140 
Geodesic coordinates, 136, Sect. 4-3 
Geodesic curvature, 127, Sect. 4-1, 157, 
159, 182 

Geodesic curves, geodesics, 131, Sect. 
4-2, Sect. 4-4 
on circular cone, 134 
as curves of shortest distance, Sect. 

4-4 

on cylinders, 134 
differential equation, 132, 133 
on ellipsoid, 143 
in plane, 133, 134 
on right helicoid, 134 
on sphere, 134 
on surface of revolution, 134 
Geodesic distance, 140 
Geodesic ellipses, 160, 161 
Geodesic hyperbolas, 160, 161 
Geodesic mapping, 177, Sect. 5-3 
Geodesic parallels, 137 
Geodesic polar coordinates, 137 
Geodesic polygon, 157 
Geodesic torsion, 201 
Geodesic triangle, 158, 160 
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Goursat, 177, 205 
Gradient, 11G 
Graustein, 202 
Green’s theorem, 153, 154 
Gullstrand, 82 

Hals ted, 153 
Hamburger, 204 
Hassler, 182 
Hazzidakis, 204 

Helicoid, developable, 69, 70, 71 
Helix, 33, Sect. 1-9, 44 

circular, 1, 9, 12, 17, 21, 22, 32, 34, 39, 
42, 62, 65, 70, 71 
spherical, 35 
Henneberg, 188 
Hilbert, 83, 122, 124, 147, 153 
Hipparch, 175 

Hyperbolic, paraboloid, 64, 78, 194, 195 
point, 78, 79, 84 
Hyperboloid, 64, 96, 193, 195 
Hypocycloid, 28, 73 

Hypothesis, of the acute angle, 151, 160 
of the right angle, 151 
of the obtuse angle, 151 

Imaginaries (surface), Sect. 5-6 
Imaginary curves, 44, Sect. 1-12 
Ince, 30, 37 

Indicatrix of Dupin, 84, Sect. 2-7 
Inflection, point of, 12 
Integral geometry, 48 
Inversion, 180 
Involute, 39, 40, 50, 137 
of circle, 9, 28 

Isometric, correspondence, 145, Sect. 5-3 
system, 171, 175 
Isothermic system, 171, 175 
Isotropic, cone, 45, 46, 200 

curve 44, 46, 47, 87, 170, 184, 196, 
Sect. 5-6, 202 
developable, 198, 200 
line, 45, 51, 87, 147, 198, 199 
plane, 45, 46, 52, 197, 198, 200 

Jackson, 49 
Jacobi, 144 


Joachimsthal, 103 
Jordan, 51 

Kant, 152 
Kasner, 51, 203 
Katsura, 203 
Kneser, 49 
Knoblauch, 202 
Kommerell, 209 
Kowalewski, 32 
Kremer, 174 

Lagrange, 25, 53, 177, 183, 187, 188 
Lam6, 116, 119, 160, 175 
Lancret, 34, 41, 53 
Lavoisier, 76 

Legendre, 94, 151, 158, 187 

Ixnbniz, 137 

Levi, E. E., 176 

Levi Civita, 126 

Lie, 36, 39, 179, 180, 187 

Liebmann, 123, 124 

Lines, asymptotic (see: Asymptotic 
curves) 

conjugate, 96, 97, Sect, 2-10, 180 
Lines of curvature, definition, SO 
on developable surfaces, 90 
differential equation, 80, 91, 92, 94 
geometric interpretation, 93, 201 
on isotropic developables, 200 
on minimal surfaces, 1S5, 186 
parametric, 81 
on quadrics, 102, 103 
on right conoid, 90 
on sphere, S6 
near umbilics, 82 

Liouville, 53, 54, 131, 132, 135, 177 
Liouville’s formula, 131, 154, 161 
theorem on conformal mapping, 203 
Liouville surfaces, 135, 179 
Lipschitz, 29, 133 
IxibacevskiT, 152, 153 
Logarithmic spiral, 26, 42, 65 

Loxodrome, 34, 43, 60, 65, 173, 175, ISO, 
206 
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Mainardi, 111 
Malus, 53 
Mannheim, 43 
Mapping, Sects. 5-2, 5-3 
conformal, 169, 180, 186, 188 
equiareal, 169, 180 
Mapping, geodesic, 169, 177 
isometric, 145, 175 
Mean curvature, S3, 104, 182, 183 
Mellish, 51, 52, 202 
Mercator, 173, 180 
Mercator projection, 173 
Meridians, 60, 61, 87 
Meusnier, 53, 76, 187, 188 
Meusnier’s theorem, 76, Sect. 2-5, 81,127 
Minding, 123, 130, 145, 147, 176, 177, 
194 

Minimal curves, 45 {see: Isotropic 
curves) 

Minimal surfaces, 88, 89, Sect. 5-4 
adjoint, 186 
associate, 186 
Minkowski, 202 
Moebius, 188 

Monge, 25, 41, 53, Sect. 1-14, 93, 94, 95, 
105, 131, 156, 166, 187, 199, 203 
Monge-Ampere equation, 177 
Monkey saddle, 83, 85 
Montgolfier, 76 
Moore, 202 

Moving trihedron (curve), 16, 18, 20, 22 
(surface), 106, 116, 202 

Natural equations, 26, Sect. 1-8 
families, 203 
Navel point, 81 
Needle problem, 51 
Net, 57 

Normal (surface), 62 
to isotropic plane, 46 
Normal curvature vector, 74, 75, Sect. 
2-5, 127 

Normal plane, 19 
Normal section, 76 
Null curves, 45 


Olivier, 42 

One-sided surface, 188 
Orbiform curves, 50 
Oriented curve, 6 
Ortelius, 174 

Orthogonal, directions, 59, 60 
trajectories, 65 
Osculating, circle, 14, 42 
helix, 42 

plane, 10, 11, 12, 19 
sphere, 25, 32, 41, 71, 168 
Oval, 47, Sect. 1-13, 204 
Ovaloid, 202 

Parabola, cubical, 21, 73 
Parabolic curve, 92 
point, 77, 79, 85, 90 
Parallel curves, 65, 137 
surfaces, 189 
Parallels, 61, 87 
Parametric curves, 56 
Pedal, curves, 52 
surfaces, 189 
Pitch, 2 

Plane curve, 14, 32, 129 
Plateau, 187 
Pliicker, 93 
Point of inflection, 12 
Polar, axis, 25 

developable, 41, 71, 135 
figure, 168 

Poly conic projection, 181, 182 
Poncelet, 45, 53, 199 
Principal, normal, 13, 42, 73 
curvatures, 80 
Profile, 60 

Projection, Mercator, 173 
polyconic, 181, 182 
stereographic, 174, 175 
Pseudosphere, 148, 149, 150, 180 
Ptolemy, 175 
Puiseux, 45 

Radius, of curvature, 14 
of normal curvature, 84 
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of osculating circle, 14 
of osculating sphere, 25 
of torsion, 17 

Reciprocal sets of vectors, 119 
Rectifying, developable, 72, 73, 161 
plane, 19, 72, 73, 161, 195 
Regular plane, 45 
Rhumb line, 60 

Riccati equation, 36, 37, 39, 43, 126, 191 
Ricci-Curbastro, 119 
Riemann, 152, 170, 187 
Right conoid, definition, 61 
distribution parameter, 194 
first fundamental form, 61 
second fundamental form, 89 
Right helicoid, asymptotic lines, 89 
curves on, 65 
definition, 13, 62 ' 
first fundamental form, 62 
geodesics on, 134 
isometric mapping, 120, 175, 176 
lines of curvature, 89 
as minimal surface, 89, 120, 121, 187, 
188 

tangent plane, 63 
Robbins, 187 
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conformal maps, 173-175, 188 
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first fundamental form, 60 
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geodesic map, 179 
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second fundamental form, 86 
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helix, 35 

image (indicatrix), 23, 42, 104, 186 
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